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Transverse thermoelectric effects interconvert charge and heat currents in orthogonal directions due to the breaking of either time-reversal
symmetry or structural symmetry, enabling simple and versatile thermal energy harvesting and solid-state cooling/heating within single materials.
In comparison to the complex module structures required for the conventional Seebeck and Peltier effects, the transverse thermoelectric effects
provide the complete device structures, potentially resolving the fundamental issue of multi-module degradation of thermoelectric conversion
performance. This review article provides an overview of all currently known transverse thermoelectric conversion phenomena and principles, as
well as their characteristics, and reclassifies them in a unified manner. The performance of the transverse thermoelectric generator, refrigerator,
and active cooler is formulated, showing that thermal boundary conditions play an essential role in discussion on their behaviors. Examples of
recent application research and material development in transverse thermoelectrics are also introduced, followed by a discussion of future
prospects. © 2025 The Author(s). Published on behalf of The Japan Society of Applied Physics by IOP Publishing Ltd

1. Introduction

Thermoelectric conversion, which converts thermal and elec-
trical energy in solids, is one of the promising technologies for
realizing a sustainable society.” The most widely used
thermoelectric generation principle is the Seebeck effect,
discovered by T. J. Seebeck in 1821, which can be used to
generate an electric voltage and current in the direction parallel
to a temperature gradient V7, i.e. the longitudinal direction.
The ratio of the generated longitudinal electric field E to the
applied temperature gradient V7 is called the Seebeck
coefficient S = E/VT, which represents the thermopower due
to the Seebeck effect. As shown in Fig. 1(a), a thermoelectric
conversion module based on the longitudinal Seebeck effect
has a structure in which a large number of pairs of p-type and
n-type conductors are connected electrically in series and
thermally in parallel. Since the Seebeck coefficient of p-type
(n-type) conductors is positive (negative), the thermoelectric
voltage of each conductor is added consecutively, and the
output of the module is proportional to the number of
conductor pairs. Although each conductor only generates a
thermoelectric voltage of the order of mV, by integrating them,
a large, practical voltage can be obtained. In the reciprocal
process, when a charge current J is applied to such a module,
the longitudinal heat current generated by the Peltier effect can
be used to heat or cool the surface of the module depending on
the J direction [Fig. 1(b)].

The thermoelectric conversion performance of materials is
often evaluated using the dimensionless figure of merit zT°
with 7 being the absolute temperature. As discussed in
Sect. 3 in more detail, z7 for the Seebeck effect is propor-
tional to the electrical conductivity and the square of the
Seebeck coefficient and inversely proportional to the thermal
conductivity. For a long time, z7T exceeding 1 was an
indicator to realize practical applications of the thermoelectric
conversion. As a result of active materials research in the 21st
century, various materials with z7 far exceeding 1 have been

synthesized and discovered."” However, despite the revolu-
tionary progress in materials research, the range of applica-
tions of thermoelectric power generation and cooling/heating
technologies is still limited. Part of the reason for this
situation is the complicated structure of the longitudinal
thermoelectric modules based on the Seebeck and Peltier
effects [Figs. 1(a) and 1(b)]. In this module structure, which
has four junctions per pair of p-type and n-type conductors,
the interfacial electrical and thermal resistances increase
significantly; even if excellent thermoelectric characteristics
are obtained at the material level, the energy conversion
efficiency decreases when the multicomponent modules are
constructed.” There are also problems with the thermal and
mechanical durability of the modules and the manufacturing
cost due to complexity.

To quantify this situation, Fig. 2 compares the ideal reduced
conversion efficiency 7 (red curve), i.e. the efficiency normal-
ized by the Camot efficiency, with the 77 values observed in
actual longitudinal thermoelectric modules (blue plots) as a
function of the device figure of merit ZT,., where ZT,. is
defined as the average material z7" within the module measure-
ment temperature rangez) (note that lowercase z and uppercase
Z represent the material and device figures of merit, respec-
tively). The 7 values refer to various thermoelectric modules,
including BizTe3-based,3 -5 PbTe-based,G) GeTe-based,7’8)
MgSiz-based,Q) Mg3Sb2-based,10’”) Skutterudite-based'? and
half-Heusler-alloy-based' >'® systems. In all cases, the ob-
served efficiencies are much lower than the ideal values.
Despite the development of thermoelectric modules with high
ZT,., the conversion efficiency has not increased drastically
due to excess resistance, and the larger the ZT ., the greater the
deviation from the ideal value. Following Refs. 8, 14-16, the
resistance loss ratio is defined to be the ratio of the total excess
resistance, including junctions and electrodes, to the total
resistance of thermoelectric materials themselves. For simpli-
city, we assume that the resistance loss ratio is the same for
both electrical and thermal resistances, and plot the ZT,.
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Fig. 1.

Schematics of (a) longitudinal thermoelectric generation, (b) longitudinal thermoelectric cooling/heating, (c) transverse thermoelectric generation, and

(d) transverse thermoelectric cooling/heating. J (||y) and VT (||x) denote the charge current and temperature gradient, respectively. Direction of J in (a) and (c)
corresponds to the direction of the electric field driven by the thermoelectric effects. In (b) and (d), the direction of J is shown for the cooling operation.

dependence of 7 since the resistance loss ratio varies from
10%—-40% (Fig. 2). These curves agree well with the experi-
mental data, indicating that high-performance longitudinal
thermoelectric modules exhibit a resistance loss of several
tens of percent.

One way to solve these problems is to implement
transverse thermoelectric conversion.'” Using the transverse
thermoelectric effects, it is possible to generate an electric
voltage and current in a direction perpendicular to VT, i.e. the
transverse direction [Figs. 1(c) and 1(d)]. The material figure
of merit z,, T = Sfx T/ Pyy Foxx for transverse thermoelectrics is
defined in a similar way to that for longitudinal thermo-
electrics, where the transverse thermopower S|, is defined as
the generated electric field in the y direction normalized by
applied VT in the x direction (see Sects. 3 and 4 for details).
Here, k,, is the thermal conductivity for the x direction and
Pyy 1s the electrical resistivity for the y direction. The voltage
and power induced by the transverse thermoelectric effects
can be increased by increasing the length and area of the
material in the direction perpendicular to V7, respectively,
and it is not necessary to form a large number of junction
structures [Fig. 1(c)]. Therefore, the transverse thermoelectric
conversion is suitable for reusing thermal energy distributed
over a wide area. Furthermore, transverse thermoelectric
conversion modules do not require junctions, and there are
no problems of interfacial electrical and thermal resistances
and thermal degradation on the hot side [note that two
electrical contacts for extracting output can be attached to the
cold side, as depicted in Fig. 1(c)]. Thus, the efficiency
calculated from the material’s z,,T (red curve in Fig. 2) can
be expected in experimental modules. The transverse
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thermoelectric conversion is also expected to improve the
durability of the modules and reduce manufacturing costs.
While transverse thermoelectric conversion has many ad-
vantages, there are still various issues that remain to be
addressed, such as the fact that the transverse thermopower
has not yet reached a practical level and that the importance
of thermal boundary conditions, which are essential for
discussing the performance of the transverse thermoelectric
devices, has not been fully recognized. Importantly, since
various thermoelectric conversion principles are being stu-
died independently in different fields, there is currently no
unified paradigm for classifying these phenomena.

In this article, we review the fundamentals and advances of
transverse thermoelectrics. The article is organized as follows.
First, in Sect. 2 we systematically organize the classification of
the transverse thermoelectric conversion phenomena and
summarize their mechanisms and characteristics. The trans-
verse thermoelectric conversion phenomena require symmetry
breaking for charge and heat carriers. Depending on how this
symmetry is broken, the transverse thermoelectric conversion
phenomena can be broadly classified into two categories: those
that occur due to time-reversal symmetry breaking and those
due to structural symmetry breaking. Here, the structural
symmetry breaking in this article means that the sample has
a certain structural asymmetry with respect to an axis taken in
the direction of a charge or heat current, at either microscale or
macroscale. In other words, this terminology is defined as the
breaking of the sample’s spatial inversion symmetry about the
left and right sides of that axis. In Sects. 3 and 4 we formulate
the performance of a transverse thermoelectric generator,

refrigerator, and active cooler for the cases with time-reversal
© 2025 The Author(s). Published on behalf of
The Japan Society of Applied Physics by IOP Publishing Ltd
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Fig. 2. Calculated and observed reduced conversion efficiency 7 as a
function of the average figure of merit ZT,,.. Blue curves are calculated with
changing the resistance loss ratio from 10% to 40%. Blue data points are
estimated from the experimental results in Refs. 3—14.

symmetry breaking and structural symmetry breaking, respec-
tively. Although a thermoelectric device also acts as a heat
pump, this heating mode is not dealt with in this article due to
the limited space. Unlike the longitudinal thermoelectric
conversion based on the Seebeck and Peltier effects, we
show that thermal boundary conditions in the electric-field
direction play an essential role in the performance of the
transverse thermoelectric conversion. For the transverse ther-
moelectric generator, the expressions of the figure of merit and
efficiency vary depending on whether the thermal boundary
conditions are isothermal or adiabatic, but the important point
is that they are interchangeable with each other; the transverse
thermoelectric generation is not inherently more or less
efficient than the longitudinal thermoelectric generation, con-
trary to the discussion in Ref. 18 Importantly, depending on
the thermal boundary conditions, a correction term due to the
transverse temperature gradient and Seebeck effect occurs in
the transverse thermopower. The experiments shown in Sect. 5
demonstrate the importance of the thermal boundary condition
and the contribution of the correction term. In Sect. 6 we
summarize research activities for developing applications of
the transverse thermoelectric conversion and introduce new
concepts for further performance improvements. Section 7 is
devoted to the conclusions and prospects. We hope that this
article will serve as a cornerstone for basic and applied
research on transverse thermoelectrics and provide an oppor-
tunity for interdisciplinary fusion of research on various
transverse thermoelectric conversion phenomena that have
been studied in different communities.

2. Classification of transverse thermoelectric con-
version phenomena

The purpose of this section is to establish a unified classification
for various transverse thermoelectric conversion phenomena.

090101-3

The transverse thermoelectric conversion phenomena caused by
time-reversal symmetry breaking include magneto-thermoelec-
tric and thermo-spin effects, which have been studied mainly in
the field of spin caloritronics.'”" Here, the magneto-thermo-
electric effects refer to the thermoelectric effects depending on
magnetic fields or magnetization, while the thermo-spin effects
refer to the conversion between a heat current and a spin current,
i.e. a flow of spin angular momentum. Some of these
phenomena were discovered in the 21st century, and research
in this regard is still in its infancy. Although the transverse
thermoelectric conversion phenomena caused by structural
symmetry breaking have been studied in the field of thermo-
electrics for a long time,”>*” they are often called by completely
different terminologies, which may confuse non-specialists. For
example, the transverse thermoelectric conversion in a material
having charge carriers with opposite signs along different crystal
orientations, i.e. axis-dependent conduction polarity (ADCP), is
called goniopolarity>* when it is caused by a single band, but
(p % n)-type transverse thermoelectrics®”*® when it is caused by
multiple bands, despite the fact that the details of the band
structure cannot be determined only by thermoelectric measure-
ments. We argue that the leading classification of the transverse
thermoelectric effects should be based on the symmetry and
phenomenology, which can be determined from thermoelectric
measurements alone. Therefore, we propose a classification of
the transverse thermoelectric effects comprising three hierarchies:
symmetry (hierarchy 1), phenomenology (hierarchy 2) and
mechanism (hierarchy 3). Figure 3 shows the currently known
transverse thermoelectric generation phenomena organized based
on this classification, which is a refinement of the classification
in Ref. 17. In the following subsections, we outline the
mechanisms and characteristics of each phenomenon.
Although we will mainly focus on the thermoelectric generation,
the phenomena in Fig. 3 have their Onsager reciprocals, enabling
transverse thermoelectric cooling/heating (Table I). Recently, a
higher-order transverse thermoelectric effect called the transverse
Thomson effect” has been observed experimentally, but it is not
discussed in this article.

2.1. Transverse thermoelectric effects with time-re-
versal symmetry breaking

The majority of the transverse thermoelectric effects require
time-reversal symmetry breaking. In other words, the trans-
verse thermoelectric effects listed in this subsection occur in
conductors under magnetic fields or in magnetic materials
with magnetization. Here, “magnetization” in this article
includes not only spontaneous magnetization of ferromagnets
and ferrimagnets but also weak magnetization of canted
antiferromagnets.

2.1.1. Ordinary Nernst effect. The oldest known trans-
verse thermoelectric conversion phenomenon is the Nernst
effect, discovered in 1886 by A. V. Ettingshausen and W.
Nernst.”” They found that when VT and the magnetic field H
are applied to a conductor in directions orthogonal to each
other, a thermoelectric voltage is generated in the direction of
the cross product of VT and H. The transverse thermopower
due to the Nernst effect in normal metals is proportional to
the magnitude of the magnetic field H, while that in
semimetals often exhibits a nonlinear dependence on H due
to the concerted contributions of electron and hole transport.
This phenomenon is often called the Nernst-Ettingshausen

effect, but in this article we simply call it the Nernst effect
© 2025 The Author(s). Published on behalf of
The Japan Society of Applied Physics by IOP Publishing Ltd
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Fig. 3. Classification of the transverse thermoelectric effects and schematics of (a) the ordinary Nernst effect (ONE), (b) anomalous Nernst effect (ANE),
(c) Seebeck-effect-driven ordinary Hall effect, (d) Seebeck-effect-driven anomalous Hall effect (SAHE), (e) spin-Seebeck-effect-driven (SSE-driven) inverse
spin Hall effect (ISHE), (f) spin-dependent-Seebeck-effect-driven (SASE-driven) ISHE, (g) off-diagonal Seebeck effect due to macroscale anisotropic structure,
and (h) off-diagonal Seebeck effect due to microscale anisotropic structure. H, M, J;, e, and k™ denote the magnetic field, magnetization, spatial direction of a
spin current, conduction electrons and holes, respectively. In (g), the gray (orange) arrows show the direction of charge (heat) currents in the constituent
conductors of the artificially tilted multilayer (ATML). Thermopower tensor is antisymmetric Sy, = — S,, when a magnetic field or magnetism breaks time-
reversal symmetry, or symmetric Sy, = S, when a crystal lattice or layered macrostructure breaks structural symmetry.
© 2025 The Author(s). Published on behalf of
090101-4 The Japan Society of Applied Physics by IOP Publishing Ltd
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Table I.

List of the transverse thermoelectric generation phenomena and their Onsager reciprocals.

Heat-to-charge current conversion

Charge-to-heat current conversion

Ordinary Nernst effect

Anomalous Nernst effect

Seebeck-effect-driven ordinary Hall effect
Seebeck-effect-driven anomalous Hall effect
Spin-Seebeck-effect-driven inverse spin Hall effect
Spin-dependent-Seebeck-effect-driven inverse spin Hall effect
Off-diagonal Seebeck effect

Ordinary Ettingshausen effect

Anomalous Ettingshausen effect
Ordinary-Hall-effect-driven Peltier effect
Anomalous-Hall-effect-driven Peltier effect
Spin-Hall-effect-driven spin Peltier effect
Spin-Hall-effect-driven spin-dependent Peltier effect
Off-diagonal Peltier effect

and its reciprocal the Ettingshausen effect. Nowadays, this
phenomenon is widely called the ordinary Nernst effect
(ONE) to distinguish it from the ANE, described later.

The ONE is caused by the Lorentz force acting on

conduction electrons and/or holes in a conductor under a
magnetic field [Fig. 3(a)]. The ONE-induced transverse
thermopower in typical metals is very small, but it is known
that several Dirac/Weyl semimetals and low-dimensional
materials exhibit high transverse thermoelectric conversion
performance due to the ONE.?'~* For example, the figure of
merit of BiSb alloys reaches z,,7> 0.3 at 100-200 K when
an external magnetic field of ~1 T is applied.>"” However,
the drawback of the ONE is that an external magnetic field
must be applied to generate the transverse thermopower. To
overcome this drawback, it has been demonstrated that the
thermoelectric power generation based on the ONE can be
achieved without applying an external magnetic field by
embedding permanent magnets in a module, where the
remanent magnetization of the permanent magnets applies
stray magnetic fields to the adjacent conductors.”® However,
there are still issues to be addressed, such as the fact that the
fill factor of ONE materials that are responsible for the power
generation decreases by the amount of the embedded
permanent magnets.
2.1.2. Anomalous Nernst effect. The ANE is a phenom-
enon in which a thermoelectric voltage is generated in the
direction of the cross product of VT and the spontaneous
magnetization M in a magnetic material [Fig. 3(b)]. The
transverse thermopower St in a magnetic material under a
magnetic field is phenomenologically described as the
summation of the contributions proportional to H, i.e.
ONE, and magnetization M, i.e. ANE?":

St = QuitgH + OppgM, (1)

where (i is the vacuum permeability and Qf (Qyy) is the
proportionality factor of the H-dependent (M-dependent)
term. Equation (1) shows that the anomalous Nernst coeffi-
cient Sang (=0moMs with M, being the saturation magne-
tization) can be extracted by extrapolating the H dependence
of St from the high-field region, in which M is saturated, to
zero field. Thus, if M is aligned in one direction, the ANE
can generate a thermoelectric voltage and power even
without applying an external magnetic field. Note that the
magnitude of the transverse thermopower due to the ANE is
determined by Sang, not Qs since Qy, is just a phenomen-
ological parameter defined for convenience to separate the
ANE from the ONE. Based on Eq. (1), Sang is often
compared in terms of M to discuss the scaling behavior.
However, since the ANE and related transport properties are
estimated for uniformly magnetized materials, they should be
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compared in terms of M, not M. In fact, Sang is not
correlated with M in many magnetic materials; the scaling
behavior does not hold even for simple ferromagnetic metals,
such as Fe, Ni and Co.?”

The mechanism of the ANE differs from that of the ONE. In
general, the ANE originates from an intrinsic mechanism, i.e. a
fictitious magnetic field in a momentum space derived from
the Berry curvature in electronic band structures, and/or an
extrinsic mechanism, i.e. skew scattering, side jump and
magnon-electron drag.**~*” Recent experiments and calcula-
tions show that the ANE can be enhanced through the intrinsic
mechanism by the topology of the electronic structures, and it
becomes one of the hot topics in condensed matter physics.
Although Sang is in the order of 0.1 pV/K in conventional
ferromagnetic metals (e.g. Fe, Ni and Co), Co-based Heusler
compounds (i.e. Co,MnGa and Co,MnAl,_,Si,) exhibit a
transverse thermopower of Sang~6 pV/K due to their
topological electronic structure.*'™® In addition to the Co-
based Heusler compounds, large Sang has been observed in
various systems including the binary Fe-based alloys,*’~"
Mn-based pnictide (i.e. YbMnBi,),”? Co-based shandite (i.e.
Co3Sn,S,),>* > U-based compound (i.e. UCop sRug,Al),>®
magnetic multilayer films,””>® amorphous metals with nanos-
cale precipitates’ ? and rare-earth permanent magnets (i.e.
SmCos-type magnets).’>%

To realize practical applications of the ANE, it is necessary
to find and develop magnetic materials with larger Sang.
Guidelines for designing Sang can be obtained by separating
it into two components,44’65):

SANE = Py Oxy — Pang Vxxs )

where p.,, pang and a,, (o) are the longitudinal electrical
resistivity, anomalous Hall resistivity and diagonal (off-
diagonal) component of the thermoelectric conductivity
tensor, respectively. Here, the thermoelectric conductivity,
also called the Peltier conductivity, is the tensor that relates
an induced charge current density to an applied temperature
gradient, the unit of which is A/Km. The first term on the
right-hand side of Eq. (2) shows the direct transverse
thermoelectric conversion due to «,,; a recent trend in
improving Sang is to find materials with large «,, caused
by the Berry curvature of the electronic bands near the Fermi
level. The second term on the right-hand side of Eq. (2)
appears due to the anomalous Hall effect (AHE)®® induced
by the longitudinal carrier flow through the Seebeck effect.
However, even though the output of the ANE has improved
in recent years, Sang is still more than an order of magnitude
smaller than the Seebeck coefficients of thermoelectric

materials in practical use. Therefore, further performance
© 2025 The Author(s). Published on behalf of
The Japan Society of Applied Physics by IOP Publishing Ltd
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improvements through materials research are necessary to
realize thermoelectric applications of the ANE.

Here, we should mention the non-relativistic counterpart of

the ANE; the topological Nernst effect [Fig. 3(b)]. In the
breaking of the spin-rotation invariance, the Nernst effect
occurs in the absence of the spin—orbit interaction due to non-
coplanar spin structures, e.g. in skyrmions and non-coplanar
antiferromagnets.®’~’” Although only a limited number of
materials exhibit the topological Nernst effect, this phenom-
enon also functions as the transverse thermoelectric conver-
sion.
2.1.3. Seebeck-effect-driven ordinary and anomalous
Hall effects. As part of efforts to further improve magneto-
thermoelectric conversion performance, a transverse thermo-
electric conversion mechanism appearing in hybrid materials
composed of magnetic and thermoelectric materials was
proposed and demonstrated in 2021.”" This mechanism,
originally named the Seebeck-driven transverse thermoelec-
tric generation, operates when a closed circuit is constructed
by connecting the ends of the magnetic and thermoelectric
materials and is driven by the concerted action of the Seebeck
effect in the thermoelectric material and AHE in the magnetic
material. In other words, this mechanism corresponds to
artificially modulating the second term on the right-hand side
of Eq. (2) by constructing hybrid materials. However, the
name “Seebeck-driven transverse thermoelectric generation”
could be confused with the transverse thermoelectric conver-
sion due to the off-diagonal Seebeck effect described below.
In this article, we thus call this mechanism the Seebeck-
effect-driven AHE (SAHE).

SAHE has a high degree of freedom in material design.
The transverse thermopower in the hybrid structure depicted
in Fig. 3(d) is expressed as,

PAHE

————— (St — Swm), 3)
pre/T + Pu

St = SanE —

where pyre) and Syvicrg) are the longitudinal resistivity and
Seebeck coefficient of the magnetic (thermoelectric) material,
respectively, and r is the size ratio determined by the
dimensions of the magnetic and thermoelectric materials.”"
Here, we consider a situation in which magnetic and thermo-
electric materials are separated by an insulating layer to avoid
the shunting effect. When the in-plane areas of the magnetic
and thermoelectric materials are the same, r is determined by
the thickness ratio of the two: r = #rg/tyy With ty(rE) being the
thickness of the magnetic (thermoelectric) material. The
second term on the right-hand side of Eq. (3) represents the
contribution of SAHE. By optimizing the combination and
size ratio of the magnetic and thermoelectric materials, it is
possible to obtain a much larger transverse thermopower than
Sane alone. When a thin film of a magnetic material is
combined with a slab of a thermoelectric material, » becomes
very large, and St approaching 100 pV/K has been
observed.”” When a slab of a magnetic material is combined
with a slab of a thermoelectric material, St is limited to around
1020 pV/K due to smaller » but such an all-bulk hybrid
structure is more suitable for increasing output power.’”
Recently, direct-contact SAHE has also been demonstrated,
in which a magnetic material is directly deposited on the
surface of a thermoelectric material, rather than forming a
closed circuit.”> Direct-contact SAHE functions with a
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simpler device structure, but its transverse thermopower
decreases due to the shunting effect compared to the value
for the structure depicted in Fig. 3(d). Since there is a vast
amount of research data that has been accumulated over many
years on the AHE and the Seebeck effect, there is still plenty
of room for improving the performance of SAHE. However,
its versatility is lower than that of the ANE; whereas the ANE
works in both in-plane and perpendicularly magnetized con-
figurations, SAHE works only in the perpendicularly magne-
tized configuration. Furthermore, even if St is enhanced, z,,T
and the power generation efficiency of SAHE are not always
higher than those of the ANE.”®

It is worth mentioning that, if a magnetic material showing
the AHE is replaced with a nonmagnetic material showing
the ordinary Hall effect, the Seebeck-effect-driven ordinary
Hall effect should occur [Fig. 3(c)]. In principle, the
transverse thermoelectric conversion due to the Seebeck-
effect-driven ordinary Hall effect exists in any hybrid
material comprising two or more materials under a magnetic
field. However, at present, there are no reports where its
contribution is explicitly observed.
2.1.4. Spin Seebeck and spin-dependent Seebeck
effects. As is clear from the phenomena discussed above,
magnetic materials play an important role in the development
of the transverse thermoelectric conversion, but magnetization
has been treated as a macroscopic parameter that determines
the symmetry of the phenomena. Since the beginning of the
21st century, there has been a lot of activity in the field of
spintronics, which aims to utilize the spin degree of freedom,
an origin of magnetism, from a microscopic perspective. In
this field, various transport phenomena related to a spin current
have been discovered and elucidated. As part of this activity,
thermoelectrics and thermal transport have been integrated into
spintronics, giving rise to the field of spin caloritronics.'* "
Spin caloritronics has rapidly progressed since the discovery of
the SSE, in which a spin current is generated from a heat
current in a magnetic material.”>”"®

The SSE enables spin-current-driven transverse thermo-
electric generation in combination with the spin-to-charge
current conversion phenomenon called the ISHE”®™®"
[Fig. 3(e)]. When VT is applied perpendicular to a bilayer
structure consisting of a metal film on a magnetic material
having in-plane M, a spin current with the spatial direction J
is generated near the metal/magnetic-material interface due to
the SSE. This spin current is then converted into a charge
current in a direction perpendicular to both V7 and M
through the spin—orbit interaction, i.e. ISHE, in the metal
film. In spin caloritronics, the SSE in the configuration shown
in Fig. 3(e) is called the “longitudinal” SSE because VT and
J are parallel to each other. As a result of converting the spin
current into the charge current in the orthogonal direction by
the ISHE, the SSE can be the mechanism of the “transverse”
thermoelectric conversion. We also note that, instead of the
ISHE, the inverse Rashba—Edelstein effect at the junction
interface of different materials can be used to induce the spin-
current-driven transverse thermoelectric conversion.***?

The energy carrier of the SSE is the collective motion of
thermally excited localized magnetic moments, i.e. spin waves
or magnons.”®"*% " Thus, it can operate even if the
magnetic layer is an insulator, enabling the thermoelectric

conversion using an insulator, which is not be possible with
© 2025 The Author(s). Published on behalf of
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other phenomena.”™”" At present, the thermopower generated
by the SSE is on the same order as the anomalous Nernst
coefficient, which is insufficient for thermoelectric applica-
tions. However, physics and material science researches are
underway to improve the efficiency of the heat-to-spin current
conversion in magnetic materials and spin-to-charge current
conversion in metals, as well as to scale up materials from
simple bilayer films to multilayers’ and bulk composites.””

The spin currents are carried by elementary particles or
quasiparticles having spin angular momentum. Historically,
conduction-electron spin currents and magnon spin currents
have been actively studied in spintronics and spin calori-
tronics. As mentioned above, the carriers of the spin currents
generated by the SSE are magnons. In magnetic conductors,
the spin currents can also be generated via conduction-
electron transport under V7, which is called the spin-
dependent Seebeck effect (SASE). This was directly observed
by Slachter et al. in 2010 using a non-local method.”" As the
name suggests, this phenomenon originates in the spin
dependence of the Seebeck coefficient in a magnetic con-
ductor. It is also possible to convert the spin current
generated by SdASE into a transverse voltage using the
ISHE"; the SASE can also be the driving principle for the
transverse thermoelectric conversion [Fig. 3(f)]. However, it
is difficult to distinguish the transverse thermoelectric power
generated by this mechanism from the magnon-driven SSE
and the interface effect on the ANE.

2.2. Transverse thermoelectric effects with structural
symmetry breaking

In the transverse thermoelectric conversion, there are also
phenomena that do not depend on magnetic fields or
magnetization. These phenomena are driven by the aniso-
tropy of the structure and/or electronic transport properties.
As mentioned above, various names are used for the
transverse thermoelectric conversion phenomena due to
structural symmetry breaking. In this article, we classify
them into the phenomena due to macroscale and microscale
anisotropy structures.

2.2.1. Off-diagonal Seebeck effect due to macroscale
anisotropic structure. In an artificial multilayer structure
constructed by alternately stacking two conductors and cutting
the stack at a certain angle, anisotropic transport properties
occur even if the constituent conductors exhibit isotropic
electron/hole transport. When the off-diagonal components
of the thermopower tensor become finite due to this aniso-
tropy, the artificially tilted multilayer (ATML) functions as a
transverse thermoelectric  conversion element®>*7%~'%
[Fig. 3(g)]. Since this transverse thermoelectric conversion
originates from the Seebeck coefficient, it is called the off-
diagonal Seebeck effect, which is clearly different from the
Nernst effects that appear under time-reversal symmetry
breaking. As described later, the phenomenological formula-
tion differs in part between the transverse thermoelectric
conversion principles in systems with time-reversal symmetry
breaking and structural symmetry breaking.

The transverse thermoelectric conversion based on the
off-diagonal Seebeck effect has been studied for a long
time,”*** and it is possible to design a transverse thermo-
power and figure of merit by selecting appropriate consti-
tuent materials and optimizing their tilt angle and thickness
ratio. While the figure of merit for the off-diagonal Seebeck
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effect in the ATML is improved by a high transverse
thermopower, high effective electrical conductivity, and
low effective thermal conductivity for the hybrid material,
the characteristics required of each constituent material
differ from those of conventional thermoelectric materials.
In addition to the large difference in the Seebeck coefficient
between the two materials, the contrast in the electrical and
thermal conductivities between them is important, which
induces nonuniform charge and heat current distributions
[Fig. 3(g)]. In other words, even if the difference in the
Seebeck coefficient is large, if the electrical and thermal
conductivities of the two materials are the same, the
transverse thermoelectric conversion does not occur. The
transverse thermopower takes its maximum value when the
tilt angle is 45°, but the other parameters exhibit different
behaviors. The smaller the tilt angle, the higher the effective
electrical conductivity in the direction of the charge current
and the lower the thermal conductivity in the direction of
the heat current in the ATML. Based on these situations, the
maximum value of the figure of merit for the off-diagonal
Seebeck effect in the ATML is obtained at an angle smaller
than 45°.'°719®) However, if the tilt angle is too small, it is
difficult to process and synthesize the ATML in practice and
its thermoelectric performance deteriorates due to the
influence of boundary conditions.”®%? Thus, the contrast
in the electrical and thermal conductivities should not be too
large. Many studies on ATMLs have been conducted using
sintered bulk materials, and z,,T values exceeding 0.2 have
been achieved at around room temperature.'*® The trans-
verse thermoelectric conversion performance of the ATML
can be calculated analytically, but in many systems, the
experimentally obtained z,,T is much smaller than the ideal
value due to the interfacial electrical and thermal resistances
between the two materials. Despite this situation, in
SmCos/Big,Sb; gTe; (BST) ATML developed by Ando
et al. extremely small interfacial electrical and thermal
resistances were achieved, and z,,T close to the ideal value
was obtained experimentally, highlighting the importance of
interface engineering in the ATML.'"® The transverse
thermoelectric conversion performance of SmCos/BST
ATML has been further improved by utilizing the aniso-
tropic electrical and thermal conductivities of the SmCos
magnets and hybridizing their ANE; z,,T now reaches 0.3 at
around room temperature.'’”

2.2.2. Off-diagonal Seebeck effect due to microscale
anisotropic structure. Even without constructing ATMLs,
the transverse thermoelectric conversion can be achieved in
single crystals showing anisotropic electronic conduction
properties. In the single crystals of several metals, such as
Sb, Gd, Ho, Er and Bi, the Seebeck coefficient is of the same
sign but anisotropic.''®"'? These materials having “uni-
polar” anisotropy make it possible to construct a transverse
thermoelectric conversion element simply by cutting them so
that the off-diagonal components of the thermopower tensor
are finite. It is difficult to construct high-output power
generation or cooling/heating devices from such single-
crystal metals because of their small transverse thermopower
caused by the unipolar anisotropy in the Seebeck coefficient.
In fact, due to their unipolar nature, the temperature gradient
can never be purely orthogonal to the electric field.''”

Nevertheless, the off-diagonal Seebeck effect in single-
© 2025 The Author(s). Published on behalf of
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crystalline metals is being considered for use in heat flux
sensors because of their low thermal resistance.''®

It is also possible for single crystals to exhibit ADCP,
though early experimental reports''”~''® did not recognize
their utility as transverse thermoelectrics until it was pointed
out.”” In recent years, even more single-crystalline materials
with ADCP have been discovered.”*2*'"""'2? Unlike the
aforementioned unipolar anisotropy, these materials exhibit
“ambipolar anisotropy”, in which the sign of the Seebeck
coefficient reverses depending on the crystal orientation.
Therefore, by cutting the material along the direction between
the axis showing the large positive Seebeck coefficient and
the axis showing the large negative Seebeck coefficient and
by applying a temperature gradient to allow the conduction
electrons and holes to diffuse in the transverse direction,
excellent transverse thermoelectric performance can be ob-
tained through the off-diagonal Seebeck effect [see Fig. 3(h)].
For example, it has been reported that z,,T of single-crystal-
line Re4Si; reaches 0.7 at 980 K.?* This value is outstanding
compared to other principles, but there are issues such as the
limited choice of materials, the need for large single crystals,
and the fact that the large figure of merit is obtained only at
high temperatures.

The transverse thermoelectric conversion arising from
ADCP is referred to by various names. When ambipolar
anisotropy arises from a single metallic band with an open
Fermi surface and alternating positive and negative Gaussian
curvature, this metallic band is called a goniopolar band, and
these materials are referred to as goniopolar materials.””
When ambipolar anisotropy arises in semiconductors or
semimetals whose separate n-type and p-type bands result
in n-type conduction dominating one axis and p-type con-
duction dominating orthogonally, these materials are called
(p x n)-type transverse thermoelectrics,””*® (see Hierarchy 3
in Fig. 3). However, as mentioned at the beginning of Sect. 2
the details of the band structures cannot be determined from
thermoelectric measurements alone, and the terminology of
the thermoelectric effects should be determined based on
their symmetry and phenomenology. Thus, we have merged
the effects mentioned in this subsection into “off-diagonal
Seebeck effect due to microscale anisotropic structure” (see
Hierarchy 2 in Fig. 3).

3. Formulation of transverse thermoelectric conver-
sion with time-reversal symmetry breaking

In this section, we present the formulation of the efficiency of
both longitudinal and transverse thermoelectric devices. This
subject has a long history as can be seen in many
textbooks'>*71?® and publications.91’127_129) However, less
known is the fact that an apparent expression for the efficiency
varies with the choice of independent variables appearing in
the transport equations, as well as with the symmetry of the
transport coefficient matrices. For the longitudinal device,
choosing the charge current density and the temperature
gradient (j, VT) as independent variables leads to the conven-
tional expression for the efficiency.'”*'*” An alternative
choice of the electric field and the temperature gradient
(E, VT) as independent variables yields another expression
for the efficiency.'*” Of course, these two efficiency expres-
sions are physically the same and equivalent, but expressed by
seemingly different parameters.
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On the other hand, in the case of the transverse device, the
thermal boundary condition in the transverse direction, or
more precisely in the direction of the electric field, inevitably
specifies the allowed choice of independent variables. For
example, under the adiabatic condition, the charge and heat
current densities (j, q) are the appropriate independent vari-
ables, while under the isothermal condition the charge current
density and temperature gradient (j, VT) are the appropriate
independent variables. As expected, these two thermal
boundary conditions yield two different expressions for the
efficiency.'?"'*? In the presence of the Nernst effect but the
absence of the Seebeck effect, these two efficiency expres-
sions are the same and equivalent, similar to the case of the
longitudinal device. However, in the simultaneous presence
of the Nernst and Seebeck effects, these two expressions are
no longer the same quantity, representing two physically
different situations. Moreover, inclusion of the thermal Hall
effect (THE) or the off-diagonal component of the thermal
conductivity tensor further modifies the efficiency expression
(note that THE is often called the Righi-Leduc effect'*).

Below, following the line of argument of Ref. 134, we present
an as simple as possible formulation of the performance of
longitudinal and transverse thermoelectric devices. In Sect. 3.1
we present two formulations for the performance of longitudinal
thermoelectric generators that are expressed by two different
figures of merit. Next, in Sect. 3.2 we discuss the performance
formulation for transverse thermoelectric generators, and show
how the efficiency expression differs depending on the iso-
thermal or adiabatic boundary condition in the transverse
direction. Then, in Sect. 3.3 we discuss the performance of
transverse refrigerators and active coolers.”” In Sect. 4 we
discuss the case for the off-diagonal Seebeck effect.”*%*

In this section, we discuss transverse devices with time-
reversal symmetry breaking, while in the next section we discuss
transverse devices with structural symmetry breaking. An
important distinction between time-reversal symmetry breaking
and structural symmetry breaking is that the off-diagonal
components of the thermopower, electronic thermal conductivity
and electrical resistivity tensors [see Egs. (25)-(27) below]
are antisymmetric (Sy, = — Syy, Ky = — Kyp» Pxy = — Py) for the
former and symmetric (Sy, = Sy K=Ky Pry = 0y) for the
latter."*® Tt is a useful distinction for clarifying how fundamen-
tally different these phenomena are from a tensor representa-
tional standpoint.

3.1. Revising performance of a longitudinal thermo-
electric generator

Before formulating the efficiency of a transverse thermo-
electric generator, we revisit the efficiency of a longitudinal
thermoelectric generator. The system is shown in Fig. 4(a),
where p-type and n-type thermoelectric materials are ther-
mally connected in parallel and electrically connected in
series. This device operates under a temperature bias between
a hot reservoir T}, and a cold reservoir T..

First, we present the conventional formulation of the
efficiency'*>'?* using the charge current density and the
temperature gradient (j, VT) as independent variables. Next,
we present an alternative formulation of the efficiency using
the electric field and the temperature gradient (E, VT) as
independent variables.'*”

3.1.1. Conventional expression. We begin with the

following transport equations for the heat current density q
© 2025 The Author(s). Published on behalf of
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and electric field E'*7:

A\ _ oo (B (T
(qy) N TSV(jy] KZI/(V}’T)’ (4)
E, Jx ViT

where S,, k, and p, are respectively the Seebeck coefficient,
thermal conductivity, and electrical resistivity of each ther-
moelectric element with the carrier index v = p, n. Although
we assume an isotropic material in the above transport
equations, this is merely for the sake of simplicity. In the
case of an anisotropic material, we can start from the
transport equations represented with tensor coefficients
(see, e.g. Eq. (26.12) of Ref. 137). Then, after multiplying
the x component of Eq. (4) with the cross-section of each
element A = [/, as well as integrating the x component of
Eq. (5) along the x axis, we obtain:

Q. = TSJ, + KAT, 6)

AV = —RJ, + SAT, (7

where Q.=Aq,, AV=—El, J.=Aj, AT=T,—T.,
§=8,—8, R=(p,+p)lJA and K= (x,+ k,)A/l.. The
above linear-response relation can be expressed by using a

matrix as,
Oy 1 Jy
(Av) =4 (AT)’ ®

where the matrix A is defined by,

- _ (TS K

A= (—R S)'
The determinant of A is given by det A = kp(1 + zT),
where k =k, +k,, p= p, + p, and the quantity,

T 2
T = i, )

Kkp

is the figure of merit of the longitudinal device. Note that,
because of the conditions R > 0 and K > 0, which are set by
the second law of thermodynamics,"*” the sign of det A is
always positive. This means that the linear-response relation
[Eq. (8)] is physically stable, so that there is no constraint on
the value of zT except that it should have a positive sign.
Therefore, the figure of merit for the longitudinal device is
unbounded, namely,

0<7T < 0. (10)

Since the linear-response relations have been set up, we are
now ready to calculate the efficiency of the Seebeck
generator [Fig. 4(a)]. In the following, in line with the
argument of Ref. 134, we consider only a term linear in
AT. This means that the Joule heating RJ?, which otherwise
enters the efficiency evaluation through the thermal power
input, can be safely neglected in our calculation. The Carnot
efficiency is given by,

(a) p-type conductor

Re

n-type conductor

(b) Transverse thermoelectric material

Fig. 4. Schematics of the longitudinal thermoelectric device [(a)] con-
sidered in Sect. 3.1 and transverse thermoelectric device [(b)] considered in
Sect. 3.2. In (a), p-type and n-type thermoelectric materials are thermally
connected in parallel and electrically connected in series, with both cross-
sections being the same as A = /,/, and the device is sandwiched between a
hot reservoir T}, and a cold reservoir 7. In (b), a transverse thermoelectric
material is sandwiched between T, and T.. I, [, and I, denote the length of
the material along the x, y and z directions, respectively.

where T = (T}, + T.)/2, and the reduced efficiency 7 = /7
relative to the Carnot efficiency is defined by,
T Ru

AT Qy

n= (12)
where Oy, is the thermal power input from the hot reservoir
and P, = R.J? is the electrical power output dissipated by
the load resistance Rj.

In order to evaluate the right-hand side of Eq. (12), we
need to know the charge current J, determined by,

Vemf

J, = s
" R

(13)
where V¢ is the electromotive force and R,,; = R + Ry_is the
total resistance of the circuit. Using Vi,r=SAT and
9y = 0O,, the efficiency can be expressed as a function of
u=Ri/R as T =u{(l + u)?*/zT + 1 4+ u}!, where T is
defined in Eq. (9). The maximum reduced efficiency 7 is
obtained for the stationary value u® = /1 + zT, which
yields,

7= N1+ =1

I+ +1

3.1.2. Alternative expression. In the preceding subsec-
tion, we have formulated the efficiency of the longitudinal
thermoelectric device by choosing (j, VT) as independent

(14)

e = AT (11) variables. Below, we discuss an alternative formulation of the
¢ T’ efficiency by choosing (E, VT) as independent variables.

© 2025 The Author(s). Published on behalf of
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We first invert Egs. (6) and (7) as follows:

0, = fT—;‘AV + K'AT, (15)
Je = flAV + EAT, (16)
R R

where K’ = K + TS?/R. This defines the thermal conduc-
tivity at zero electric field:

, 7s°

K=K+ —.

P

The above linear-response relation can be represented as,
Qx A(AV)
= B .

()=2(37

where the matrix B is defined by,

o (-TS/R K
-8 ox)

A7)

(18)

The determinant of B is calculated to be detB =
(R/K"(1 — Z'T), where,

e

T ,
K'p

19)

is a new figure of merit defined by using ' '*°’ Note that, for
Eq. (18) to be physically stable, det B should be positive,
from which we obtain a condition 1 — z’T > 0. This means
that the figure of merit is bounded as,

0<ZT< 1. (20)

We next calculate the reduced efficiency for the present
choice of independent variables. Using Q= Q,,
Vemt =SAT, and J,= Vnif/Rix With R =Ry + R, the
reduced efficiency [Eq. (12)] is calculated to be 7 =
u{(l + w)?/7T — (1 + w)) !, where u=R;/R. The max-
imum reduced efficiency 7 is obtained for the stationary
value u* = /1 — z/T, which yields,

1 =-yJ1-7T

K 1+ 41 —2T
3.1.3. Summary of longitudinal device. To summarize
this subsection, we have formulated the efficiency of a
longitudinal thermoelectric generator based on the Seebeck
effect in two different ways. In the former we have calculated
the maximum efficiency [Eq. (14)] by choosing (j, VT) as
independent variables, whereas in the latter we have calcu-
lated the maximum efficiency Eq. (21) by choosing (E, VT)
as independent variables.'*” We note that, in deriving the
two different efficiency expressions, we assume no physical
difference in the condition of the thermoelectric device; the
difference in the efficiency expressions stems from the
difference in the choice of the independent variables. In
other words, the two seemingly different efficiency expres-
sions for the longitudinal device correspond to two different
representations of the same quantity in two different para-
meters z7 and z'T. Indeed, from Egs. (9), (17) and (19), we
find that zT and z'T are related by,

21
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i
1 +zT

Then, substituting Eq. (22) into the efficiency expression of
Eq. (21), we come to the efficiency expression of Eq. (14). In
this sense, we note that these two expressions are equivalent,
and achieving z'T = 1 limit is as difficult as achieving
ZT = oo limit.
3.2. Performance of transverse thermoelectric gen-
erator
In this subsection, we formulate the efficiency of a transverse
thermoelectric generator, as shown in Fig. 4(b), where a
transverse thermoelectric material showing ONE/ANE is
sandwiched between 7}, and T.. Below, it is shown that a
thermal boundary condition in the direction of the electric
field [along the y axis in Fig. 4(b)] plays a crucial role in the
formulation.

In the literature, the efficiency of the
transverse device has been discussed by assuming that only
the Nernst/Ettingshausen effects are present in the device,
while the Seebeck/Peltier effects are absent. In this subsec-
tion, we discuss a more realistic situation where both the
Nernst/Ettingshausen and Seebeck/Peltier effects are present.
Below, we show that the efficiency expression is substan-
tially modified by the simultaneous presence of the Nernst/
Ettingshausen and Seebeck/Peltier effects. Moreover, we
discuss the influence of THE, which also affects the
efficiency expression.

We use the following transport Eqgs.

(22)

91,125,129,131,132,134)

137).

@\ el i) (VT
(@)-n()-or) e
E, ) | o T
=p|l.|+S , 24
(E)') p(]_v) (V)T) (24)
where the transport coefficient matrices are given by,
o R (25)
S Sy
~ [P Ry
K= ( Koy liyy)’ (26)
pX_X p/\y
D= . 27
p ( Pox pyy) (27)

Note that the resistivity in the above equation is measured
under a zero temperature gradient, which coincides with the
conventional definition of electrical resistance.'*® Under the
open-circuit condition along the x axis (j,=0), equations
necessary for the efficiency calculation are given by,

Gy = —Fxx ViT — Ky T + TSy jy» (28)
gy = TSyyjy — Ky T — Ky VT, (29)
Ey = pyj, + Sy WT + S0 Vi T. (30)

3.2.1. Adiabatic condition in transverse direction. We

first discuss the adiabatic boundary condition in the direction
© 2025 The Author(s). Published on behalf of
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of the electric field [along the y axis in Fig. 4(b)] since this is
the “natural” case for the transverse device according to
Ref. 134. In this subsection, we are concerned with the case
where the transport coefficient matrices in Eqs. (25)—(27)
have antisymmetric off-diagonal components, i.e. Sy, = —S,y,
Kyy = —Kyy and py, = —p,,. This symmetry applies to ONE and
ANE devices.

Now, using the adiabatic condition along the y axis (g, =0),
the above equations can be solved for V,T and E,, yielding,

Ts(a) 1
VT = @ —ary ~ e @D
.)CX
@)
X
Ey = Ply = —gdx (32)
XJC

In these equations, we defined the following new coefficients
renormalized by the Seebeck effect and THE:

Sg) = Sy = SO,

Sy(;l) =S — Sy 6y,
(a) = k(1 — exeyryx)a
(a) = Hvy(l exeyryx)a
S;,;> =Sy J1 — 6,6,5,,
where O, = ky/kyy, ©,=Ky/ky, and 1y, = Ky,/ky.. Note that
for an isotropic material (k. = k,,), we have © =0, = -0,
due to the symmetry k,, = — k,. From this and §,, = — S,
we obtain,
S8 = -850 =8, —85,0, (33)
R = K = Rl + 09, (34)
S =Syl + 67, (35)

Note also that, due to the variable change from V,T to g,, the
adiabatic resistivity,

(2)2 (@) ¢@
(a) B TSy, TS,y Syx
=p yy (a) (a)
Fyy Foxx
S(d) 2 TS (a)2 ’ (36)
— _ X
= Py +—a (d) Kg;)
appears in Eq (32), where we used the symmetry S, = — S,

and Ky, = , to move to the second line. Now, multlplylng
Eq. 31) w1th A =1,l, and integrating Eq. (32) along the y
axis, we obtain,

S(a) 1
T=——2"_J +—0, 37
K9(/l)"  K® ¢ G
S
AV=-R®J, + —= 0, (38)

K@ (/1)

where K® = k@A /I, R® = p(v“v)ly/(lxlz).
The linear-response relation described above can be
expressed as,
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AT S I
=C , 39
(&) (Qx) <
where the matrix C is defined by,
TSy 1
| k9a 1) K@
e= © (40)
_R®@ »>
K®(./1,)

Note that in moving from Egs. (37) and (38) to Eqgs. (39)

and (40), we used the symmetry Sy =— 8y and Ky, = — Ky
The determinant of C is calculated as detC =
(R® /K@) (1 + (A)T), where the quantity,
TSW?
29T = " (41)
Kxx Py, yy

is the adiabatic figure of merit for the transverse device. Note

that detC is positive for positive values of p™. This means

that, under the condition p(a) > 0, the linear-response relation

[Eq. (39)] is physically stable, so that there is no constraint on

T except that it should have a positive sign. Therefore,
(y)T is unbounded, namely,

0 < zWT < o0. (42)

The remaining steps to calculate the reduced efficiency
[Eq. (12)] of the transverse device in the adiabatic limit are
basically the same as in the previous section. The thermal power
input from the hot reservoir is given by Q, = Q. and the
current flowing through the circuit is given by J, = Ve Rio,
where R =Ry +R® with Ry being the load resistance.
Using Vs = (—S;;)(ly/ 1)/K®)Q,, the reduced efficiency
is calculated as 77 = u{(1 + w)?/zT + (1 + w)}~!, where

u=Ry/R. Then, the maximum reduced efficiency 7 is
obtained for the stationary value u™ = /1 + Z)(C;)T, which
yields,
J1+297 -1
n= ;N v (43)
J1+ 29T + 1
3.2.2. Isothermal condition in transverse direction. Next,

we discuss the isothermal boundary condition in the
direction of the electric field. As in the previous subsec-
tion, we are concerned with the case where the transport
coefficient matrices in Eqgs. (25)-(27) have antisymmetric
off-diagonal components, i.e. Sy, = — Sy, Kyx = — Ky, and
Pyx = — Pxy» Whose symmetry applies to the ONE/ANE
devices. Assuming the vanishing temperature gradient
along the y axis in Egs. (28), (29) and (30), we obtain,

G, = —ku ViT + TSy, (44)
Ey = pyj, + Sy ViT. (45)

Note that, in contrast to the adiabatic case, there is no
contribution from THE. Now, multiplying Eq. (44) with

A = [, and integrating Eq. (45) along the y axis, we obtain,

© 2025 The Author(s). Published on behalf of
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AV = —RJy + Sy (l,/1,) AT, (47)

where K =«,A/l, and R=p,,L/(],]). The above linear-
response relation can be represented as,

(5)-7() “
AV AT
where the matrix D is defined by,
~ =TS, (1,/1, K
B — | TS B/ . (49)
—R Syx(ly/lx)

Note that in moving from Eqs. (46) and (47) to Egs. (48) and

(A49), we used the symmetry S,, = — S,,. The determinant of
D is calculated to be,
detD = KR(1 — z0T),
where
4 TS2
9T 2 (50)
pyy H)cx

is the isothermal figure of merit for the transverse device.
Note that, for Eq. (48) to be physically stable, detD should
be positive. Then, we have a condition 1 — zg,)T > 0, which
means that zfv) T is bounded, namely,

0<IT< 1. (51)

Finally, we calculate the reduced efficiency 77 [Eq. (12)].
Using Veme = Siy(l/[)AT and R =R+ Ry in Eq. (13), 7
can be calculated as 7 = u{(1 + u)?/z0T — (1 + w)},
where u = R;/R. The maximum efficiency is obtained for

the stationary value u™ = /1 — zg)T which yields,
1 — 41— z)g,)T
n=—r———
1+ 1 =297

3.2.3. Figure of merit defined by Delves. In this part,
we comment on the figure of merit defined by Delves.'*?
Here, Delves referred to those as “A authors” who start from
our Eqgs. (44) and (45), and denoted the corresponding figure
of merit as zz*T with an asterisk. When we compare our
Egs. (44) and (45) with Egs. (4) and (5) of Ref. 132, we find
that Delves’s x| corresponds to our ., in Eq. (44). Note that
Kk}, coincides with the usual definition of the thermal
conductivity under zero charge current.

Delves'*? also referred to those as “B authors” who start
by inverting Egs. (28) and (30) in the following form:

(52)

TS
qx = _H;/;x Wi T — XyE_v’
p
1 S
Jjy = —Ey — = VT,
pyy Pyy

090101-12

where

2
" TS,VX
Ryy = Rxx — s

py}’

(53)

is the thermal conductivity under zero electric field, which is
denoted by Delves as k;; without an asterisk.'* Note that
THE is discarded here, and the symmetry Sy, = — S, is used.
Multiplying these two equations with their cross-sections /,/,
and [,/,, we obtain,

TSy (ly/ 1
0, = _ By (/b N K"AT, (54)
Sy (y/ 1
Jy = ——;AV+ S/ g, (55)

where K" = ki [,l,/l, and R=p,lLlL/l,. Then, using
Vemt = — Sy(l/L)AT and Jy, = Vern/Rior, Where Ry = Ry +
R®, the reduced efficiency [Eq. (12)] is calculated to be
n=u{(l +u)?/z' T + 1 + u}!, where u = R/R;, and the
corresponding figure of merit is given by,

" S)’Zx
nyT = (56)
Py ex

and from Egs. (50) and (53), this quantity satisfies,

zg?T
T = — o 67
1 - Zy T

Note that z;, 7 is denoted by Delves as z T.°? The
maximum efficiency is obtained for s* = /1 + Z)g,T, which

yields,
J1+ 28T — 1
n=—m—-
J1+ 24T + 1

From the above argument, we find the cqnnection between
ze*T and z;T defined by Delves,*? and z;;)T [Eq. (50)] and

24y T [Eq. (56)] defined in this study. In short, the relations are

(58)

given by,
26*T = Z0T, (59)
zeT =24 T. (60)

To check this correspondence, we substitute the above
relations into Eq. (57), then we find,

zgT

ZE*T * —
1 + ZET7

Ul = ——=, 2T

61
e (61)

which is exactly the same as Eq. (4) [the second one among two
Eq. (4)’s] of Ref. 132. Therefore, zz*T defined by Delves'*?
coincides with the isothermal figure of merit. Moreover, in the
limit of neglecting the Seebeck effect and THE, z;T coincides
with the adiabatic figure of merit, zg) [Eq. (41)]. In this sense,
two formulations of the figure of merit in Refs. 131 and 132 are
the same and equivalent. Therefore, there is no conflict between
them, and the corresponding description about their conflict'"**
should be corrected accordingly.
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3.2.4. Summary of transverse device. To summarize
this subsection, we have formulated the maximum efficiency
of a transverse thermoelectric generator for two thermal
boundary conditions in the transverse direction: the adiabatic
boundary condition [Eq. (43)], and isothermal boundary
condition [Eq. (52)]. We note here that, for the Seebeck-
effect-driven anomalous/ordinary Hall effects and SSE/SASE-
driven ISHEs, the efficiency expression is different from what
we have discussed in the previous subsections, because these
effects involve composite/hybrid materials.”*" For example,
the efficiency of the SSE device depends on the thickness ratio
of the two layers of a magnetic insulator and the attached metal.

Let us discuss the result obtained in Sect. 3.2. In the absence
of the Seebeck effect and THE (S,, =0 and © = 0) which
assumed as customary in the literature,”"' 22! 213113213 from
Egs. (36), (41) and (50), we obtain a simple relation similar to
Eq. (22):

()
) oy T
O o
Pl e S— (62)
Y+ 9T

Substituting Eq. (62) into Eq. (43), we obtain Eq. (52). That
is, these two expressions for the efficiency coincide with each
other. If we invert Eq. (62), we have,

(@)
4 0T
W= ——, (63)
1—z9T

from which we see that achieving the z{)T = 1 limit is
equivalent to achieving the z)E;)T = oo limit. The equivalence
of the energy conversion efficiency in the adiabatic and
isothermal conditions can be visually confirmed in Figs. 5(a)
and 5(b), where zT for the Seebeck effect is set to be zero
because of S, =0.

Next, we consider the case in the presence of the Seebeck
effect while in the absence of THE, i.e. S,,#0and © =0.In
this case, from Egs. (36), (41) and (50), we have the

following relation:

(i)
T
W= (64)
Xy 1 (i)
— 25l + 2T

where, in comparison to Eq. (63), the denominator has an
additional contribution coming from the Seebeck effect,
7T = SyzyT/ Kyy Py, This equation is solved for z)((;,)T, giving,

Z@T(1 + 2T)

(OF =
I =
"y L+ 29T

(65)

Substituting the above equation into Eq. (51), we obtain a
constraint more severe than Eq. (42):

1
0< 9T < —,

T (66)

which means that the smaller the Seebeck effect, the larger
the upper limit of the adiabatic figure of merit for the
transverse device. This behavior can be visually found in
Figs. 5(c), 5(e) and 5(g). In contrast, as shown in Figs. 5(d),
5(f) and 5(h), the relation between z)?y)T and 7 is independent
of zT because the Seebeck effect does not occur in the y
direction under the isothermal condition.
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Fig. 5. Relations between z'g.), zf.? and 7] for various values of z7. zi? (z'i;‘))

and zT denote the transverse figure of merit in the isothermal (adiabatic)
condition and the longitudinal figure of merit for the Seebeck effect,
respectively.

Finally, in the generic situation of the simultaneous
presence of the Seebeck effect and THE, i.e. S,,#0 and ©
%0, a similar analysis is much more involved and the results
are not summarized in the form presented above.

3.3. Performance of transverse thermoelectric refrig-
erator

In this subsection, we consider the performance of a
transverse thermoelectric refrigerator/heat pump. Here, as
mentioned in the Introduction, we focus only on the cooling
mode and discuss the maximum attainable temperature
difference of the device as a measure of its performance.
Note that the thermoelectric refrigerator discussed here is
different from compressor-based refrigerators and magneto-
caloric refrigerators.'*” In the previous two sections, we
discarded the Joule heating effect since we used an approx-
imation that is valid up to linear order in the temperature bias.
By contrast, in order to investigate the maximum temperature
difference, we need to take the Joule heating into account,
and determine the temperature distribution in the refrigerator.

In discussing the maximum attainable temperature differ-
ence of a refrigerator, we need to evaluate the rate of the heat
removal Q. from the cold reservoir. Then, when we use
Fig. 4(b) for the present problem, first we need to replace the
load resistance with a current source for applying a charge
current density j to the device. Furthermore, it is convenient
to interchange the role of the hot and cold reservoirs as
Ty, < T. "> merely due to the fact that this choice simplifies
the calculation by allowing us to calculate Q. at the origin

x = 0. Therefore, in this subsection, we assume that the left-
© 2025 The Author(s). Published on behalf of
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hand side (right-hand side) of the device in Fig. 4(b) is in
contact with T, (T}).

We first need to obtain the differential equation that
determines temperature distribution in the device. The rate
of heat evolution is given by —V - qgz, where qz =q + ¢j is
the energy current density with ¢ being the electrochemical
potential. Then, assuming the steady-state condition, the
temperature distribution in the device is determined by,'*”

~V.-qz=-V-q+E-j=0. (67)

Below, since we assume the boundary condition j, = 0, the
Joule heating term is given by E - j= E,j, in Eq. (67).
3.3.1. Isothermal condition in transverse direction. We
first discuss the isothermal boundary condition in the direc-
tion of the electric field [along the y axis in Fig. 4(b)],
because the result for this case is known in the
literature.'*"'*? Applying the isothermal condition vV, T=0
to Egs. (28)-(30), we have,

g, = =K ViT + TSy j, (68)
Gy = — iy VT + TS, ., (69)
Ey = pyyj, + Su VT (70)
Then, substituting these Eqs. into Eq. (67), we obtain,
Koe VAT + TSy Vi, + 28y, VT + iy =0, (71)

where we used the symmetry S,,=—S,,, as well as the
equations V,V,T=V,V,T=0 and V-j= V=0 under
Jx=0.

In order to solve Eq. (71), we follow an approximate
method introduced in Refs. 125, 141. We first replace j, with

its spatial average (j,)s, substitute it into Eq. (71), and obtain,
VT +aV, T+ b =0, (72)

where a = 28, (j,)s/kxe and b = p, ( j‘,>§ / Kxe. We next seek
a solution to the above equation in the form of a power series
expansion as,

T(x)=T.+ cx + cz—zxz, (73)

where ¢; and ¢, are coefficients to be determined. Then,
substituting Eq. (73) into Eq. (72) and setting x = 0, we
obtain ac;+c, +b=0. In addition, using the boundary
condition T(x =1,) =T, we have ¢/, + %lxz = AT, where
AT=T,—T. as before. From these two equations, by
discarding terms higher in az, ab, the two coefficients ¢; and
¢, are approximately obtained as ¢y = AT/l + (a/l2)AT +
(b2)l, and ¢, = — aAT/l, — b, and the temperature distribu-
tion is given by,

T(x) = [T + (%)AT} = %[b + "IAT]x(x — L), (74)

X X

Given the temperature distribution above, we are now in a
position to calculate the rate of the heat removal from the
cold reservoir Q. = Ag, (x = 0), where A = [,/,. Substituting
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Eq. (74) into Eq. (68) and multiplying A, we obtain Q. =
—KAT — (R/2)J] — TySy(ly/1) )y, where J, = L (j)s,
and K and R are defined below Eq. (47). We complete
the square with respect to J, in the above equation as
Q. = —KAT — (R/2)(Uy — J)* + (I3 S5./2R)(1,/1,)?, where
JF = =TSy (ly/l)/R. Then, we see that the maximum
value Q. = (T¢S7(,/1,)%)/(2R) — KAT is obtained for
Jy =% Finally, the maximum temperature difference
AT« is obtained for zero heat load Q. at the cold reservoir,
yielding,

ATmax = %Z,gv)ThZa (75)

where zfy) is defined by Eq. (50). Note that, as emphasized in
Ref. 125, Eq. (75) is the same as the result obtained by the
exact treatment.'*” Note also that the isothermal figure of
merit zg) is bounded as expressed by Eq. (51).
3.3.2. Adiabatic condition in transverse direction. We
next consider the adiabatic condition in the direction of the
electric field [along the y axis in Fig. 4(b)]. Taking into
account the adiabatic condition g,=0, we start from
Egs. (31) and (32), and rewrite them as follows:

— (a) (@) ;
q, = —kY VT + 1S9, (76)
Ey = o), + SO VT, (77
where a new quantity p(vt;) is defined by,
Ts(a)Z
(b) _ ¥y
Py = Py T (78)

g%
and k@, /sgf‘;,), S®, S,E;) and S are defined below Eq. (32).
Note that p(yt;) in Eq. (77) is different from the adiabatic
resistivity defined by Eq. (36), and its appearance in the
present situation is already commented on in Table 7.7.1 of
Ref. 125. Note also that to obtain the above equation, we used
the symmetry S = —S{. Then, after substituting Egs. (76)
and (77) into Eq. (67), we obtain the same equation as Eq. (72)
but with the coefficients a and b being replaced by,

ZS}(;) <jy>5
P (e

TR
Since the temperature distribution is obtained in the same way,
we now proceed in exactly the same manner as in the preceding
subsection, and obtain the rate of the heat removal from
the cold reservoir as Q.= —K@WAT — (R®/2)J} —
Th Sy 1y /1)y, where K@ = k{1, 1/10), R® = pP)1,/(L,1.)
and Jy = [l (j,). This is transformed as Q.= —K®
AT — (R®/2)(Jy — J))? + (Ty S©2/2RO)(1,/1,)?,  where
I = —RS}i)(ly /1,)/R®. From this result, it can be seen that
Q. is maximized for J, = J;‘< , yielding the following maximum
temperature difference:

L

ATpax = sz;” Ty (79)
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where

TsW?

b
o

Zg?) T=

(80)

is the corresponding figure of merit for the transverse
refrigerator in the adiabatic operation. Note the difference

between zg’,) [Eq. (80)] and zxj‘) [Eq. (41)], where zf;) is
bounded. Indeed, in the absence of THE, we have,

0<z< , 81

> T (81)

due to Eq. (51).

Finally, we note the practical aspect of the transverse
thermoelectric cooler. In this subsection, we have assumed a
rectangular-shaped device [Fig. 4(b)] to formulate the max-
imum temperature difference and figure of merit for the
transverse thermoelectric refrigerator. However, the actual
cooling performance depends on the geometric shape of the
refrigerator due to the competition between the transverse
thermoelectric conversion and Joule heating, as well as heat
release conditions at the hot side. In a similar manner to the
conventional Peltier refrigerator that achieves a large tem-
perature difference with multistage cascading,'*® the tem-
perature difference in the transverse thermoelectric refrig-
erator can be increased by constructing a so-called infinite-
stage device.'**!'*5 Also in this device, the absence of
interfacial thermal resistance at stacking boundaries is a
significant advantage of the transverse thermoelectric con-
version.

3.4. Performance of transverse active cooler

Before ending this section, we would like to discuss the
active cooling.'”> As discussed above, the active cooling
system is designed to dissipate heat from the hot part of an
object, so that the heat drained from the hot part is maximized
while AT is minimized. The key is that, since the heat is
drained from the hot part, the Fourier heat conduction and
Peltier heat act in a constructive way. Then, the quantity that
characterizes the performance is the effective thermal con-
ductivity " that drains the heat from the hot part. While this
idea is developed for the longitudinal device, below we apply
the same argument to the transverse device with time-reversal
symmetry breaking.

In Sect. 3.3, when discussing the transverse refrigerator,
we interchanged the role of hot and cold reservoirs as
Ty, < T.. Because the following calculation applies to the
active cooling device, here we need to undo this interchange
and assume that the left-hand side (right-hand side) of the
device is in contact with T}, (7,) as in Fig. 4(b).

First, we consider the case under the isothermal condition
in the transverse direction. Starting from Eq. (71) and
performing the same calculation as in Sect. 3.3.1, we obtain
the temperature distribution:

x 1 alAT
SN

where a = 28, ( jy>S /kxcand b = p ( jy>52 / Kxc. Note that this
expression is also obtained by interchanging 7}, and T, in
Eq. (74). Then, substituting this temperature distribution into
Eq. (68), we obtain the rate of heat removal from the hot

]x(x — 1), (82)
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reservoir Oy = [,l,q.(x =0) as Qy = KAT — (R/2)Jy2 -
TSy (Iy/ 1) Jy, where J, = I, (jy>s, and K and R are defined
below Eq. (47). Completing the square with respect to
Jy in the above equation, we obtain Qy = KAT —
R/DUy — T + (T2S5/2R)(1,/1,)%,  where  J)f =
—T.S,,(ly/1;)*/2R. Then, by setting J, = J¥, the maximum
heat removal from the hot reservoir Qf is obtained as

= KAT + (TczSyzx/ZR)(ly/lx)z. Now we introduce the
heat current density qh Qr/ (lyI;), and rewrite the above
equation _as qh = ku ((AT/L)) + (TZS )/(2pyyl) Then,
defining V T = AT/I,, which is positive by definition, the
above equation can be represented as,

gy = K% T, (83)
where the effective thermal conductivity is defined by,
PEOT?
R = b+ — (84)
2AT

and the isothermal power factor for the transverse device is
given by,
2
PF® =

(85)
pyy

Next, we consider the case under the adiabatic condition in
the transverse direction. In this case, repeating the same
discussion as in Sect. 3.3.2, we only need to make the
following substitutions to the isothermal result:

Pyy =7 Pyys

K — K,

Sy — Sv(j?,
where p(yt;) is defined by Eq. (78) and other quantities are
defined below Eq. (32). Note that pﬁt? explicitly depends on
temperature. Since this is the temperature felt by the driving
charge current parallel to the y axis, we approximate
T= (T, + T.)/2. Then, repeating the same calculation as
above, we obtain Eq. (83), in which the effective thermal
conductivity is given by,

eff _ PEOT?

T AT
and the adiabatic power factor for the transverse device is
given by,

(86)

S (a)2
(@ — XX
PF ; OR
yy

87)

4. Formulation of transverse thermoelectric conver-
sion with structural symmetry breaking

So far, we have considered situations where the transport
coefficient matrices in Egs. (25)—(27) have antisymmetric off-
diagonal components. For the ONE/ANE devices, this
condition is satisfied. However, the off-diagonal Seebeck
effect is of geometric origin. Therefore, the off-diagonal
components of the transport coefficient matrices are sym-

metric, satisfying Sy, =S,,, k,x =k, and p,, = p,,. In this
2025 The Author(s) Publlshed on behalf of
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section, we discuss the efficiency of these thermoelectric
generators in the first two subsections, and then formulate the
performance of these thermoelectric refrigerators and active
coolers in the last two subsections. This treatment goes into
greater depth than prior review articles, which consider a
more introductory perspective to transverse thermoelectrics
based on structural symmetry breaking.'*®

4.1. Transverse thermoelectric generator in adiabatic
condition

Under the adiabatic boundary condition for the present
system, instead of Eq. (36), we have,

TS (a)2 TS (a)2
(a) _ oy " (88)
where we used the symmetry S,, = S,, and x,, = k,,. Then,
instead of Egs. (39) and (40), we have,
—S2T 1
— K®(,./1, K®
C' = (:/h) : (89)
+8®
_R®@ -
K@(1/1y)
where the determinant is also modified as detC’ =
(R®/K@)(1 — (d)T) Note that the adiabatic figure of merit

)E;) in the above equation is defined by Eq. (41), but the
adiabatic resistivity therein is redefined by Eq. (88).
Consistent with this change, instead of Eq. (42), the adiabatic

figure of merit for the present system is bounded, i.e.

0<¥T< 1. (90)

Then, instead of Eq. (43), the maximum efficiency of the
present system is given by,

__1—1/1—z)f§‘)T

under the adiabatic boundary condition.

4.2. Transverse thermoelectric generator under iso-
thermal condition

Under the isothermal boundary condition for the present
system, instead of Eq. (49), we have,

5/:(SyxT(ly/lx) K )
—R Syx(ly/lx)

oD

92)

where we used Sy, ,. Then, the determinant also changes
as det D' = KR(l + z,ﬁ;)T), which means that, instead of
Eq. (51), the isothermal figure of merit for the present system

is unbounded, i.e.
0 < 07T < cc. (93)

In line with this change, the maximum efficiency of the
present system is given by,

J1+25T -1

4.3. Transverse thermoelectric refrigerator

Here, we briefly comment on the performance of an off-
diagonal Peltier refrigerator. Let us first discuss the iso-
thermal boundary condition in the direction of charge current
[along the y axis in Fig. 4(b)]. In deriving Eq. (72) for the
transverse thermoelectric refrigerators, we calculate the ex-
pression of the coefficient a by using the symmetry
Sy = — 8y as,

— S)O’J) + Syxjy
Ry Ry
28y,
Ry ’

then we perform replacement j, — ( J)> By contrast, in the
present case, we have the symmetry S,,=S,, so that the
coefficient a vanishes, i.e. a = 0 for the off-diagonal Peltier
device under the isothermal condition, while the other
coefficient becomes b = Pyy jy2 / k. Then, performing the
same calculation as in Sect. 3.3, the maximum attainable
temperature difference is obtained as,

AT = 1 (‘>T2

5% (95)

where the appearance of the cold-side temperature T, is
similar to the result for longitudinal Peltier devices.'** Note
the difference from Eq. (75). Note also that z)?y) for the off-
diagonal Peltier device [Eq. (95)] is unbounded, as shown in
Eq. (93).

We next discuss the off-diagonal Peltier refrigerator under
the adiabatic condition. Repeating the same calculation as in
Sect. 3.3, we find @ = 0 and b = p(b) J; /K% where p(b) is
defined by Eq. (78). Then, the maximum temperature
difference is calculated to be,

AT = 1 2712, (96)
2

where z{}) is defined by Eq. (80).

4.4. Transverse active cooler

Finally, we discuss the performance of the active cooler
based on the off-diagonal Peltier effect. Let us first consider
the case of isothermal condition in the transverse direction. In
this case, as in the previous section, we need to determine the
temperature distribution by solving Eq. (72). Then, we obtain
the temperature distribution expressed by Eq. (82), where
a=0and b = Pyy J / Ky, should be noted. Then, substituting
this temperature distribution into Eq. (68), we obtain the rate
of heat removal from the hot reservoir Oy = /,/.q,.(x = 0) as
On = KAT — (R/2)J] + TS, (ly/1)Jy, where J,=LLj,.
Completing the square with respect to J, in the above
equatlon we obtain Q, = KAT — (R/2)(J — I+
(T2 S\X/ZR)(ly/l )2 where J* —Ty S, (ly/1:)/2R. Then
by setting J, = J¥, the maximum heat removal from the
hot reservoir Q* is obtained as Qf = KAT +
(Ty S5 /2R)(Iy/1,)%. Now we define ¢ = Qf/(l,1,), and
rewrite the above equation as q;‘ = ’\,j;xx(AT /L) +
(T3 S}./2p,, ). Then, with the definition of V, T = AT/I,,

= ———, 94) . . .
K 1+ 07 41 ( the above equation can be transformed to Eq. (83), in which
» the effective thermal conductivity for the present case is
under the isothermal boundary condition. given by,
© 2025 The Author(s). Published on behalf of
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PFOT;
2AT

eff
Ry = Rxx

) 7)

and the isothermal power factor for the transverse device is
given by,

2

PF® = Sy .

Pyy

(98)

We also discuss the case under the adiabatic condition in
the transverse direction. As in Sect. 3.4, we only need to
make the following substitutions to the isothermal case:

(b)
Py = 'Oyy’

(@)

Ry — K;xxa

Sy — S,
where p(yt;) is defined by Eq. (78) and other quantities are
defined below Eq. (32). Note that p(vbv) explicitly depends on
temperature, which is approximated T = (T}, + T.)/2 as be-
fore. Then, repeating the same calculation as in the iso-
thermal case, we obtain Eq. (83), where the effective thermal
conductivity is given by,

PF@T2

T AT

and the adiabatic power factor for the transverse device is
given by,

kel = (99)

(a)2

(@ — X
PF R
Pyy

(100)

5. Measurement of transverse thermopower

The transverse thermoelectric effects can be investigated by
measuring an electric field or voltage in a sample in the
transverse direction (y direction) while applying a uniform
temperature gradient in the longitudinal direction (x direc-
tion). In the measurement of the transverse thermoelectric
effects due to structural symmetry breaking, which is
independent of a magnetic field H and/or magnetization M,
the positions of electrodes for measuring the voltage must be
carefully set up because asymmetry in the electrode positions
cause the longitudinal thermopower to be superimposed on
the transverse thermopower. It is easy to separate the
transverse thermoelectric effects due to time-reversal sym-
metry breaking, which show an odd dependence on H and/or
M in the z direction, from the longitudinal thermopower.
Here, the pure transverse thermopower can be extracted by
measuring the H dependence of the transverse voltage V and
calculating (V(+ H) — V(— H))/2 with V(+ H) and V(— H)
respectively being V obtained when positive and negative
magnetic fields are applied. In the case of the longitudinal
thermoelectric effects, where the temperature gradient and
electric field are parallel, the voltage per temperature differ-
ence and the electric field per temperature gradient are the
same value. In contrast, in the case of the transverse
thermoelectric effects, these are different values depending
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on the aspect ratio of the sample. Therefore, to discuss the
performance of the transverse thermoelectric effects, the
electric field per temperature gradient, i.e. the transverse
thermopower, must be compared.

The following focuses on the measurement methods for the
heat-to-charge current conversion phenomena (mainly ANE).
On the other hand, methods for clarifying the charge-to-heat
current conversion phenomena have also been established.'*”
To measure the phenomena that output heat currents, including
the anisotropic magneto-Peltier, anomalous Ettingshausen, and
spin Peltier effects, various temperature detection techniques,
such as the direct contact with thermocouple wires, !4
integration of on-chip thermocouples,'*” lock-in thermography
method"”*"°® and lock-in thermoreflectance method,lSs) are
employed. In all of these methods, lock-in detection to separate
thermoelectric responses from Joule heating and magnetic field
dependence measurements to distinguish different magneto-
thermoelectric and thermo-spin effects are indispensable.

5.1. Measurement configuration for Nernst effect in
thin films

In the fields of spin caloritronics and topological materials
science, the ANE has been widely measured not only in bulk
materials but also in thin-film devices. In contrast to simple
measurements for bulk materials, there are two experimental
configurations for thin films because of their huge difference
between the in-plane and out-of-plane dimensions, and their
characteristics need to be understood.”’” One configuration
is the perpendicularly magnetized (PM) configuration, where
H (VT) is applied along the out-of-plane (in-plane) direction
[Fig. 6(a)]. The PM configuration is widely used for the
quantitative estimation of Sang since the magnitude of VT can
be precisely measured by various experimental techniques
including thermometers attached to hot and cold sides of a
substrate or heat baths,>” on-chip thermometers grown on the
substrate,42) and an infrared camera ***>4748:58) Thus, by
estimating the ANE-induced electric field through the extrac-
tion of the zero-field intercept of the H dependence of the
transverse electric field E, and by normalizing it by V7, one
can determine Spng. However, the PM configuration often
requires the application of large H to align the magnetization
of films along the out-of-plane direction to overcome the
strong demagnetization field. The other configuration is the in-
plane magnetized (IM) configuration, where H (VT) is applied
along the in-plane (out-of-plane) direction [Fig. 6(b)]. The IM
configuration is suitable for thermal energy harvesting and heat
flux sensing, discussed later, as ANE-based thermoelectric
generation works simply by forming films onto heat sources.
However, the IM configuration is not suitable for estimating
SAaNe quantitatively because the temperature difference be-
tween the top and bottom of thin films is hard to quantify (note
that it is possible to quantify Sang even in the IM configuration
by measuring the out-of-plane thermal conductivity of thin
films using the time-domain thermoreflectance method'>®).
Comparing the transverse thermopower in the PM and IM
configurations is also used to separate the contribution of the
ANE from that of the SSE-driven ISHE, which appears only in
the IM configuration due to the symmetry of the ISHE.'"-'*®
Note that the situations discussed in this subsection are
applicable to the ONE in thin films.

Figures 6(c) and 6(d) show an example of the experimental

results of the ANE measured in the PM and IM
© 2025 The Author(s). Published on behalf of
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(b) In-plane magnetized configuration
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(a),(b) Schematics of the PM and IM configurations for the measurements of the ANE. (c) Magnetic field H dependence of the transverse

thermopower E,/V,T for the Co,MnGa film at room temperature, measured in the PM configuration. E, V,T and o denote the transverse electric field,
longitudinal temperature gradient and vacuum permeability, respectively. (d) H dependence of the transverse voltage V, for the Co,MnGa film, measured in the
IM configuration. This result was obtained when a heater power of 160 mW was applied to the top heat bath. Exact composition of this film is

Cos3,0Mny; §Gays . Data in (c) and (d) are reconstructed from Fig. 3 of Ref 37

configurations, respectively, for a 50 nm thick Co,MnGa thin
film, epitaxially grown on a single-crystalline MgO (001)
substrate.®” In both the configurations, the observed trans-
verse thermoelectric signals showed an odd dependence on H
and its magnitude saturated in the high-H region, where the
magnetization of the Co,MnGa film saturated. This is a
typical behavior of the ANE. In the IM configuration, a large
ANE-induced thermopower was observed to appear even at
zero field because the strong demagnetization field in the out-
of-plane direction stabilized the remanent magnetization in
the in-plane direction [Fig. 6(d)], a situation preferable for
practical applications. In contrast, a tiny ANE-induced
thermopower was observed at zero field in the PM config-
uration [Fig. 6(c)]. To generate the ANE-induced thermo-
power in the absence of an external magnetic field in the PM
configuration, it is necessary to use a magnetic thin film
having large perpendicular magnetic anisotropy.'*”>
5.2. Effect of thermal boundary conditions
As is clear from the formulation in Sects. 3 and 4, it is
important to take the thermal boundary conditions in the
electric field direction into account in the measurements of
the transverse thermoelectric effects. This is because under
adiabatic conditions, the transverse thermopower is modu-
lated by the concerted action of the Seebeck effect and THE
(off-diagonal thermal conductivity) for the transverse thermo-
electric effects due to time-reversal symmetry breaking
(structural symmetry breaking). It has been experimentally
shown that this correction term can improve the performance
of the transverse thermoelectric conversion when the sign of
Syy and the correction term are the same.”*'”

In the following, we show the results of ANE measure-
ments for SmCos-type bulk permanent magnets to confirm
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that the effect of the thermal boundary conditions is too large
to be ignored even in ferromagnetic metals, of which THE is
typically small. In SmCos, S,, and the correction term should
have the same sign.®” It is difficult to achieve an ideal
adiabatic or isothermal condition in an experiment, but which
condition is closer depends on the aspect ratio of the
material.”**” When the length of the sample along the
temperature gradient is much shorter than the width along
the electric field, the thermal boundary condition along the
electric-field direction can be regarded as almost isothermal
[Fig. 7(a)]. When the length of the sample along the
temperature gradient is long, it is closer to adiabatic
[Fig. 7(b)]. In most experiments, the sample dimension along
the transverse electric-field direction (y direction) is smaller
than that along the longitudinal temperature gradient V,T
direction (x direction), resembling the adiabatic thermal
boundary condition shown in Fig. 7(b). In this configuration,
a transverse temperature gradient along the y direction V,T is
finite due to the contribution from THE. Consequently,
according to Eq. (33), the observed transverse thermopower
E;k /(=V4T) is the combination of the isothermal transverse
thermopower E, /(—V,T)|y,7=0 and the longitudinal thermo-
power S, multiplied by the ratio of V,T to V,T:

ES E, v, T
= ' + Syl = |
(VI  (=ViDlyr=0  “\VWT

(101)

Therefore, unless the sample dimension along the transverse
electric field is long enough to realize V,T ~ 0, the observed
thermopower is either underestimated or overestimated,
depending on the sign of the second term in the right-hand

side of Eq. (101); the choice of sample dimensions plays a
© 2025 The Author(s). Published on behalf of
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(a),(b) Schematics of the measurement setups for the transverse thermoelectric generation in the nearly isothermal and adiabatic conditions. (c)

Schematic of the measurement setup for the transverse thermopower in SmCos-type permanent magnet slabs with different values of the width d. (d) H
dependence of the transverse electric field V,/d for the SmCos slabs with d = 7.7 mm (red and orange) and 2.1 mm (black and gray) at |V, T| ~ 1 x 10° K/m.
H-independent offset of the transverse electric field is subtracted from the raw data. Red and black (orange and gray) curves show the H dependence of V,/d
after (before) subtracting the H-linear component estimated by linear fitting of the signals in the high-H region. (e) |V, 7| dependence of the M-odd-dependent
component of the transverse electric field V,q4/d, which is estimated by extrapolating the V,/d signal in the high-H region to zero field.

crucial role in transverse thermopower measurements. To
accurately determine S,, from direct thermopower measure-
ments, the sample dimension along the y direction should be
larger than that along the x direction.

We now experimentally demonstrate the influence of
sample dimensions on the transverse thermopower using a
bulk polycrystalline SmCos slab. The SmCos block, com-
mercially available from Magfine Corporation, Japan, was
cut into two rectangular slabs with dimensions along the x, y
and z directions, respectively, being 10.0, 7.7 and 0.8 mm
and 10.0, 2.1 and 0.8 mm using a diamond wire saw, where
only the length along the y direction, d, is significantly
different. The slabs have an easy axis of magnetization along
the z direction. The measurement configuration is illustrated
in Fig. 7(c). The two SmCos slabs were bridged between two
heat baths separated by 8.0 mm and firmly attached to the
heat baths. To apply a temperature difference between the
heat baths, chip heaters were attached to the hot side. The
sample holder was fixed at the center of a superconducting
magnet, where a magnetic field ranging from poH =5 T to
—5 T was applied along the z direction. The H dependence of
the transverse voltage V, along the y direction was recorded
by attaching Cu wires at the ends of the slabs at various
values of the temperature difference. To accurately measure
the temperature gradient on the SmCos slabs, the top surface
of the slabs was coated with insulating black ink with an
emissivity of >0.94, and steady-state temperature images
were captured using an infrared camera.

Figure 7(d) shows the H dependence of the transverse
electric field V,/d for the SmCos slabs, recorded under a
longitudinal temperature gradient of |V, 7] ~ 1 x 10° K/m. In
both the slabs, the transverse electric field changed its sign
with large hysteresis with respect to the H reversal. The H
dependence of V,/d corresponds to the magnetization curve
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of the SmCos permanent magnet, indicating the appearance
of the ANE. To determine the magnitude of the M-dependent
transverse thermopower for the SmCos slabs, the M-odd-
dependent component of V,/d under the saturation state,
Voada/d, was extracted for each |V,T| value by extrapolating
the signal in the high-H region to zero field. Here, the finite
H-linear component was observed only for the slab with
d=2.1 mm, suggesting the presence of the Seebeck voltage
between the SmCos/Cu-wire contacts induced by the or-
dinary (H-dependent) THE in SmCos [Fig. 7(d)]. Although
the SmCos slabs were cut from the same ingot, they exhibited
different V,q4/d values [Fig. 7(e)]. The M-dependent trans-
verse thermopower for the SmCos slab with d=2.1 mm
(d="7.7 mm) was found to be 5.1 pV/K (4.1 pV/K); the
difference in the transverse thermopower is much larger than
the measurement errors. Recall the fact that the slab with
d=2.1 mm (d=7.7 mm) is closer to the adiabatic (iso-
thermal) condition. Therefore, the transverse thermopower
under the adiabatic condition is expected to be overestimated
compared to that under the isothermal condition because of
the same sign of S,, and the correction term induced by the
Seebeck effect and anomalous (M-dependent) THE. This
expectation is consistent with the observed difference in the
M-dependent transverse thermopower. Here, we note that the
correction term discussed theoretically in Sect. 3 is deter-
mined by the absolute Seebeck coefficient of a magnetic
material (i.e. SmCos), while the observed difference in the
transverse thermopower in Fig. 7 depends on the relative
Seebeck coefficient between SmCos and Cu. However, since
the Seebeck coefficient of Cu (<2 wV/K) is much smaller
than that of SmCos (—19 pV/K 63)) at room temperature, the
magnitude and sign of the correction term in the present setup
is determined mainly by the transport properties of SmCos.

The experimental results shown here offer guidelines for
© 2025 The Author(s). Published on behalf of
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determining the appropriate sample aspect ratio and measure-
ment setup for transverse thermopower measurements, mini-
mizing parasitic signals from the Seebeck effect and THE.
We also note that considering typical sample dimensions, the
estimation of Sang from the measurement of the anomalous
Ettingshausen effect and the Onsager reciprocal relation
reduces the influence of the correction term.>”

A similar effect occurs not only in the Nernst effects but
also in the transverse thermoelectric conversion with struc-
tural symmetry breaking. In the latter case, THE does not
occur due to the absence of a magnetic field or magnetization,
but the transverse thermopower can be modulated by the off-
diagonal thermal conductivity derived from anisotropic
transport properties. To accurately determine each transport
coefficient, it is necessary to quantify or suppress the
contribution coming from the correction term. However,
since the performance of the transverse thermoelectric con-
version can be improved by superimposing the correction-
term contribution, its utilization is important in terms of
applications.”®'>%

It should also be noted that the underestimation or over-
estimation of the transverse thermopower due to the thermal
boundary conditions does not occur in thin films. The
temperature of thin films is strongly thermalized to that of
substrates, which have a large heat capacity. Thus, even if
THE and structure-induced off-diagonal thermal conductivity
are finite, the transverse thermopower is always obtained in
the isothermal condition.

6. Application of transverse thermoelectric conver-
sion

Although the transverse thermoelectric conversion is not yet
in practical use, experimental verification is being actively
conducted to realize next-generation heat flux sensing and
energy harvesting technologies by utilizing the various
characteristics introduced in Sect. 2 In this section, we
show examples of experiments aimed towards applications
of the transverse thermoelectric conversion, followed by
presenting new concepts and future prospects for further
performance improvements.

6.1. Heat flux sensing

A heat flux sensor is a device that enables simultaneous
detection of the magnitude and direction of a heat flow,
which can be an essential component for smart thermal
management systems. However, practical applications of heat
flux sensors have been limited due to several problems. The
commercially available sensors are based on the Seebeck
effect and consist of a serially connected 3D array of two
different thermoelectric materials. Therefore, the heat flux
sensors based on the Seebeck effect require a durable
substrate or thick plate to provide mechanical stability.
Hence, the conventional sensors are mainly applicable to
flat surfaces and their mechanical flexibility is limited. Due to
the presence of thick substrates, these sensors have large
thermal resistance that changes the heat flow distribution to
be detected. Although the sensitivity of the heat flux sensors
based on the Seebeck effect is proportional to the number of
the thermoelectric material junctions and to the sensor size,
the complex structure and low mechanical durability make it
difficult to construct highly sensitive sensors. As an alter-
native to the sensors having these drawbacks, thin-film-based
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heat flux sensors driven by the transverse thermoelectric
effects, e.g. the SSE-driven ISHE'®” and ANE,*’8:161.162)
were proposed and demonstrated. Due to its simpler structure
and improved transverse thermopower, ANE-based heat flux
sensors have recently become mainstream. In the ANE-based
sensor, a lateral thermopile structure consisting of two
different alternately arranged and serially connected wires
with different Syng values is used. The simple thermopile
structure and the symmetry of the ANE make the sensors
thin, reducing their thermal resistance. If magnetic materials
showing large ANE can be formed on thin flexible sheets,
flexible heat flux sensors can be constructed.”®'*" These
features of the ANE-based heat flux sensors are advantageous
over the conventional heat flux sensors based on the Seebeck
effect.

The sensitivity of the heat flux sensor is determined by the
output thermoelectric voltage over a heat flux density gq.
Thus, the open-circuit voltage is more important than the
output power. To increase the open-circuit voltage due to
ANE VanE, one often uses an ANE-based heat flux sensor
consisting of a thermopile structure in which one end of a
magnetic wire is electrically connected to the opposite end of
an adjacent magnetic wire [Fig. 8(a)]. In this zigzag-shaped
thermopile structure, when the magnetization (heat flux) is
along the width (thickness) direction of the wires, i.e. in the
IM configuration, the ANE voltage is generated along the
length of the wires [ and the total output voltage is
proportional to the number of the connected magnetic wires
n. This structure is thus more advantageous for increasing the
open-circuit voltage than plain blocks or sheets. The sensi-
tivity of the ANE-based heat flux sensor Vang/q is thus
proportional to (Sang/n)/k with k being the thermal con-
ductivity of the magnetic material in the out-of-plane direc-
tion.

Here, we show a proof-of-concept demonstration of a
flexible heat flux sensor based on the ANE. We deposited the
100 nm thick amorphous Sm;¢Cogg film on a 50 pm thick
flexible polyethylene naphthalate (PEN) sheet, where amor-
phous SmyoCogy exhibits substantial Sang, coercivity and
remanent magnetization and can be formed on any
substrate.'®” We formed 50 SmyyCog, wires with a width
of 50 pm and a length of 10 mm arranged in a parallel
configuration at an interval of 150 pm. The wires were then
connected in series using Au wires to make the total device
area of 10 x 10 mmz, where g was estimated through the
normalization by this area. The total length of the Sm,yCog
wires for this configuration reaches 500 mm. We measured
the voltage V between the ends of the thermopile structure by
applying an in-plane external magnetic field along the width
direction of the wires and an out-of-plane heat current. The
details of the experimental procedures are shown in Ref. 161

As shown in Fig. 8(b), clear ANE signals with hysteresis
behaviors were observed in the H dependence of V and their
magnitude increases with increasing g across the device. The
saturated V values for poH > 0.1 T indicate the negligibly
small ONE contribution, enabling the simple extraction of the
ANE contribution. Figure 8(c) shows the ANE voltage,
represented by V,qq, as a function of q,lf’l) where Vy4q at
0.2 T was extracted by the field-odd component of V at
|uoH| = 0.2 T and V,q4q at zero field was extracted from the

zero-field V values for the positive-to-negative and negative-
© 2025 The Author(s). Published on behalf of
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Fig. 8. (a) Schematic of the ANE-based heat flux sensor. Sensor comprises

the amorphous SmyyCogy wires and Au wires arranged alternately and
connected in series and formed on a flexible polyethylene naphthalate (PEN)
sheet. q denotes the heat flux density with the magnitude g. (b) H dependence
of V for the Sm,(Cogy/Au sensor for various values of g. (c) ¢ dependence of
Vioda at |oH| = 0.2 and 0.0 T. Data in (b) and (c) are reconstructed from Fig.
6 of Ref. 161.

to-positive sweep of H. The sensitivity of the ANE-based
heat flux sensor was estimated to be Vang/g~
Voadlg=1.12+0.02 x 1077 VW 'm*> and 0.89+0.02 x
1077 VW 'm? in the saturation magnetization (0.2 T) and
remanent magnetization (0.0 T) states, respectively.
Importantly, the use of magnetic thin films with finite
coercivity and remanent magnetization makes it possible to
sense a heat flux using the ANE even in the absence of an
external magnetic field. Therefore, the design and control of
magnetic anisotropy are essential for the application of the
ANE. Although the sensitivity of the sensor used in this
demonstration is lower than that of commercial sensors based
on the Seebeck effect, the ANE has strong advantages in
flexibility and low thermal resistance, extending applications
of heat flux sensors. To further improve the performance of
the ANE-based heat flux sensors, extensive effort has been
devoted to developing new materials with larger Sang and
lower « as well as to optimizing the device structure. Since
amorphous materials can be fabricated on any surface and
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have lower « than crystalline materials, they are promising
candidates for the development of low-cost, high-perfor-
mance heat flux sensors with large areas.”®0*!°D)

In addition to the ANE, the off-diagonal Seebeck effect in
anisotropic single-crystal metals''® and conductive layered
oxides formed on off-cut substrates with tilted crystal
planes'®'°” are also expected to be used as a thermal
sensor. These artificially tilted conductive oxides are also
being developed for other applications including light sensing
and THz emission'®® via the transverse thermoelectric
conversion.

6.2. Thermal energy harvesting

Transverse thermoelectric devices are useful for harvesting
and utilizing widely distributed thermal energy. By installing
simple block- or sheet-shaped transverse thermoelectric
devices on a heat source surface, one can extract a charge
current and voltage along the surface direction from a
temperature gradient perpendicular to the surface. Kirihara
et al. pointed out that the SSE-driven ISHE is suitable for the
thermal energy harvesting from curved or complex-shaped
heat source surfaces and demonstrated that SSE devices can
be fabricated using simple coating”” or spray'®” processes.
Similar functionality can be obtained using the ONE (ANE)
in the in-plane magnetic field (magnetized) configuration,
enabling the fabrication of flexible transverse thermoelectric
devices based on thin films deposited on flexible
substrates'®" or amorphous metal ribbons.”* %% However,
challenges include the difficulty of extracting a large charge
current and electrical power from thin films and the fact that
the thermopower generated by the ONE, ANE and SSE-
driven ISHE has not yet reached sufficient levels for practical
applications.

Experimental demonstrations of thermal energy harvesting
using the off-diagonal Seebeck effect, which exhibits high
transverse thermoelectric conversion performance, have also
been reported. Figure 9 compares the maximum power
density normalized by the square of the temperature gradient
(e the power factor) for thermoelectric conversion modules
driven by various principles.**10-29-101.108.167.169-172) "y
maximum power density of the ATML-based modules driven
by the off-diagonal Seebeck effect stands out, being 2-3
orders of magnitude larger than that of the modules driven by
the ONE and ANE. Recently developed SmCos/BST ATML
exhibits excellent transverse thermoelectric conversion per-
formance, with the maximum power density of the modules
composed of 14 ATML elements reaching 56.7 mW/cm? at a
temperature difference of 152 K.'"® SmCos/BST ATML has
higher thermal conductivity than longitudinal thermoelectric
materials, making it difficult to maintain a large temperature
difference in steady-state conditions; the efficiency of the
ATML-based module falls short of that of longitudinal
modules driven by the Seebeck effect. However, the max-
imum power density normalized by the square of the
temperature gradient in ATMLs exceeds that of the long-
itudinal modules based on the Seebeck effect (Fig. 9).
Therefore, ATML-based transverse thermoelectric modules
are suitable for thermal energy harvesting because they can
generate large power even in environments where only small
temperature differences can be generated. In addition, in
transverse thermoelectric modules with thermopile structures,

by alternately changing the height of each element, a built-in
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Fig. 9. Comparison of the maximum power density per heat transfer area
Wmax normalized by the square of the applied temperature gradient V72 for
various longitudinal and transverse thermoelectric modules. Modules corre-
sponding to the green triangle, yellow triangle and blue diamond data points
are driven by the Seebeck effect,**'*'*” ONE/ANE'7%""? and off-diagonal
Seebeck effect.”” 01198167 Red stars show the data for the off-diagonal
Seebeck effect in SmCos/BST ATML, which exhibits the current record-high
Winax/V T2 value.'®® Inset shows the same data on a logarithmic scale.

heat sink can be incorporated to promote heat release to the
atmosphere.'”® This built-in heat sink structure cannot be
achieved in longitudinal modules where rigid plates are
present on the top and bottom surfaces. Even without
sandwiching the thermoelectric module between hot and
cold heat baths, the built-in heat sink structure enables
substantially large power generation simply by placing it
on a heat source due to the improved heat release to the
atmosphere. In particular, SmCos/BST ATML has remanent
magnetization and functions as a permanent magnet; when it
can be attached to a heat source through a magnetic attractive
force, the contact thermal resistance between the module and
heat source decreases even when thermal interface materials
are inserted between them, enabling the effective generation
of a temperature difference from the heat source. As shown in
Ref. 108, when the thermopile module comprising
SmCos/BST ATML elements is placed on a hot plate, the
electrical power generated solely by heat release to the air
reaches a value sufficient to drive small sensors.

6.3. Hybrid transverse magneto-thermoelectric con-
version

In this subsection, we introduce one of the promising strategies
for improving transverse thermoelectric conversion performance:
hybrid transverse magneto-thermoelectric conversion,''7-1%)
As classified in Fig. 3, there are various driving principles for
the transverse thermoelectric conversion, but the phenomena
with time-reversal symmetry breaking and those with structural
symmetry breaking have been studied independently in
different fields. The interdisciplinary fusion of these phe-
nomena not only leads to the creation of new research fields
but also significantly contributes to improving the transverse
thermoelectric conversion performance. Here, imagine a
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situation where multiple transverse thermoelectric conversion
principles manifest in a single material, i.e. either a homo-
geneous or composite/hybrid material. As an example, if the
transverse thermopower due to the off-diagonal Seebeck effect
Sop and that due to ONE Song are simultaneously manifested,
the total transverse thermopower is simply the sum of these
two contributions: Sop + Song. Since |Sop| > |Song| in many
cases, the contribution of the ONE to the total transverse
thermopower is small. In this situation, the figure of merit is
proportional to the square of the total transverse thermopower,
and described as

25T o< (Sop + Song)?

= S&p + SonE + 2S0pSoNE: (102)
The third term on the right-hand side of Eq. (102) is
important. Even if Song is small, the modulation of the
figure of merit due to the ONE increases significantly due to
the synergistic effect with Sop. In this example, by increasing
the magnetic-field/magnetization-independent Sop contribu-
tion, the influence of magnetic fields or magnetization on the
figure of merit can be enhanced. If three or more transverse
thermoelectric conversion phenomena simultaneously occur
in a single material, more diverse synergistic effects can be
obtained.

The effectiveness of the hybrid transverse magneto-ther-
moelectric conversion has been experimentally demonstrated
in several systems. In Ref. 106, ATML composed of
BiggSby,, which exhibits large magneto-thermoelectric ef-
fects, and BST, which exhibits large Seebeck and Peltier
effects, was used to enhance the transverse thermoelectric
conversion performance by applying a magnetic field. The
observed performance enhancement in this system originates
from the hybrid thermoelectric conversion involving three
effects: the off-diagonal Seebeck (Peltier), magneto-Seebeck
(Peltier) and ordinary Nernst (Ettingshausen) effects
[Fig. 10(a)]. Figure 10(b) shows the charge current J
dependence of the surface temperature averaged over the
BiggSb;,/BST junction in ATML under the steady state,
where the contribution of Joule heating results in a parabolic
behavior and that of the thermoelectric effects results in the
shift of the parabolic curves. The systematic experimental
results reported in Ref. 106 indicate that a temperature
gradient is generated in a direction perpendicular to the
applied charge current and the steady-state cooling perfor-
mance due to the transverse thermoelectric conversion is
dramatically modulated by the reversal of the magnetic field.
In the experimental setup depicted in Fig. 10(b), when a
positive magnetic field is applied, the direction of the net heat
current generated by the off-diagonal Peltier effect is the
same as that by the ordinary Ettingshausen effect, improving
the transverse thermoelectric conversion performance. The
figure of merit at room temperature for BiggSb;»/BST ATML
is 0.20 (0.14) when a positive (negative) magnetic field is
applied, and this field-dependent modulation is much larger
than the figure of merit for the ONE alone in the BiggSby,
alloy. This is attributed to the contribution of the cross term
in Eq. (102). Furthermore, in this study, it has been
demonstrated that by replacing BST in ATML with the
permanent magnet Nd,Fe 4B, the magneto-thermoelectric

effects can be superimposed without applying an external
© 2025 The Author(s). Published on behalf of
The Japan Society of Applied Physics by IOP Publishing Ltd
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(a) Schematic of the hybrid transverse magneto-thermoelectric cooling based on the off-diagonal Peltier, magneto-Peltier and ordinary

Ettingshausen effects in ATML. (b) Charge current J dependence of AT,y at uoH = + 0.8 T for BiggSb;o/BST ATML. AT,,. denotes the steady-state
temperature change from room temperature averaged over one BiggSb;,/BST pair.

magnetic field due to the stray magnetic field from the
remanent magnetization of Nd,Fe;4B. In Ref. 107, the
candidate phenomena for the hybrid transverse magneto-
thermoelectric conversion have been expanded by inducing
the ANE in ATML comprising the topological ferromagnet
Co,MnGa. In Co,MnGa-based ATMLs combined with p-
type BST and with n-type Bi,Te;, a magnetization-direction-
dependent modulation of the figure of merit significantly
larger than that of the ANE alone was observed due to the
hybridization of the off-diagonal Seebeck effect and the
ANE. In Ref. 109, the hybridization of the off-diagonal
Seebeck effect and the ANE has been realized in SmCos/BST
ATML in the absence of an external magnetic field by
utilizing the large in-plane remanent magnetization of
SmCos. Note that in these ATMLs, the transverse thermo-
power generated by the ONE (ANE), Sone (Sang), 1S
effectively reduced because of the shunting effect in adjacent
conductors. Nevertheless, the gain from the cross term in
Eq. (102) is greater than the reduction in Song (SaNE)-
Examples of the hybrid transverse magneto-thermoelectric
conversion are still limited. In principle, the Seebeck-effect-
driven ordinary/anomalous Hall effects and SSE/SdSE-driven
ISHES, not used in the above examples, are also integrable into
the hybrid transverse magneto-thermoelectric conversion. In fact,
although the thermoelectric output is small, the hybrid transverse
thermoelectric generation based on the combination of the ANE
and SSE-driven ISHE has been demonstrated.”’**'>®
Originally, spin-caloritronic phenomena such as the ANE and
SSE have been extensively studied from the viewpoint of
fundamental physics, but their low thermoelectric conversion
performance has limited their impact on applications. The
concept of the hybrid transverse magneto-thermoelectric con-
version provides one of the solutions for practical applications of
these spin-caloritronic phenomena.
6.4. Thermoelectric permanent magnet
The transverse thermoelectric conversion in permanent mag-
nets is suitable for power generation and cooling applications
since they enable the construction of large-area devices and
their mass production. Their roles discussed so far are
summarized as follows:
e Manifestation of the giant anomalous Nernst and
Ettingshausen effects,63‘64)
* Zero-magnetic-field operation of the anomalous Nernst
and Ettingshausen effects, 0364109170
* Zero-magnetic-field operation of the magnetic-field-in-
duced magneto-thermoelectric effects, i.e. the ordinary
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Nernst and Ettingshausen effects and the magneto-
Seebeck and Peltier effects, utilizing stray magnetic
fields from remanent magnetization,“”mf’)

* Reduction of contact thermal resistance between thermo-
electric devices and heat sources through a magnetic
attractive force.'*®

Therefore, the creation of “thermoelectric permanent mag-
nets” that possess high transverse thermoelectric conversion
performance with permanent magnet features is important.
However, the above roles are based on the macroscopic
properties of permanent magnets [Fig. 11(a)]. By reexa-
mining permanent magnets from a microscopic perspective
and engineering not only their magnetic properties but also
their thermoelectric conversion characteristics, new prospects
for the transverse thermoelectric conversion become ap-
parent.

Permanent magnets are not homogeneous materials but
rather composite materials or engineered ensembles of inter-
faces with micrometer- to sub-micrometer-scale structures
[Fig. 11(b)]. The goal of conventional permanent magnet
development has been to achieve large maximum energy
product (BH )max, and the optimization of microstructures has
significantly improved the coercive force, remanent magneti-
zation and their temperature-dependent characteristics.'”> The
design guidelines for the thermoelectric permanent magnets
are completely different from those for conventional magnets;
it is necessary to design and control microstructures to improve
the transverse thermoelectric conversion characteristics. For
example, by incorporating thermoelectric semiconductors into
the microstructure of permanent magnets, the appearance of
the Seebeck-effect-driven ordinary/anomalous Hall effects in
the magnets is expected. Introducing spin—orbit interaction
near the interface between ferromagnetic phases and nonmag-
netic grain-boundary phases may result in the superposition of
the transverse thermopower due to SSE/SASE-driven ISHEs
[see the right-hand-side magnified illustration in Fig. 11(b)].
Furthermore, by appropriately designing the grain size and
distribution, it may be possible to simultaneously reduce the
phonon thermal conductivity*®'’" [see the left-hand-side
illustration in Fig. 11(b)]. In other words, by optimally
designing the microstructures of the thermoelectric permanent
magnets, it is possible to independently engineer the transverse
thermopower, electrical conductivity and thermal conductivity,
thereby significantly improving the figure of merit and energy
conversion efficiency. To achieve this, it will be necessary to

go beyond mere material exploration, and instead focus on the
© 2025 The Author(s). Published on behalf of
The Japan Society of Applied Physics by IOP Publishing Ltd
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Fig. 11. (a) Photograph of a prototype thermoelectric permanent magnet,
used in Ref. 106. (b) Schematic of the microstructure of a thermoelectric
permanent magnet.

design of hierarchical structures and the control of phase
boundaries within permanent magnets, with the aid of micro-
structure analysis techniques and precise transport property
measurements. Microstructure engineering of magnetic mate-
rials aimed at realizing high-performance transverse thermo-
electric conversion has already begun.*®>%01:6217%)

7. Conclusion and prospects

In this review article, we have introduced various phenomena
and principles that realize the transverse thermoelectric
conversion, reclassified them into eight categories based on
modern knowledge (Fig. 3), and summarized their character-
istics. We have formulated the figure of merit and efficiency
for the transverse thermoelectric generator, the maximum
attainable temperature difference for the thermoelectric
refrigerator, and the effective thermal conductivity for the
transverse active cooler. Importantly, the thermal boundary
conditions in the electric-field direction play an important
role in the precise discussion and evaluation of the transverse
thermoelectric conversion performance. Each phenomenon
exhibits different thermoelectric conversion characteristics
and the research stage is also completely different. At
present, excellent z,,T values have been obtained through
the ONE in some semimetals at low temperatures and the off-
diagonal Seebeck effect in ATMLs and goniopolar materials.
However, there are also issues such as limitations on material
selection and the need to apply a magnetic field for transverse
thermoelectric conversion operations. While many new
physical phenomena and principles have been discovered in
the field of spin caloritronics, the efficiency of the transverse
thermoelectric generation using magnetic materials and the
spin degree of freedom is currently very low, and it remains
at the basic research stage. Nevertheless, the benefits of the
transverse thermoelectric conversion, which enables the
construction of thermoelectric conversion devices without
junctions, are immeasurably significant, and it is expected
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that basic and applied studies will accelerate further. Various
transverse thermoelectric phenomena that have been investi-
gated independently in different fields have been integrated in
recent years, and methods for further improving the perfor-
mance have been proposed and demonstrated. If the trans-
verse thermoelectric conversion that has high versatility and
efficiency is achieved through material exploration, material
development, microstructure engineering, optimal design of
hybrid materials, and modularization technologies, one can
overcome the technical issues faced by existing thermo-
electric conversion modules.
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