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Abstract

This paper studies polyhedral entire solutions to a bistable reaction-diffusion equation in Rn . We con
sider a pyramidal traveling front solution to the same equation in Rn+1. As the speed goes to ifinity, its 
projection converges to an n-dimensional polyhedral entire solution. Conversely, as the time goes to −∞, 
an n-dimensional polyhedral entire solution gives n-dimensional pyramidal traveling front solutions. The 
result in this paper suggests a correlation between traveling front solutions and entire solutions in general 
reaction-diffusion equations or systems.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper we study a reaction-diffusion equation

∂u

∂t
= �̃u + f (u), (x1, . . . , xn+1) ∈Rn+1, t > 0, (1.1)

u(x1, . . . , xn+1,0) = u0(x1, . . . , xn+1), (x1, . . . , xn+1) ∈Rn+1, (1.2)
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where n is a positive integer and

�̃ =
n+1 ∑
j=1 

∂2

∂x2
j

.

Here u0 is a given function that belongs to a function space of bounded and uniformly continuous 
functions with

‖u0‖ = sup 
(x,xn+1)∈Rn+1

|u0(x, xn+1)|,

where

x = (x1, . . . , xn) ∈ Rn.

We write the solution of (1.1)--(1.2) as u(x, xn+1, t;u0). A given function f is of class C2 on an 
open interval including [0,1]. Now we dfine

W(u) =
1 ∫

u 

f (s) ds

and have W(1) = 0 and

f (u) = −W ′(u).

The following is the standing assumption on f and W in this paper. We assume

W ′(0) = 0, W ′(1) = 0, W ′′(0) > 0, W ′′(1) > 0, (1.3)

W(1) < W(0) (1.4)

W ′(s) �= 0 if s ∈ (0,1) satisfies W(s) ≤ W(0).

We can rewrite (1.3) as

f (0) = 0, f (1) = 0, f ′(0) < 0, f ′(1) < 0,

which means that f is a bistable nonlinear term. Then there exist a unique k ∈ R and � ∈ C2(R)

that satifies

�′′(x1) + k�′(x1) + f (�(x1)) = 0, x1 ∈R,

�(−∞) = 1, �(∞) = 0.

Now � is uniquely determined up to phase shift. See [1,3] and [29, Theorem 4.5] for the proof 
of existence and uniqueness of �. A condition (1.4) gives k ∈ (0,∞). This condition implies 
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that a bistable nonlinear term f is imbalanced. A typical example is f (u) = u(u − a)(u − 1) for 
a ∈ (0,1/2).

Now we put

x̃ = (x, xn+1) ∈ Rn+1,

∇ =
(

∂

∂x1
, · · · ,

∂

∂xn

)
, � =

n ∑
j=1 

∂2

∂x2
j

, 

∇̃ =
(

∂

∂x1
, · · · ,

∂

∂xn+1

)
, �̃ =

n+1 ∑
j=1 

∂2

∂x2
j

.

Let c ∈ (k,∞) be arbitrarily given. We put z = xn+1 − ct and w(x, z, t) = u(x, xn+1, t) for 
(x, z) ∈Rn+1 and t > 0. Then we have

∂w

∂t
−

⎛⎝ n ∑
j=1 

∂2

∂x2
j

+ ∂2

∂z2

⎞⎠w − c
∂w

∂z
− f (w) = 0, (x, z) ∈ Rn+1, t > 0,

w(x, z,0) = u0(x, z), (x, z) ∈ Rn+1.

We write z simply as xn+1. Then we have

∂w

∂t
− �̃w − c

∂w

∂xn+1
− f (w) = 0, (x, xn) ∈Rn+1, t > 0, (1.5)

w(x, xn+1,0) = u0(x, xn+1), (x, xn+1) ∈ Rn+1. (1.6)

We write the solution of (1.5)--(1.6) as w(x, xn+1, t;u0). If (c, v) ∈ R× C2(Rn+1) satifies

�̃v + c
∂v

∂xn+1
+ f (v) = 0, (x, xn+1) ∈ Rn+1, (1.7)

then u(x, xn+1, t) = v(x, xn+1 −ct) satifies (1.1). Then we call v a traveling prfile and call c its 
speed, respectively. Now u(x, xn+1, t) = v(x, xn+1 − ct) is called an (n + 1)-dimensional trav
eling wave solution. It is also called an (n+ 1)-dimensional traveling front solution if v(x, xn+1)

is monotone in xn+1. In this paper we always assume

0 < v(x) < 1, x ∈Rn. (1.8)

Now U ∈ C2(Rn+1) is called an n-dimensional entire solution if and only if it satifies

∂U

∂t
(x, t) = �U(x, t) + f (U(x, t)), (x, t) ∈ Rn+1. (1.9)

An n-dimensional traveling wave solution is always an n-dimensional entire solution.
Multidimensional traveling front solutions have been studied by [20,21,13,14,16,23,24,17, 

25,26,29] and so on. Entire solutions have been studied by [31,9,4,12,2,18,19,10,15,11] and so 
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on. Recently [22] shows that an (n + 1)-dimensional traveling front solution generates an n
dimensional entire solution as the speed goes to ifinity, and proves the existence of polyhedral 
entire solutions under a condition of symmetry, that is, for right polygons.

If W(0) = W(1), f is called balanced. For a reaction-diffusion equation with a bistable 
balanced reaction term f , multidimensional traveling front solutions have been studies by 
[5,28,27], and entire solutions have been studied by [6,7,30]. Recently [30] shows that an (n+1)
dimensional traveling front solution generates an n-dimensional entire solution as the speed goes 
to ifinity.

In both cases, an (n + 1)-dimensional traveling front solution generates an n-dimensional 
entire solution as the speed goes to ifinity. Now a problem occurs. Does an entire solution 
generate a traveling front solution? This problem has been an open problem as far as the author 
knows. This paper gives an affirmative answer to this question. We show the existence of n
dimensional polyhedral entire solutions for general polygons, and show that an n-dimensional 
polyhedral entire solution generates n-dimensional pyramidal traveling front solutions as the 
time goes to −∞ for a reaction-diffusion equation (1.1).

We choose

0 < s0 < θ0 < 1 (1.10)

with

f (s) < 0 if 0 < s ≤ s0, (1.11)

f (s) > 0 if θ0 ≤ s < 1.

By an appropriate translation, we assume that �(0) = s0 without loss of generality. We dfine

B(a; r) = {x ∈ Rn | |x − a| ≤ r}, ∂B(a; r) = {x ∈Rn | |x − a| = r}

for a ∈ Rn and r > 0.

Pyramidal traveling fronts have been studied by [20,21,23,17,25,26,29] and so on. Let m be a 
positive integer. Let aj ∈Rn be a unit vector for 1 ≤ j ≤ m, and assume

ai �= aj if i �= j.

For any given c ∈ (k,∞), we dfine

m∗ =
√

c2 − k2

k
∈ (0,∞).

For given ξ ∈ Rn, we put

ξ̃ = (
ξ ,m∗

) ∈ Rn+1. (1.12)

Let γj ∈ R be given for 1 ≤ j ≤ m. Now we introduce
532 



M. Taniguchi Journal of Differential Equations 429 (2025) 529--565 
h(x) = m∗ max 
1≤j≤m

(
(aj ,x) − γj

) = m∗ max 
1≤j≤m

(
(aj ,x − γjaj )

)
, x ∈Rn (1.13)

and

v0(x, xn+1;h) = �

(
k

c
(xn+1 − h(x))

)
, (x, xn+1) ∈Rn+1.

We often write v0(x, xn+1;h) simply as v0(x, xn+1). With respect to (1.13), we dfine a pyrami
dal traveling front by

Vpmd(x, xn+1;h) = lim 
t→∞w (x, xn+1, t;v0) on any compact set in Rn+1. (1.14)

See Section 7 for the details. Then we have

v0(x, xn+1) < Vpmd(x, xn+1), (x, xn+1) ∈ Rn+1.

From Theorem 7.1 and (7.4), there exists unique ζc ∈ R with Vpmd(0,−ζc;h) = θ0. We dfine

vpmd(x, xn+1;h) = Vpmd(x, xn+1 − ζc;h), (x, xn+1) ∈Rn+1 (1.15)

and have

vpmd(0,0;h) = θ0. (1.16)

We call vpmd(x, xn+1;h) the pyramidal traveling front associated with h. For

h(x) = 0, x ∈ Rn,

we dfine

vpmd(x, xn+1;0) = �
(
xn+1 + �−1(θ0)

)
, (x, xn+1) ∈Rn+1.

Now we dfine

A =
{
ξ ∈ Rn | max 

1≤j≤m
(aj , ξ) ≤ 1

}
(1.17)

with the boundary

∂A =
{
ξ ∈Rn | max 

1≤j≤m
(aj , ξ) = 1

}
.

We call A a base set of vpmd(x, xn+1;h). Note that A is not necessarily a compact set in Rn. For 
every h given by (1.13), we have

B(0;1) ⊂ A.
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Fig. 1. A pyramidal traveling front in Rn+1. 

Using Theorem 7.1 and (7.4), we have(∇̃vpmd(x, xn+1;h), ξ̃
)
< 0, (x, xn+1) ∈ Rn+1, ξ ∈ A,

where ̃ξ is as in (1.12). We call vpmd(x, xn+1;h) the pyramidal traveling front associated with 
h given by (1.13). If m = 1, it is a planar front, that is, a pyramidal traveling front with a sin
gle lateral face. We often write Vpmd(x, xn+1;h) and vpmd(x, xn+1;h) as Vpmd(x, xn+1) and 
vpmd(x, xn+1), respectively.

The following theorem gives the pyramidal traveling front that converges to a polyhedral 
entire solution with a base set A. See Fig. 1 for its level set.

Theorem 1.1. Let c ∈ (k,∞) be arbitrarily given. Let Tanc ∈ (0,∞) be arbitrarily given and let 
zanc = √

c2 − k2 Tanc. Let h be given by (1.13) and let vpmd(x, xn+1) = vc
pmd(x, xn+1;h) be the 

pyramidal traveling front given by (1.15). Let

μc
0 = max 

j∈{1,...,m}
(
sup

{
μ ∈ [0,∞) | vpmd(μaj , zanc;h) = θ0

}) ∈ (0,∞). (1.18)

Then one can choose

(γ1, . . . , γm) ∈ [0,∞)m

such that one has

vpmd(0,0;h) = θ0,

vpmd(μ
c
0aj , zanc;h) = θ0 for every j ∈ {1, . . . ,m}. (1.19)

Here μc ∈ (0,∞) is given by (1.18).
0
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Remark 1.2. If Tanc ∈ (0,∞) is large enough, μc
0 ∈ (0,∞) given by (1.18) satifies

0 < lim inf
c→∞ 

μc
0 ≤ lim sup

c→∞ 
μc

0 < ∞.

See Section 6 for the proof.

The following theorem asserts that a traveling front in Rn+1 converges to a polyhedral entire 
solution in Rn as the speed c goes to ifinity.

Theorem 1.3. Let A be given by (1.17). Let Tanc ∈ (0,∞) be arbitrarily given. For any c ∈
(k,∞), dfine zanc = √

c2 − k2 Tanc and let h and vc
pmd(x, xn+1;h) be as in Theorem 1.1. Then 

one can dfine

U(x, t) = lim 
c→∞vpmd(x,−

√
c2 − k2 t;h), (x, t) ∈Rn+1

and has (1.9) with

U(0,0) = θ0,

0 < U(x, t) < 1, (x, t) ∈Rn+1,

∂U

∂t
(x, t) > 0, (x, t) ∈ Rn+1,

1 
k

∂U

∂t
(x, t) − (ξ ,∇U(x, t)) > 0, (x, t) ∈Rn+1, ξ ∈A,

lim 
t→∞ min 

x∈�0
U(x, t) = 1, lim 

t→−∞ max 
x∈�0

U(x, t) = 0.

Here �0 is any compact set in Rn.

Let ζ ∈ Sn−1 be arbitrarily given, that is, ζ ∈ Rn is any vector with |ζ | = 1. Let pj ∈ Rn

(1 ≤ j ≤ n − 1) be chosen such that

P = (
p1, . . . ,pn−1,−ζ

)
is an orthogonal matrix. We introduce a coordinate in Rn as follows. Let y be dfined by

Py = x. (1.20)

We dfine

y′ = (y1, . . . , yn−1)

and have

y = (y ′, yn) ∈ Rn.
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For 1 ≤ j ≤ m, we put

aj = Pbj , 1 ≤ j ≤ m

and have

|bj | = 1, 1 ≤ j ≤ m.

Now we dfine

Jζ =
{
j ∈ {1, . . . ,m} 

∣∣∣∣ (aj , ζ ) = max 
i∈{1,...,m}(ai , ζ )

}
. (1.21)

Let mζ be the number of elements of Jζ . We have 1 ≤ mζ ≤ m. Now we have

bj = (
(aj ,p1), . . . , (aj ,pn−1), (aj ,−ζ )

)
, 1 ≤ j ≤ m.

For 1 ≤ j ≤ m, we set

b′
j = (

(aj ,p1), . . . , (aj ,pn−1)
) ∈Rn−1.

For j ∈ Jζ , (aj , ζ ) and |b′
j | are independent of j , and |(aj , ζ )| < 1 and |b′

j | < 1 are equivalent. 
We write ρζ = (aj , ζ ) for j ∈ Jζ and ρζ depends only on ζ . If ρζ = 1, we have ζ = aj for some 
j ∈ {1, . . . ,m}. If {τζ | τ ≥ 0} ∩ ∂A �= ∅, we see that ρζ has to be positive, and dfine

cζ = k

ρζ
∈ [k,∞). (1.22)

If {τζ | τ ≥ 0} ∩ ∂A is not an empty set, it equals to {(1/ρζ

)
ζ } with 0 < ρζ ≤ 1. If {τζ | τ ≥

0} ∩ ∂A �= ∅ holds true, we dfine, for y′ ∈Rn−1,

g(y ′) =

⎧⎪⎨⎪⎩
√(

cζ

)2−k2

k
max
j∈Jζ

((
b′

j

|b′
j |

,y′
)

− μj

)
, if cζ ∈ (k,∞),

0, if cζ = k

(1.23)

with μj ∈ R for j ∈ Jζ . Let vpmd(y;g) be the n-dimensional pyramidal traveling front associated 
with yn = g(y′). Its speed toward the yn-direction is cζ .

The following theorem asserts that an n-dimensional polyhedral entire solution in Theo
rem 1.3 gives an n-dimensional traveling front solution as the time goes to −∞.

Theorem 1.4. In addition to the assumption of Theorem 1.3, assume that Tanc ∈ (0,∞) is large 
enough. Let U be given by Theorem 1.3. Then, for any ζ ∈ Sn−1 with {τζ | τ ≥ 0} ∩ ∂A �= ∅, one 
can determine σ(t, ζ ) ∈ [0,∞) by

U(σ(t, ζ )ζ , t) = θ0
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Fig. 2. A level set {x ∈Rn | U(x,−Tanc) = θ0} of a polyhedral entire solution U . 

for every t ∈ (−∞,−Tanc]. Let Jζ be given by (1.21) and let g be dfined by (1.23). Then one 
can choose μj ∈R for j ∈ Jζ such that one has

lim 
t→−∞ sup 

x∈B(0;R)

∣∣U(x + σ(t, ζ )ζ , t) − vpmd(y;g)
∣∣ = 0, (1.24)

where y is given by (1.20). Here R ∈ (0,∞) is any given number. Moreover one has

σ(t, ζ ) = −cζ t + νζ as t → −∞ (1.25)

with some νζ ∈ R that depends on ζ . Here cζ is given by (1.22).

Theorem 1.4 implies that U generates A given by (1.17). As a sufficient condition for this 
generation, Tanc ∈ (0,∞) is imposed to be large enough. We call the entire solution in Theo
rem 1.4 a polyhedral entire solution associated with a polyhedron A. See Fig. 2 for a level set of 
U . Theorem 1.3 asserts that an (n + 1)-dimensional pyramidal traveling front solution generates 
an n-dimensional polyhedral entire solution as the speed goes to ifinity for (1.1). Theorem 1.4
asserts that an n-dimensional polyhedral entire solution generates n-dimensional pyramidal trav
eling front solutions as the time goes to −∞ for (1.1). We conjecture that an (n+1)-dimensional 
traveling front solution generates an n-dimensional entire solution as the speed goes to ifinity 
and an n-dimensional entire solution generates n-dimensional traveling front solutions as the 
time goes to −∞ in various kinds of reaction-diffusion equations or systems. This problem is 
left to be open for future studies.
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2. Uniform estimate on widths of traveling wave solutions in Rn for all speed

Let

β = 1

2
min

{−f ′(0),−f ′(1)
}

> 0.

Let δ∗ ∈ (0,1/4) be small enough so that one has

min |s|≤2δ∗

(−f ′(s)
)
> β, min |s−1|≤2δ∗

(−f ′(s)
)
> β.

We put

M = max −2δ∗≤s≤1+2δ∗
|f ′(s)|.

Throughout this paper, we assume

−δ∗ ≤ u0(x) ≤ 1 + δ∗, x ∈ Rn+1.

Then u(x, t) = u(x, t;u0) satifies

−δ∗ ≤ u(x, t) ≤ 1 + δ∗, x ∈ Rn+1, t > 0.

Now the Schauder estimate [29, Proposition 2.9, Lemma 2.6] gives

sup 
x∈Rn+1, t≥1

∣∣∣∣ ∂u 
∂xj

(x, t)

∣∣∣∣ < K∗, (2.1)

sup 
x∈Rn+1, t≥1

∣∣∣∣ ∂2u 
∂xi∂xj

(x, t)

∣∣∣∣ < K∗, sup 
x∈Rn+1, t≥1

∣∣∣∣ ∂3u 
∂xi∂xj ∂xℓ

(x, t)

∣∣∣∣ < K∗, (2.2)

sup 
x∈Rn+1, t≥1

∣∣∣∣∂u

∂t
(x, t)

∣∣∣∣ < K∗

for 1 ≤ i, j, ℓ ≤ n + 1. Here K∗ ∈ (0,∞) is a constant depending only on (f,n, δ∗), and is 
independent of u0. We sometimes use

Dt = ∂

∂t
, Dj = ∂

∂xj

, Dij = ∂2

∂xi∂xj

, Dijℓ = ∂3

∂xi∂xj ∂xℓ

,

for 1 ≤ i, j, ℓ ≤ n + 1 and write Dtu(x, t) as ut (x, t) for simplicity. Now we show the following 
lemma.

Lemma 2.1. Assume c ∈ R and v ∈ C2(Rn+1) satisfy (1.7) and (1.8). Then one has

sup 
x∈Rn+1

∣∣Dj v(x)
∣∣ ≤ K∗, sup 

x∈Rn+1

∣∣Dij v(x)
∣∣ ≤ K∗, sup 

x∈Rn+1

∣∣Dijℓv(x)
∣∣ ≤ K∗
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for 1 ≤ i, j, ℓ ≤ n + 1, where K∗ is independent of (c, v) ∈R× C2(Rn+1).

Proof. By putting u(x, xn+1, t) = v(x, xn+1 − ct), u satifies (1.1) with

u(x, xn+1,0) = v(x, xn+1), (x, xn+1) ∈Rn+1.

Then (2.1) and (2.2) give

sup 
(x,xn+1)∈Rn+1, 1≤t

∣∣Dj v(x, xn+1 − ct)
∣∣ ≤ K∗, sup 

(x,xn+1)∈Rn+1, 1≤t

∣∣Dij v(x, xn+1 − ct)
∣∣ ≤ K∗,

sup 
(x,xn+1)∈Rn+1,1≤t

∣∣Dijℓv(x, xn+1 − ct)
∣∣ ≤ K∗

for 1 ≤ i, j, ℓ ≤ n + 1, which give

sup 
(x,xn+1)∈Rn+1

∣∣Dj v(x, xn+1 − c)
∣∣ ≤ K∗, sup 

(x,xn+1)∈Rn+1

∣∣Dij v(x, xn+1 − c)
∣∣ ≤ K∗

sup 
(x,xn+1)∈Rn+1

∣∣Dijℓv(x, xn+1 − c)
∣∣ ≤ K∗

and

sup 
(x,xn+1)∈Rn+1

∣∣Dj v(x, xn+1)
∣∣ ≤ K∗, sup 

(x,xn+1)∈Rn+1

∣∣Dij v(x, xn+1)
∣∣ ≤ K∗,

sup 
(x,xn+1)∈Rn+1

∣∣Dijℓv(x, xn+1)
∣∣ ≤ K∗

for 1 ≤ i, j, ℓ ≤ n + 1. This completes the proof. �
Let θ ∈ (0,1) be arbitrarily given with W(0) < W(θ). Then we choose R = Rθ ∈ (0,∞) large 

enough with

(W(θ) − W(0))R > nK∗θ. (2.3)

Taking s1 ∈ (0, θ) small enough with

W(0) < W(s1) < W(θ),

(W(θ) − W(s1))R > nK∗(θ − s1). (2.4)

For arbitrarily given (ξ1, . . . , ξn) ∈Rn, we dfine

Dξ = (ξ1 − R,ξ1 + R) × (ξ2 − R,ξ2 + R) × · · · × (ξn − R,ξn + R) ⊂ Rn. (2.5)

We write Dξ simply as D. The volume of D is given by (2R)n, and the surface area of the 
boundary of D is given by 2n(2R)n−1. Then we have
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(W(θ) − W(s1)) |D| > K∗(θ − s1) |∂D| ,

using (2.4). Let c ∈ (k,∞) be arbitrarily given and let V ∈ C2(Rn+1) satisfy

�V + c
∂V

∂xn+1
+ f (V ) = 0, (x, xn+1) ∈ Rn+1, (2.6)

0 < V (x, xn+1) < 1, 
∂V

∂xn+1
(x, xn+1) < 0, (x, xn+1) ∈ Rn+1, (2.7)

lim 
xn+1→∞ sup 

x∈�0

V (x, xn+1) = 0, lim 
xn+1→−∞ sup 

x∈�0

(1 − V (x, xn+1)) = 0 (2.8)

for any given compact set �0 ⊂ Rn. Now we dfine qθ(x) = qθ,c(x) by

V (x, qθ (x)) = θ, x ∈Rn.

The following proposition plays important role in the later discussions.

Proposition 2.2 ([27,22]). Let θ ∈ (0,1) be given with W(0) < W(θ), and let R be given with 
(2.3). Assume c ∈ (k,∞) is arbitrarily given and V ∈ C2(Rn+1) satifies (2.6), (2.7) and (2.8). 
Then one has

1

2

∫
D

|∇V (x, qθ (x))|2 dx ≥ 2(2R)n−1 [(W(θ) − W(0))R − nK∗θ ] > 0. (2.9)

The right-hand side is independent of c ∈ (k,∞).

We write the right-hand side of (2.9) as (1/2)A(θ,R)2 |D| with

A(θ,R) =
√

2 
R

[W(θ)R − nK∗(1 + θ)] > 0. (2.10)

Then (2.9) is written as ∫
D

|∇V (x, qθ (x))|2 dx ≥ A(θ,R)2|D| > 0.

3. A pyramidal traveling front that convergences to a polyhedral entire solution as the 
speed goes to ifinity

In this section we will prove Theorem 1.1. Let Tanc ∈ (0,∞) be given. Let c ∈ (k,∞) be 
given and let h be given by (1.13). Let Vpmd(x;h) and vpmd(x;h) be given by (1.14) and (1.15), 
respectively. We have

vpmd(0,0;h) = θ0.

Now we set
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zanc =
√

c2 − k2 Tanc.

From Theorem 7.1, we have, for j ∈ {1, . . . ,m},

sup
{
μ ∈ [0,∞) | vpmd(μaj , zanc;h) = θ0

}
< ∞.

Now we dfine μc
0 by (1.18). In view of (1.16) and (7.4), we get μc

0 > 0.
Now we prove Theorem 1.1 as follows.

Proof of Theorem 1.1. We take �2 ∈ [0,∞) large enough. Then, by Lemma 7.4, for every

(γ2, . . . , γm) ∈ [�2,∞)m−1,

there exists a function γ 1(γ2, . . . , γm) ∈ [0,∞) such that h given by (1.13) with

(Γ1, γ2, . . . , γm),

satifies

sup
{
μ ∈ [0,∞) | vpmd(μa1, zanc;h)

} = max 
j∈{2,...,m}

(
sup

{
μ ∈ [0,∞) | vpmd(μaj , zanc;h) = θ0

})
,

where

Γ1 = γ 1(γ2, . . . , γm).

We take �3 ∈ [0,∞) large enough. For every

(γ3, . . . , γm) ∈ [�3,∞)m−2,

there exists a function γ 2 = γ 2(γ3, . . . , γm) ∈ [0,∞) such that h given by (1.13) with

(Γ1,Γ2, γ3, . . . , γm),

satifies

sup
{
μ ∈ [0,∞) | vpmd(μa2, zanc;h)

} = max 
j∈{3,...,m}

(
sup

{
μ ∈ [0,∞) | vpmd(μaj , zanc;h) = θ0

})
,

where

Γ2 = γ 2(γ3, . . . , γm)

Γ1 = γ 1(Γ2, γ3, . . . , γm).

We continue this argument and finally we obtain the following. We take �m ∈ [0,∞) large 
enough. For every

γm ∈ [�m,∞),
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there exists a function γ m−1(γm) ∈ [0,∞) such that h given by (1.13) with

(Γ1, . . . ,Γm−2,Γm−1, γm)

satifies

sup
{
μ ∈ [0,∞) | vpmd(μam−1, zanc;h)

} = (
sup

{
μ ∈ [0,∞) | vpmd(μam, zanc;h) = θ0

})
,

where

Γm−1 = γ m−1(γm),

Γm−2 = γ m−2(Γm−1, γm),

...

Γ1 = γ 1(Γ2,Γ3, . . . ,Γm−1, γm).

Now we choose γm = �m and have

Γm−1 ≥ �m−1, . . . ,Γ2 ≥ �2.

Then we obtain (1.19) for h given by (1.13) with (Γ1, . . . ,Γm−2,Γm−1,�m). This completes the 
proof. �
4. A traveling front in Rn+1 converges to an entire solution in Rn as the speed goes to 
ifinity

Let A be any closed set in Rn with B(0;1) ⊂ A. For every c ∈ (k,∞), let Vc(x, xn+1) satisfy 
(1.7) and (2.9) with

0 < Vc(x, xn+1) < 1, (x, xn+1) ∈Rn+1,

Vc(0,0) = θ0,(∇̃vpmd(x, xn+1;h), ξ̃
)
< 0, (x, xn+1) ∈Rn+1, ξ ∈A,

where ̃ξ is as in (1.12). We have

sup 
x∈Rn

|f (Vc(x))| ≤ ‖f ‖C[0,1] < ∞,

where

‖f ‖C[0,1] = max 
0≤s≤1

|f (s)|.

Using Lemma 2.1, we have
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sup 
(x,xn+1)∈Rn+1

∣∣�̃Vc(x, xn+1)
∣∣ ≤ (n + 1)K∗ < ∞.

Using

0 < − ∂Vc

∂xn+1
(x, xn+1) = �̃Vc(x, xn+1) + f (Vc(x, xn+1))

c
≤ (n + 1)K∗ + ‖f ‖C[0,1]

c

for (x, xn+1) ∈Rn+1, we obtain

lim 
c→∞ sup 

(x,xn+1)∈Rn+1

∣∣∣∣ ∂Vc

∂xn+1
(x, xn+1)

∣∣∣∣ = 0. (4.1)

Using Lemma 2.1, we have

max 
1≤j≤n+1

sup 
(x,xn+1)∈Rn+1

∣∣∣∣∣ ∂3Vc

∂x3
n+1

(x, xn+1)

∣∣∣∣∣ < K∗. (4.2)

Here a positive constant K∗ is as in Lemma 2.1 and is independent of c. Combining (4.1) and 
(4.2), we obtain

lim 
c→∞ sup 

(x,xn+1)∈Rn+1

∣∣∣∣∣ ∂2Vc

∂x2
n+1

(x, xn+1)

∣∣∣∣∣ = 0. (4.3)

Now we introduce

t = − xn+1√
c2 − k2

,

that is, xn+1 = −√
c2 − k2 t . We dfine

uc(x, t) = Vc(x,−
√

c2 − k2 t), (x, t) ∈Rn+1. (4.4)

Now uc satifies

0 < uc(x, t) < 1, (x, t) ∈Rn+1, (4.5)

∂uc

∂t
(x, t) > 0, (x, t) ∈ Rn+1, (4.6)

1 
k

∂uc

∂t
(x, t) − (ξ ,∇uc(x, t)) > 0, (x, t) ∈Rn+1 (4.7)

for every ξ = (ξ1, . . . , ξn) ∈A, where A is given by (1.17). Now we have

∂Vc
(x,−

√
c2 − k2 t) = − 1 √

2 2

∂uc
(x, t), (x, t) ∈Rn+1.
∂xn+1 c − k ∂t

543 



M. Taniguchi Journal of Differential Equations 429 (2025) 529--565 
Then we find

n ∑
j=1 

∂2uc

∂x2
j

(x, t) + ∂2Vc

∂x2
n+1

(x,−
√

c2 − k2t) − c√
c2 − k2

∂uc

∂t
(x, t) + f (uc(x, t)) = 0

for (x, t) ∈Rn+1. Thus we obtain

∂uc

∂t
(x, t) =

√
c2 − k2

c

⎛⎝ n ∑
j=1 

∂2uc

∂x2
j

(x, t) + f (uc(x, t))

⎞⎠
+

√
c2 − k2

c

∂2Vc

∂x2
n+1

(x,−
√

c2 − k2t), (x, t) ∈ Rn+1. (4.8)

Now we introduce

U(x, t) = lim 
c→∞uc(x, t) (4.9)

for (x, t) ∈Rn+1 on any compact set in Rn+1.
The heat kernel in Rn−1 is given by

K(x, t) = 1 

(4πt)
n
2 

exp

(
−|x|2

4t

)
, x ∈Rn, t > 0.

Let t0 ∈R be arbitrarily given. Using (4.8), we get

uc(x, t) =
∫
Rn

K

(
x − y,

√
c2 − k2

c
(t − t0)

)
uc(y, t0) dy

+
√

c2 − k2

c

t∫
t0

⎛⎝∫
Rn

K

(
x − y,

√
c2 − k2

c
(t − s)

)

×
(

f (uc(y, s)) + ∂2Vc

∂x2
n

(y,−
√

c2 − k2 s)

)
dy

)
ds

for t > t0. Taking the limit of c → ∞ for the both sides and using (4.3), we find

U(x, t) =
∫
Rn

K(x − y, t − t0)U(y, t0) dy +
t∫

t0

⎛⎝∫
Rn

K(x − y, t − s)f (U(y, s)) dy

⎞⎠ ds

for t > t0, which gives

∂U

∂t
(x, t) =

n ∑ ∂2U

∂x2
j

(x, t) + f (U(x, t)), (x, t) ∈ Rn+1
j=1 

544 



M. Taniguchi Journal of Differential Equations 429 (2025) 529--565 
for t > t0. Since t0 ∈ R is taken arbitrarily, we obtain

∂U

∂t
(x, t) = �U(x, t) + f (U(x, t)), (x, t) ∈ Rn+1.

Thus the limit of an (n + 1)-dimensional traveling wave solution Vc gives an n-dimensional 
entire solution U as c → ∞. Now we have

lim 
c→∞|∇uc(x, t) − ∇U(x, t)| = 0 (4.10)

on every compact set in Rn+1. Taking the limit of c → ∞ in (4.6) and (4.7), we obtain

∂U

∂t
(x, t) ≥ 0, (x, t) ∈ Rn+1, (4.11)

1 
k

∂U

∂t
(x, t) − (ξ ,∇U(x, t)) ≥ 0, (x, t) ∈ Rn+1 (4.12)

for every ξ ∈A. Now we have

U(0,0) = θ0, (4.13)

0 ≤ U(x, t) ≤ 1, (x, t) ∈Rn+1.

Since U is not identically 0 or 1, we have

0 < U(x, t) < 1, (x, t) ∈ Rn+1 (4.14)

by the strong maximum principle. Now we state properties of U as follows.

Lemma 4.1. Let U be dfined by (4.9). Then one has (1.9) with

U(0,0) = θ0, (4.15)

0 < U(x, t) < 1, (x, t) ∈Rn+1, (4.16)

1 
k

∂U

∂t
(x, t) − (ξ ,∇U(x, t)) ≥ 0, (x, t) ∈ Rn+1 (4.17)

for every ξ ∈ B(0;1). Let θ ∈ (0,1) satisfy W(0) < W(θ) and let R = Rθ be given by (2.3). Let 
D be given by (2.5) for arbitrarily given (ξ1, . . . , ξn−1) ∈ Rn−2. Let A(θ,R) be given by (2.10). 
Then one has

max
{|∇U(x, t)| ∣∣x ∈ D, t ∈R,U(x, t) = θ

} ≥ A(θ,R) > 0. (4.18)

Proof. We already obtained (4.15), (4.16) and (4.17). Using (4.11), we have U,U ∈ C2(Rn−1)

such that
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�U(x) + f (U(x)) = 0, �U(x) + f (U(x)) = 0, x ∈ Rn,

0 ≤ U(x) ≤ U(x, t) ≤ U(x) ≤ 1, x ∈Rn, t ∈R,

lim 
t→∞

(
U(x) − U(x, t)

) = 0, lim 
t→−∞

(
U(x, t) − U(x)

) = 0

uniformly on every compact set in Rn. Let ε ∈ (0,1) be arbitrarily given. Let Rθ ∈ (0,∞) satisfy 
(2.3). We can dfine

Rmax = max 
θ∈[ε,θ0]

Rθ ∈ (0,∞)

For arbitrarily given (ξ1, . . . , ξn−1) ∈ Rn−1, we dfine

D0 = (ξ1 −Rmax, ξ1 +Rmax)×(ξ2 −Rmax, ξ2 +Rmax)×· · ·×(ξn−1 −Rmax, ξn−1 +Rmax) ⊂ Rn−1.

We will show

0 ≤ max
D0

U < ε, θ0 ≤ min
D0

U ≤ 1. (4.19)

Let θ ∈ [ε, θ0] be arbitrarily given and let D be given by (2.5) for Rθ . Combining Proposition 2.2
and (4.1), we have

max
x∈D

{|∇Vc(x, xn+1)| | xn+1 ∈ R, Vc(x, xn+1) = θ} ≥ (1 − ε)A(θ,R)

if c ∈ (0,∞) is large enough, say, if c ∈ [Cε,∞), where C(ε) is a positive number that depends 
on ε ∈ (0,1). Consequently, by (4.4), we get

max
x∈D

{|∇uc(x, t)| | t ∈R, uc(x, t) = θ} ≥ (1 − ε)A(θ,R) (4.20)

for every c ∈ [C(ε),∞). Using (4.7), we have

1 
k

∂uc

∂t
(x, t) ≥ |∇uc(x, t)| .

Thus we obtain, for every θ ∈ [ε, θ0],

max 
x∈D0

{
∂uc

∂t
(x, t) 

∣∣∣∣ t ∈R, uc(x, t) = θ

}
≥max

x∈D

{
∂uc

∂t
(x, t) 

∣∣∣∣ t ∈ R, uc(x, t) = θ

}
≥k(1 − ε)A(θ,R) > 0

for every c ∈ [C(ε),∞). Using this inequality, if t ∈ (0,∞) is large enough, we have

max uc(x, t) > θ0, min uc(x,−t) < ε

x∈D0 x∈D0
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for every c ∈ [C(ε),∞). Then, using (4.7) and taking t ∈ (0,∞) larger if necessary, we have

min 
x′∈D0

uc(x
′, t) > θ0, max 

x′∈D0

uc(x
′,−t) < ε (4.21)

for every c ∈ [C(ε),∞). Thus we obtain (4.19). Now we prove (4.18). Let θ satisfy the assump
tion of Proposition 4.3 with ε < θ . Let D be given by (2.5). Taking the limit of c → ∞ in (4.20) 
and using (4.10) and (4.21), we obtain

max
x∈D

{|∇U(x, t)| | t ∈R, U(x, t) = θ} ≥ (1 − ε)A(θ,R).

Since we can take ε ∈ (0,1) to be arbitrarily small, we obtain (4.18). This completes the 
proof. �

For any initial value v ∈ BU(Rn), we consider (1.1)--(1.2) in Rn and write the solution as 
u(x, t;v) for (x, t) ∈ Rn × (0,∞). We write the following lemma for the later use. For the 
proof, see [29].

Lemma 4.2 ([29]). Let T ∈ (0,∞), R ∈ (0,∞) and ε > 0 be given. Let x0 ∈ Rn be given. 
Assume v1, v2 ∈ BU(Rn) satisfy

0 < vj (x) < 1, j = 1,2,

sup 
x∈B(x0;2R)

|v2(x) − v1(x)| < ε.

Then one has

sup 
B(x0;R)

|u(x, T ;v2) − u(x, T ;v1)| ≤ εeMT + K1e
MT exp

(
−R2

8T

)
.

Here K1 is a positive constant depending only on (f,n).

Now U dfined by (4.9) satifies the assumption of the following proposition. We will assert 
properties of entire solutions including U dfined by (4.9) in a general setting as follows.

Proposition 4.3. Let U satisfy (1.9) with (4.15), (4.16), (4.17) and (4.18). Then one has

∂U

∂t
(x, t) ≥ k|∇U(x, t)|, (x, t) ∈Rn+1, (4.22)

∂U

∂t
(x, t) > 0, (x, t) ∈ Rn+1. (4.23)

Proof. We have (4.11) from (4.17). Thus we have (4.22) if |∇U(x0, t0)| = 0. If |∇U(x0, t0)| > 0
at some (x0, t0) ∈Rn+1. Then, putting

ξ = ∇U(x0, t0) 
,
|∇U(x0, t0)|

547 



M. Taniguchi Journal of Differential Equations 429 (2025) 529--565 
we have

∂U

∂t
(x0, t0) ≥ k|∇U(x0, t0)| > 0.

Now we proved (4.22). If U(x, t) depends only on t ∈R and is independent of x ∈ Rn, we have 
(4.23) from U(0,0) = θ0. Otherwise, we have (x0, t0) ∈ Rn+1 with

∂U

∂t
(x0, t0) ≥ k|∇U(x0, t0)| > 0.

Then we obtain (4.23) from the strong maximum principle. This completes the proof. �
Using the Schauder estimate [29, Proposition 2.9], we have

sup 
(x,t)∈Rn+1

∣∣DjU(x, t)
∣∣ < ∞, sup 

(x,t)∈Rn+1

∣∣DijU(x, t)
∣∣ < ∞, (4.24)

sup 
(x,t)∈Rn+1

|Ut(x, t)| < ∞, sup 
(x,t)∈Rn+1

∣∣DjUt (x, t)
∣∣ < ∞ (4.25)

for 1 ≤ i, j, ℓ ≤ n + 1.

Now we will further study properties of U .

Proposition 4.4. Let U satisfy the assumption of Proposition 4.3. Let �0 be any given compact 
set in Rn. Then one has

lim 
t→∞ min 

x∈�0
U(x, t) = 1, (4.26)

lim 
t→−∞ max 

x∈�0
U(x, t) = 0. (4.27)

The convergence is uniform for all entire solutions that satisfy the assumption of Proposition 4.3.

Proof. Using (1.9), we have(
∂

∂t
− � − f ′(U)

)
Ut = 0, (x, t) ∈Rn+1.

For any given t0 ∈R, let w(x, s) be dfined by(
∂

∂t
− � + M

)
w = 0, x ∈Rn, s > t0,

w(x, t0) = Ut(x, t0), x ∈ Rn.

Then we have

w(x, s) ≤ Ut(x, s), x ∈Rn, s ≥ t0,
548 



M. Taniguchi Journal of Differential Equations 429 (2025) 529--565 
that is, ∫
Rn

e−M(s−t0)

(4π(s − t0))
n
2 

exp

(
− |x − y|2

4(s − t0)

)
Ut(y, t0) dy ≤ Ut(x, s), x ∈ Rn, s ≥ t0.

Thus we obtain∫
Rn

e−M

(4π)
n
2 

exp

(
−|x − y|2

4 

)
Ut(y, t − 1) dy ≤ Ut(x, t), (x, t) ∈Rn+1. (4.28)

First we prove (4.26). Since U is strictly monotone increasing in t , we have

−1 < min 
x∈�0

U(x,0) ≤ U(x, t) < 1, x ∈ �0, t ≥ 0.

Then we have

lim 
t→∞ max 

x∈�0
U(x, t) = 1. (4.29)

Indeed, otherwise we have

−1 < min 
x∈�0

U(x,0) ≤ U(x, t) ≤ lim 
s→∞ max 

x∈�0
U(x, s) < 1, x ∈ �0, t ≥ 0.

Then, from (4.18), (4.17) and (4.28), U(x, t) converges to 1 for all x ∈ �0, which is a contra
diction. Thus we obtain (4.29). Since U is strictly monotone increasing in t , we have the limit 
function

U(x) = lim 
t→∞U(x, t), x ∈ �0

with

max
�0

U = 1.

Then, from (4.22), U has to equal 1 on �0. Now we proved (4.26).
Next we prove (4.27). Since U is strictly monotone increasing in t , we have

−1 < U(x, t) ≤ max 
x∈�0

U(x,0) < 1, x ∈ �0, t ≤ 0.

We can dfine

U(x) = lim 
t→−∞U(x, t), x ∈ �0

and have
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−1 ≤ U(x) ≤ max 
x∈�0

U(x,0) < 1, x ∈ �0.

If

−1 < inf
�0

U,

we have

−1 < lim 
s→−∞ min 

x∈�0
U(x, s) ≤ U(x, t) ≤ max 

x∈�0
U(x,0) < 1, x ∈ �0, t ≤ 0.

Then, from (4.18), (4.17) and (4.28), U(x, t) converges to −1 for all x ∈ �0 as t → −∞. This 
is a contradiction. Thus we obtain

−1 = inf
�0

U.

Then, from (4.22), U has to equal −1 on �0. Now we proved (4.27). The convergence of (4.26) 
and that of (4.27) are uniform with respect to all U , because the arguments of Proposition 4.3
and Proposition 4.4 can be done only under the assumption of (4.15), (4.16) and (4.17). This 
completes the proof. �
Proof of Theorem 1.3. Theorem 1.3 follows from (4.12), (4.13), (4.14), Proposition 4.3 and 
Proposition 4.4. �
5. Asymptotic shapes of level sets for entire solutions

In this section, let A be a closed subset in Rn with B(0;1) ⊂ A and let U satisfy (1.9) and 
(4.18) with

0 < U(x, t) < 1, (x, t) ∈ Rn+1,

U(0,0) = θ0,

1 
k

∂U

∂t
(x, t) − (ξ ,∇U(x, t)) ≥ 0, (x, t) ∈Rn+1, ξ ∈ A.

Now we dfine

�s0(t) = {
x ∈ Rn | U(x, t) ≤ s0

}
, ∂�s0(t) = {

x ∈ Rn | U(x, t) = s0
}

for t ∈ R. We have �s0(t) �= ∅ for t ∈ (−∞,0) if |t | is large enough, say, t ∈ (−∞, T0] with 
T0 ∈ (0,∞). As t → −∞, �s0(t) expands by Proposition 4.4. We study the asymptotic shape of 
∂�s0(t) as t → −∞.

The following theorem characterizes the asymptotic shapes of level sets of entire solutions 
including those of polyhedral entire solutions.
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Theorem 5.1. Let A be a closed subset in Rn with B(0;1) ⊂ A. Let U satisfy (1.9) and (4.18) 
with

0 < U(x, t) < 1, (x, t) ∈ Rn+1, (5.1)

U(0,0) = θ0, (5.2)

1 
k

∂U

∂t
(x, t) − (ξ ,∇U(x, t)) ≥ 0, (x, t) ∈Rn+1, ξ ∈ A. (5.3)

Assume (τi)i∈N and (Ri)i∈N satisfy

0 ≤ τi ≤ τi+1, 0 < Ri ≤ Ri+1, i ∈ N,

B(yi;Ri) ⊂ �s0(−τi), ∂B(yi;Ri) ∩ ∂�s0(−τi) �= ∅

with some yi ∈ �s0(−τi). Let zi ∈ ∂B(yi;Ri) ∩ ∂�s0(−τi) be arbitrarily chosen and let ξ i ∈ A
be any vector pointing from yi to zi with |ξ i | ≥ 1. If one assumes limi→∞ Ri = ∞ in addition, 
one has

lim 
i→∞

∣∣ξ i

∣∣ = 1, (5.4)

lim 
i→∞ sup 

x∈B(0;X)

∣∣U(x + zi , t) − �(−(x, ξ i ))
∣∣ = 0 (5.5)

for any given X ∈ (0,∞). The convergence is uniform in U ’s that satisfy the assumption and is 
also uniform in (t,y).

Proof. For every i ∈ N , we change variables with respect to x ∈ Rn if necessary, and we can 
assume

ξ i = λen, i ∈N,

where en = (0, . . . ,0,1) ∈ Rn without loss of generality. We have either λ > 1 or λ = 1. We will 
show that only λ = 1 can happen if we can take the radius of a ball arbitrarily large. Now (4.17) 
in Proposition 4.3 gives

1 
k

DtU(x,−τi) − λDnU(x,−τi) ≥ 0, x ∈Rn, i ∈ N.

Then we have

zi = yi + Rien ∈ ∂�s0(−τi),

and

U(zi ,−τi) = s0.

We set
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z = −xn − λkt − λkτi + Ri + (yi , en)

and dfine W by

W(x′, z, t) = U(x + y′
i , xn, t)

for (x′, z, t) ∈ Rn+1. Now we put x′ = (x1, . . . , xn−1) ∈ Rn−1 and y′
i is dfined by yi =

(y′
i ,

(
yi , en

)
). Then we have

DtW(x′, z,−τi) = DtU(x′, xn,−τi) − λkDnU(x′, xn,−τi) ≥ 0, (x′, z) ∈ Rn (5.6)

and

W(0,−τi) = s0. (5.7)

Now W satifies

DtW(x′, z, t) =
⎛⎝n−1 ∑

j=1 
D2

j + D2
z

⎞⎠W(x′, z, t) + λkDzW(x′, z, t) + f (W(x′, z, t)) (5.8)

for (x′, z, t) ∈Rn+1. We set

Wi(x
′, z) = W(x′, z,−τi), (x′, z) ∈Rn

and have

Wi(0) = s0, i ∈N.

In view of (5.6), Wi is a subsolution of an elliptic equation⎛⎝n−1 ∑
j=1 

D2
j + D2

z

⎞⎠W + λkDzW + f (W) = 0, (x′, z) ∈ Rn

for every i ∈N . Taking a subsequence if necessary, we have

W∞(x′, z) = lim 
i→∞Wi(x

′, z), (x′, z) ∈ Rn

with

W∞(0) = s0. (5.9)

The Schauder estimate (4.24) and (4.25) imply that the convergence is uniform in U ’s that satisfy 
the assumption of Theorem 5.1. Now W∞ is a subsolution of
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⎛⎝n−1 ∑
j=1 

D2
j + D2

z

⎞⎠W + λkDzW + f (W) = 0, (x′, z) ∈ Rn. (5.10)

So far we have not used an assumption limi→∞ Ri = ∞. For any R ∈ (0,∞), τ ∈ [T0,∞), 
y ∈ �s0(−τ) and z ∈ ∂B(y;R) ∩ ∂�s0(−τ), we can take τi = τ , Ri = R, yi = y and zi = z for 
all i ∈ N . Because W is a solution of (5.8) with (5.7) and W∞ is a subsolution of (5.10) with 
(5.9), the speed of ∂�s0(t) at the point of contact is no less than kλ at t = −τ . Thus the speed of 
∂�s0(t) at the point of contact is no less than kλ for all t ∈ (−∞,−T0].

For any bounded and uniformly continuous function ̃u0 from Rn to R, we consider

Dt w̃ =
⎛⎝n−1 ∑

j=1 
D2

j + D2
z

⎞⎠ w̃ + λkDzw̃ + f (w̃), (x′, z) ∈Rn, t > 0,

w̃(x′, z,0) = ũ0(x
′, z), (x′, z) ∈ Rn

and write the solution as

w̃(x′, z, t; ũ0), (x′, z, t) ∈Rn × [0,∞).

Then, for every i ∈N , we have

W∞(x′, z) ≤ w̃(x′, z, t;W∞), (x′, z, t) ∈ Rn × [0,∞).

Now we have

w̃(0′,0, t;W∞) ≥ s0, t ≥ 0. (5.11)

We write R+ = (0,∞) and R− = (−∞,0). Now we have

s0χR+(z) + χR−(z) =
{

s0 if z > 0,

1 if z < 0.

Here χR+ and χR− are the characteristic functions of R+ and R−, respectively. Since the radius 
of the ball goes to ifinity as i → ∞, we have

W∞(x′, z) ≤ s0χR+(z) + χR−(z), (x′, z) ∈Rn.

We dfine

W0(x
′, z) = s0χR+(z) + χR−(z), (x′, z) ∈Rn

and have

W∞(x′, z) ≤ W0(x
′, z) (x′, z) ∈ Rn. (5.12)

Note that W0 depends on z and is independent of x′. Now we have
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u(x′, z, t; ũ0) = w̃(x ′, z − λkt, t; ũ0), (x′, z, t) ∈Rn × (0,∞), (5.13)

where

Dt u =
⎛⎝n−1 ∑

j=1 
D2

j + D2
z

⎞⎠u + f (u), (x ′, z) ∈ Rn, t > 0,

u(x′, z,0) = ũ0(x
′, z), (x′, z) ∈ Rn.

For a reaction-diffusion equation (1.1) in the one-dimensional space R, the planar traveling front 
is asymptotically stable. See [8,3,29] for instance. This implies

lim 
t→∞ sup 

(x′, z)∈Rn

∣∣u(x′, z, t;W0) − �(z − kt − z0)
∣∣ = 0 (5.14)

for some z0 ∈ R. Here z0 depends only on (f, s0). For any given ε > 0, we have

�(z − kt − z0) − ε < u(x′, z, t;W0) < �(z − kt − z0) + ε, (x′, z) ∈Rn

if t ∈ (0,∞) is large enough. Using (5.11) and (5.12), we find

w̃(x′, z, t;W∞) ≤ w̃(x′, z, t;W0), (x ′, z, t) ∈ Rn × (0,∞),

s0 ≤ w̃(0′,0, t;W∞) ≤ w̃(0′,0, t;W0), t ∈ (0,∞).

Recalling (5.13), we get

s0 ≤ w̃(0′,0, t;W0) = u(0′, λkt, t;W0) t ∈ (0,∞).

Thus we obtain

s0 < �((λ − 1)kt − z0) + ε, t ∈ (0,∞).

Taking 0 < ε < s0/2 and sending t → ∞, we get a contradiction on the definition of s0 if λ > 1. 
Now we obtain λ = 1.

Using (5.4), for any given X ∈ (0,∞), we can approximate {x ∈ Rn | U(x,−τi) = s0} by a 
plane on B(z;X), if i ∈N is large enough. This fact and (4.18) imply that {x ∈Rn | U(x,−τi) =
θ} is approximated by a plane for every θ ∈ (0,1), if i ∈ N is large enough. That is, U(x,−τi)

can be approximated by a function of −(x, en) on B(z;X), if i ∈ N is large enough. Then we ob
tain (5.5) using �(0) = s0, (4.18), Lemma 4.2 and the asymptotic stability of a one-dimensional 
traveling front as in (5.14). �
Remark 5.2. As is stated in the proof of Theorem 5.1, one has the following lower estimate of 
the speed of ∂�s0(t). Let U be as in Theorem 5.1. For any fixed t ∈ (−∞,−T0], let R ∈ (0,∞), 
y ∈ Rn and z ∈Rn satisfy

B(y;R) ⊂ �s0(t), z ∈ ∂B(y;R) ∩ ∂�s0(t).
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Let ξ ∈ A satisfy |ξ | ≥ 1 and

z − y

|z − y| = ξ

|ξ | .

Then the speed of ∂�s0(t) toward the −ξ -direction at the point of contact z is no less than k|ξ |.

6. Properties of polyhedral entire solutions

Let c ∈ (k,∞) be arbitrarily given. In this section we denote vpmd(x, xn+1) in Theorem 1.1
by V (x, xn+1) = Vc(x, xn+1) for simplicity. Then we have

Vc(0,0) = θ0,

Vc(μ
c
0aj , zanc) = θ0, j ∈ {1, . . . ,m}.

Now U given by (4.9) satifies the assumption of Theorem 5.1 for a base set A in (1.17). For any 
X ∈ (0,∞) and t ∈ (0,∞), we have B(0;X) ⊂ {x ∈Rn | U(x, t) < s0} if |t | is large enough.

Now we dfine

ζ = max
i �=j

(
ai ,aj

)
and have ζ < 1. For j ∈ {1, . . . ,m}, we dfine

�0
j =

{
x ∈ Rn

∣∣∣∣ (aj ,x
) ≥ max 

i∈{1,...,m}\{j} (ai ,x) + 1 − ζ

2 
|x|

}
.

For j ∈ {1, . . . ,m}, we have

{σaj | σ ≥ 0} ⊂ �0
j ,

{σai | σ ≥ 0} ∩ �0
j = {0} if i ∈ {1, . . . ,m}\{j}.

Now we prove Theorem 1.4.

Proof of Theorem 1.4. For any t ∈R and any ζ ∈ Sn−1 with {τζ | τ ≥ 0} ∩ ∂A �= ∅, we choose 
s(t, ζ ) ∈ [0,∞) and σ(t, ζ ) ∈ [0,∞) with

U(s(t, ζ )ζ , t) = s0, U(σ(t, ζ )ζ , t) = θ0

if they exist. Let ε > 0 be arbitrarily given. Let (Xi)i∈N satisfy

0 < Xi < Xi+1, i ∈N,

lim 
i→∞Xi = ∞.

In view of Proposition 4.3, choosing (τi)i∈N with
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0 ≤ τi ≤ τi+1, i ∈N,

we have

B(0;Xi) ⊂ �s0(−τi), i ∈ N.

Let yi be any point in �s0(−τi) with

∂B(yi;Xi) ∩ ∂�s0(−τi) �= ∅.

By Theorem 5.1 and taking subsequences of (Xi)i∈N and (τi)i∈N if necessary, we have j ∈
{1, . . . ,m} such that

∂B(yi;Xi) ∩ ∂�s0(−τi) ∩ �0
j �= ∅, i ∈ N.

Let this j be fixed. We choose

zi ∈ ∂B(yi;Xi) ∩ ∂�s0(−τi) ∩ �0
j

arbitrarily. Using Theorem 5.1 and taking i ∈ N large enough, we obtain∣∣U(x + zi ,−τi) − �(−(x,aj ))
∣∣ < ε

if x +zi ∈ �0
j . Since ε > 0 can be taken arbitrarily small, this implies that there exists s(−τi,aj )

that satifies U(s(−τi,aj )aj ,−τi) = s0 for sufficiently large i. Now we set Tanc = τi and know 
that s(−Tanc,aj ) exists. Since we can choose (τℓ)ℓ>i arbitrarily, we have∣∣U(x + s(t,aj )aj , t) − �(−(x,aj ))

∣∣ < ε

if t ∈ (−∞,−Tanc] and x + s(t,aj )aj ∈ �0
j . Then we have

lim sup
σ1→∞ 

U(σ1aj ,−Tanc) > θ0.

Recalling the definition (4.9) of U and the definition (1.18) of μc
0, we obtain

0 < lim inf
c→∞ 

μc
0 ≤ lim sup

c→∞ 
μc

0 < ∞.

Consequently we find

lim sup
σ1→∞ 

U(σ1aj ,−Tanc) > θ0 for every j ∈ {1, . . . ,m}.

Thus s(−Tanc,aj ) and σ(−Tanc,aj ) exist for every j ∈ {1, . . . ,m}. By Theorem 5.1, we have, 
for every j ∈ {1, . . . ,m}, ∣∣U(x + s(t,aj )aj , t) − �(−(x,aj ))

∣∣ < ε (6.1)
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if t ∈ (−∞,−Tanc] and x + s(t,aj )aj ∈ �0
j . Then, using Proposition 4.3 and Theorem 5.1, we 

obtain, for every ζ ∈ Sn−1 with {τζ | τ ≥ 0} ∩ ∂A �= ∅,

lim sup
σ1→∞ 

U(σ1ζ ,−Tanc) > θ0.

Thus we can dfine σ(−Tanc, ζ ) for every ζ ∈ Sn−1 with {τζ | τ ≥ 0} ∩ ∂A �= ∅. Then, using 
(6.1), we can dfine σ(t, ζ ) for every t ∈ (−∞,−Tanc] and every ζ ∈ Sn−1 with {τζ | τ ≥ 0} ∩
∂A �= ∅. Now we have∣∣∣U(x + σ(t,aj )aj , t) − �(−(x,aj ) + �−1(θ0))

∣∣∣ < ε (6.2)

if t ∈ (−∞,−Tanc] and x + σ(t,aj )aj ∈ �0
j . Since the speed of a planar traveling front is k, we 

have

lim 
t→−∞

σ(t,aj )

−t
= k

for every j ∈ {1, . . . ,m}. The ifluence by Rn\�0
j decays exponentially as t → −∞ by 

Lemma 4.2. Then, for every j ∈ {1, . . . ,m}, we obtain

lim 
t→−∞

∣∣σ(t,aj ) + kt − νj

∣∣ = 0 (6.3)

with some νj ∈ R for j ∈ {1, . . . ,m}. Let ζ ∈ Sn−1 satisfy {τζ | τ ≥ 0} ∩ ∂A �= ∅. Then we 
have mζ ≥ 2 or mζ = 1. If mζ = 1, U converges to a planar traveling front on every compact 
neighborhood of s(t, ζ ) as t → −∞ by Theorem 5.1. Let Jη = {j} with j ∈ {1, . . . ,m}. The 
speed of this planar front to a direction −ζ equals cζ given by (1.22). Choosing μj ∈ R with 

|μj | ≤
√

1 − (ρζ )2|νj |, we obtain (1.24). Assume mζ ≥ 2. For every j ∈ Jζ , let μj ∈ [0,∞) be 

arbitrarily given and let g be given by (1.23). We consider a pyramid {(y′, g(y′)) | y′ ∈ Rn−1}
with its edge Eg . See (7.1) for the edge of a pyramid. Let vpmd(y;g) be the pyramidal traveling 
front associated with a pyramid {(y′, g(y′)) | y ′ ∈ Rn−1}. The speed of vpmd(y;g) equals cη. 
Then Theorem 5.1 implies that U converges to planar traveling fronts at any points that are away 
from the edge of the pyramid. Using (6.2) and (6.3), we can choose μj ∈ R for every j ∈ Jζ such 
that we have, for any given R ∈ (0,∞),

sup 
y∈D(γ )∩B(0;R)

∣∣U(x + σ(t, ζ )ζ , t) − vpmd(y;g)
∣∣ < ε

if min{γ, |t |} is large enough, where y is given by (1.20). Here D(γ ) is given by (7.2) for Eg . 
Now an n-dimensional pyramidal traveling front is asymptotically stable for perturbations around 
the edge as in Theorem 7.1 and Remark 7.2. Then, using Theorem 7.1 and Lemma 4.2, we obtain 
(1.24). Moreover we obtain (1.25) with some νζ ∈R that depends on ζ . This completes the proof 
of Theorem 1.4. �
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Appendix 7

Let c ∈ (k,∞) be arbitrarily given. Let m be a positive integer. Let aj ∈ Rn be a unit vector for 
1 ≤ j ≤ m. We assume ai �= aj if i �= j . Let γj ∈ R be given for 1 ≤ j ≤ m. For j ∈ {1, . . . ,m}, 
we set

�j =
{
x ∈ Rn

∣∣ (
aj ,x

) − γj = max 
1≤i≤m

((ai ,x) − γi)

}
and have

Rn =
⋃

1≤j≤m

�j .

We put

hj (x) = m∗
(
(aj ,x) − γj

) = m∗(aj ,x − γjaj ), x ∈Rn

for 1 ≤ j ≤ m and

h(x) = max 
1≤j≤m

hj (x), x ∈ Rn.

Then the graph of xn+1 = h(x) is a pyramid in Rn+1. For j ∈ {1, . . . ,m},

{(x, h(x)) | x ∈ �j }

is called a lateral face of the pyramid. We call

E = {(x, h(x)) | x ∈ �i ∩ �j for i �= j} (7.1)

the edge of the pyramid. For given γ ∈ (0,∞), we dfine

D(γ ) =
{
(x, xn+1) ∈Rn+1 |dist ((x, xn+1),E) > γ } . (7.2)

Now we set

A =
{
ξ ∈Rn | max (aj , ξ) ≤ 1

}
.

1≤j≤m
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In this appendix, we show that a pyramidal traveling front vpmd(x, xn+1;h) to (1.7) associated 
with xn+1 = h(x) satifies(∇vpmd(x, xn+1;h), ξ̃

)
< 0, (x, xn+1) ∈Rn+1, ξ ∈A

if

ξ̃ = (ξ , ξn+1) ∈ Rn+1, ξn+1 ≥ m∗.

Now we recall the pyramidal traveling fronts in [20,21,23,17,29]. We dfine

v0(x, xn+1;h) = �

(
k

c
(xn+1 − h(x))

)
= max 

1≤j≤m
�

(
k

c

(
xn+1 − hj (x)

))
, (x, xn+1) ∈Rn+1.

We often write v0(x, xn+1;h) simply as v0(x, xn+1). Now we have

v0(x, xn+1;h) ≤ w(x, xn+1, t;v0( · , h)), (x, xn+1) ∈Rn+1, t > 0.

First we consider a case

γj = 0, 1 ≤ j ≤ m.

Then we have

hzero(x) = m∗ max 
1≤j≤m

(aj ,x).

For xn+1 = hzero(x), we dfine a pyramidal traveling front by

Vpmd(x, xn+1;hzero) = lim 
t→∞w(x, xn+1, t;v0( · , hzero))

on every compact set in Rn+1 as in [17,29]. Next, for h given by (1.13), we dfine

v(x, xn+1;h) = min 
1≤j≤m

Vpmd(x − γjaj , xn+1;hzero), (x, xn+1) ∈ Rn+1.

Now v0( · ;h) is a weak subsolution and v( · ;h) is a weak supersolution to (1.5) with

v0(x, xn+1;h) < min{1, v(x, xn+1;h)}, (x, xn+1) ∈Rn+1.

Then we have

v0(x, xn+1;h) < w(x, xn+1, t;v0( · , h)) < w(x, xn+1, t;v( · ;h)) < v(x, xn+1;h)

for (x, xn+1) ∈ Rn+1 and t > 0. With respect to a pyramid xn+1 = h(x), we dfine a pyramidal 
traveling front by

Vpmd(x, xn+1;h) = lim w(x, xn+1, t;v0( · , h)) (7.3)

t→∞
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on every compact set in Rn+1. The properties of Vpmd(x, xn+1;h) are as follows.

Theorem 7.1 (Uniqueness and asymptotic stability of pyramidal traveling fronts). Let h be given 
by (1.13) and let D(γ ) be given by (7.2) for γ > 0. Let Vpmd(x, xn+1;h) be dfined by (7.3). Let 
a bounded and continuous function u0 in Rn+1 satisfy

−1 − δ∗ ≤ u0(x, xn+1) ≤ 1 + δ∗, (x, xn+1) ∈Rn+1,

lim 
γ→∞ sup 

(x,xn+1)∈D(γ )

∣∣u0(x, xn+1) − Vpmd(x, xn+1;h)
∣∣ = 0.

Then one has

lim 
t→∞ sup 

(x,xn+1)∈Rn+1

∣∣w(x, xn+1, t;u0) − Vpmd(x, xn+1;h)
∣∣ = 0.

Proof. If γj = 0 for 1 ≤ j ≤ m, the assertion follows from [29, Theorem 7.20]. Its proof is valid 
even for γj ∈ R, 1 ≤ j ≤ m. See the proof of [29, Theorem 7.20] for the details. �

We often write Vpmd(x, xn+1;h) simply as Vpmd(x, xn+1). Let ̃ξ = (ξ , ξn+1) ∈ Rn+1 be given. 
Now v0(τ ξ̃ ;h) is monotone non-increasing in τ ∈ (0,∞) if

ξ ∈A, ξn+1 ≥ m∗,

and v0(τ ξ̃ ;h) converges to 1 as τ → ∞ if

ξ ∈ A, ξn+1 < m∗.

Using this fact and Theorem 7.1, we get

∂Vpmd

∂ ξ̃
(x, xn+1;h) < 0, (x, xn+1) ∈Rn+1 (7.4)

if

ξ ∈A, ξn+1 ≥ m∗,

and Vpmd(τ ξ̃ ;h) converges to 1 as τ → ∞ if

ξ ∈ A, ξn+1 < m∗.

By (7.4), there exists a unique ζc ∈R with Vpmd(0,−ζc;h) = θ0. Now we dfine

vpmd(x, xn+1;h) = Vpmd(x, xn+1 − ζc;h), (x, xn+1) ∈Rn+1

and call it the pyramidal traveling front associated with h given by (1.13).

Remark 7.2. Theorem 7.1 holds true if one replaces Vpmd(x, xn+1;h) by vpmd(x, xn+1;h).
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The following lemma studies the dependency of Vpmd(x, xn+1;h) on (γ1, . . . , γm).

Lemma 7.3. Let h be given by (1.13) and let Vpmd(x, xn+1;h) be dfined by (1.14). Then 
Vpmd(x, xn+1;h) depends continuously on (γ1, . . . , γm) ∈ [0,∞)m. Moreover Vpmd(x, xn+1;h)

is monotone decreasing in γj for any fixed j ∈ {1, . . . ,m}.

Proof. For any fixed T ∈ (0,∞), w(x, xn+1, T ; · ) is a continuous function in BU(Rn+1). By 
this fact and the definition (1.14), Vpmd(x, xn+1;h) depends continuously on (γ1, . . . , γm) ∈
[0,∞)m. Since v0(x, xn+1;h) is monotone decreasing in γj for any fixed j ∈ {1, . . . ,m}, 
Vpmd(x, xn+1;h) is monotone decreasing in γj for any fixed j ∈ {1, . . . ,m}. �

For

hzero(x) = m∗ max 
1≤j≤m

(aj ,x), x ∈Rn,

we have

�0
j =

{
x ∈ Rn

∣∣ (
aj ,x

) = max 
1≤i≤m

(ai ,x)

}
and

Rn =
⋃

1≤j≤m

�0
j . (7.5)

We dfine

� = {
x ∈Rn | h(x) ≤ 0

}
, ∂� = {

x ∈ Rn | h(x) = 0
}
.

Let η ∈ � be arbitrarily given. Then we have(
aj ,η

) ≤ γj , 1 ≤ j ≤ m

and

(ai ,x) − γi ≤ max 
1≤j≤m

((
aj ,x

) − γj

) ≤ max 
1≤j≤m

(
aj ,x − η

) = hzero(x − η), 1 ≤ i ≤ m.

Thus we have

h(x) ≤ min
η∈� 

hzero(x − η), x ∈Rn. (7.6)

Now we prove

h(x) = min hzero(x − η), x ∈ Rn\�. (7.7)

η∈∂�
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Indeed, we take i ∈ {1, . . . m} arbitrarily and take any η ∈ ∂� ∩ �0
i with (ai ,η) = γi . Then, for 

any x ∈Rn\�, we have

hzero(x − η) = m∗ max 
1≤j≤m

(
aj ,x − η

) = m∗ ((ai ,x) − (ai ,η)) if x − η ∈ �0
i .

Then we get

hzero(x − η) = m∗ ((ai ,x) − γi) .

Using

h(x) ≥ m∗ ((ai ,x) − γi) , x ∈Rn,

we get

h(x) ≥ hzero(x − η) if η ∈ ∂� ∩ �0
i and x − η ∈ �0

i .

Combining this inequality, (7.6) and (7.5), we obtain (7.7).
Using (7.7), we find

�

(
k

c
(xn+1 − h(x))

)
≤ min 

η∈∂�
�

(
k

c
(xn+1 − hzero(x − η))

)
for (x, xn+1) ∈Rn+1. Thus we get

v0(x, xn+1;h) ≤ v0 (x − η, xn+1;hzero) , (x, xn+1) ∈ Rn+1

for every η ∈ ∂�. Taking both sides as initial values of (1.5) and taking the limit of t → ∞, we 
get

v0(x, xn+1;h) ≤ Vpmd(x, xn+1;h) ≤ Vpmd (x − η, xn+1;hzero) , (x, xn+1) ∈Rn+1

for every η ∈ ∂�. Thus we obtain

v0(x, xn+1;h) ≤ Vpmd(x, xn+1;h) ≤ min 
η∈∂�

Vpmd (x − η, xn+1;hzero)

Now we dfine

v1(x, xn+1) = min
η∈� 

Vpmd (x − η, xn+1;hzero) .

It is a weak supersolution to (1.5), that is, it satifies

w(x, xn+1, t;v1) ≤ v1(x, xn+1), (x, xn+1) ∈Rn+1, t > 0.

Using Theorem 7.1, we have
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Vpmd(x, xn+1;h) = lim 
t→∞w (x, xn+1, t;v1) , (x, xn+1) ∈Rn+1.

Let J0 ⊂ {1, . . . ,m} be an arbitrarily given nonempty subset with J0 �= {1, . . . ,m}. We dfine

hJ0(x) = m∗ max 
j∈{1,...,m}\J0

(
(aj ,x) − γj

)
, x ∈Rn.

Then we have

hJ0(x) ≤ h(x), x ∈Rn.

Now we set

�J0 = {
x ∈ Rn | hJ0(x) ≤ 0

}
and dfine

R0 = min 
j∈J0

γj ∈ [0,∞). (7.8)

The following lemma shows that Vpmd(x, xn+1;h) converges to Vpmd(x, xn+1;hJ0) as R0
goes to ifinity.

Lemma 7.4. Let h be given by (1.13). Let J0 be a non-empty subset of {1, . . . ,m} with J0 �⊂
{1, . . . ,m}. Let R0 be given by (7.8). Let Vpmd(x, xn+1;h) and Vpmd(x, xn+1, ;hJ0) be dfined 
by (1.14) for h and hJ0 , respectively. Then, for every compact set � ⊂ Rn+1, one has

lim 
R0→∞ sup 

(x,xn+1)∈�

∣∣Vpmd(x, xn+1;h) − Vpmd(x, xn+1;hJ0)
∣∣ = 0. (7.9)

Proof. Now we have

hJ0(x) ≤ h(x), x ∈Rn

and

v0(x, xn+1;hJ0) ≤ v0(x, xn+1;h), (x, xn+1) ∈ Rn+1.

For every compact set D in Rn, we have

lim 
R0→∞ max

x∈D

(
h(x) − hJ0(x)

) = 0.

Then we find

lim 
R0→∞ max

x∈D

(
v0(x, xn+1;h) − v0(x, xn+1;hJ0)

) = 0. (7.10)

Sending t → ∞ for
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w(x, xn+1, t;v0( · ;hJ0)) ≤ w(x, xn+1, t;v0( · ;h)), (x, xn+1) ∈Rn+1, t > 0,

we find

Vpmd(x, xn+1;hJ0) ≤ Vpmd(x, xn+1;h), (x, xn+1) ∈ Rn+1.

Let ε > 0 be arbitrarily given. Using (7.10) and applying Lemma 4.2 to

w(x, xn+1, t;v0( · ;h)) − w(x, xn+1, t;v0( · ;hJ0)),

we obtain

Vpmd(x, xn+1;h) ≤ Vpmd(x, xn+1;hJ0) + ε

on every compact set in Rn+1 if R0 is large enough. Since we can take ε arbitrarily small, we 
obtain (7.9). This completes the proof. �
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