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Abstract

This paper studies polyhedral entire solutions to a bistable reaction-diffusion equation in R”. We con-
sider a pyramidal traveling front solution to the same equation in R™t1 As the speed goes to infinity, its
projection converges to an n-dimensional polyhedral entire solution. Conversely, as the time goes to —oo,
an n-dimensional polyhedral entire solution gives n-dimensional pyramidal traveling front solutions. The
result in this paper suggests a correlation between traveling front solutions and entire solutions in general
reaction-diffusion equations or systems.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
In this paper we study a reaction-diffusion equation

o~
a—L:zAu+f(u), X1y dns1) €RL 150, (1.1)

u(xlv"'vxn+170)=u0(x1""’xn+l)9 (xl""’xn+1)€]Rn+la (12)
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where n is a positive integer and

+

92
Z_z'
=1 9%

Here u is a given function that belongs to a function space of bounded and uniformly continuous
functions with

”MO” = Sup |u0(xa -xn+1)|1
(xsx)1+l)€R’l+l

where
x=(x1,...,x,) €R"

We write the solution of (1.1)—(1.2) as u(x, x,+1, f; ug). A given function f is of class C?onan
open interval including [0, 1]. Now we define

W(u):/f(s)ds

and have W (1) =0 and

Fw) =—W').

The following is the standing assumption on f and W in this paper. We assume

w0 =0, Wo)y=0, W'0 >0 W' >0, (1.3)
W(l) < W(0) (1.4)
W(s)#0 if s€(0,1) satisfies W(s) < W(0).

We can rewrite (1.3) as

fO =0, f()=0, f'O)<0, f(1)=<0,

which means that f is a bistable nonlinear term. Then there exist a unique k € R and ® € C?(R)
that satisfies

O (x1) + kD' (x1) + f(P(x1)) =0, x1 € R,
O(—o0)=1, P(0)=

Now & is uniquely determined up to phase shift. See [1,3] and [29, Theorem 4.5] for the proof
of existence and uniqueness of ®. A condition (1.4) gives k € (0, c0). This condition implies

530



M. Taniguchi Journal of Differential Equations 429 (2025) 529-565

that a bistable nonlinear term f is imbalanced. A typical example is f(u) =u(u —a)(u — 1) for
a€0,1/2).
Now we put

¥ =(x,xu41) R,

9 9 1L 92
V= PO R ) A:Z_,
dx1 dxp axf.

Let ¢ € (k,00) be arbitrarily given. We put z = x,,41 — ¢t and w(x, z,t) = u(x, x,41,¢) for
(x,z) e R"! and ¢ > 0. Then we have

n

dw 92 92 dw
- - —+—|w—c—- =0, L) eR" >0,
ot X_; 0x7 oz | v W (x.2) g

wx,z,0)=ug(x,2),  (x,7)eR".
We write z simply as x,+1. Then we have

Jw

——Aw—c

— f(w) =0, (x,xp) eR"™ >0, (1.5)
dt 8xn+1

w(x,xn+1, O)ZMO(xaxn—H)v (X,X,H-]) GRH_H' (16)
We write the solution of (1.5)—(1.6) as w(x, x,+1,1; ug). If (c,v) e R x CZ(R"H1) satisfies

ov

Zv+ca + f(v) =0, (x, xps1) € R (1.7)

Xn+1

then u(x, x,4+1,1) = v(x, x,41 —ct) satisfies (1.1). Then we call v a traveling profile and call c its
speed, respectively. Now u(x, x,41,t) = v(x, x,41 — ct) is called an (n + 1)-dimensional trav-
eling wave solution. It is also called an (n + 1)-dimensional traveling front solution if v(x, x;,11)
is monotone in x4 1. In this paper we always assume

O<v(x)<l, x eR". (1.8)
Now U € CZ(R"*1) is called an n-dimensional entire solution if and only if it satisfies
10 n+1
E(x,t):AU(x,t)+f(U(x,t)), (x,t) e R"™. (1.9)

An n-dimensional traveling wave solution is always an n-dimensional entire solution.
Multidimensional traveling front solutions have been studied by [20,21,13,14,16,23,24,17,
25,26,29] and so on. Entire solutions have been studied by [31,9,4,12,2,18,19,10,15,11] and so
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on. Recently [22] shows that an (n + 1)-dimensional traveling front solution generates an n-
dimensional entire solution as the speed goes to infinity, and proves the existence of polyhedral
entire solutions under a condition of symmetry, that is, for right polygons.

If W) = W(1), f is called balanced. For a reaction-diffusion equation with a bistable
balanced reaction term f, multidimensional traveling front solutions have been studies by
[5,28,27], and entire solutions have been studied by [6,7,30]. Recently [30] shows that an (n + 1)-
dimensional traveling front solution generates an n-dimensional entire solution as the speed goes
to infinity.

In both cases, an (n + 1)-dimensional traveling front solution generates an n-dimensional
entire solution as the speed goes to infinity. Now a problem occurs. Does an entire solution
generate a traveling front solution? This problem has been an open problem as far as the author
knows. This paper gives an affirmative answer to this question. We show the existence of n-
dimensional polyhedral entire solutions for general polygons, and show that an n-dimensional
polyhedral entire solution generates n-dimensional pyramidal traveling front solutions as the
time goes to —oo for a reaction-diffusion equation (1.1).

We choose

O0<sp<bp<1 (1.10)
with

f(s) <0 if 0<s <sp, (1.1D)
f(s)=>0 if fp<s<l.

By an appropriate translation, we assume that ®(0) = s without loss of generality. We define
Ba;r)={xeR"||x —a|<r}, 0Ba;r)={xecR"||x—a|=r}
fora e R" and r > 0.

Pyramidal traveling fronts have been studied by [20,21,23,17,25,26,29] and so on. Let m be a
positive integer. Let a; € R" be a unit vector for 1 < j < m, and assume

a; ;ﬁaj if i 75 ]
For any given ¢ € (k, 0c0), we define

.y
my =2 "% (0, 00).

For given & € R", we put
E=(&m.)eRM (1.12)
Let y; € R be given for 1 < j < m. Now we introduce
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h(x):m*lgggcm ((aj,x)—yj)zm*lrirll;gim ((aj,x —yjaj)), x eR" (1.13)
and
k n+1
Vo (X, Xpq13h) =D E(xn-i-l —h(x)) ], (x, xp41) e R"T

We often write vg(x, x,+1; k) simply as vo(x, x,+1). With respect to (1.13), we define a pyrami-
dal traveling front by

Vomd (X, Xp115 h) = tlim w (X, Xp41, 15 V0) on any compact set in RAHL (1.14)
— 00
See Section 7 for the details. Then we have

!
Vo (X, Xp41) < Vpmd (X, Xp41), (x,xp41) € R*TL

From Theorem 7.1 and (7.4), there exists unique ¢, € R with Vymq(0, —¢¢; h) = 6. We define

Vpmd (X, Xn+1; 1) = Vpmd (X, Xpn+1 — &e; 1), (x, xp41) € RT! (1.15)
and have

Vpmd(0, 0; h) = 6p. (1.16)
We call vpma(x, xp+1; h) the pyramidal traveling front associated with /. For
h(x)=0, x e R",

we define

Vpma (6 20415 0) = @ (a1 + 7 00) . (xarn) €RTL
Now we define

A={Ee[@"| lggm(aj,s)sl} (1.17)

with the boundary
A= {‘;‘ eR"| max (a;,§) = 1}.
1<j<m

We call A a base set of vpmq (X, xp41; h). Note that A is not necessarily a compact set in R”. For
every h given by (1.13), we have

B(0; 1) C A.
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X1

Fig. 1. A pyramidal traveling front in R"+1,
Using Theorem 7.1 and (7.4), we have
~ ) ~ |
(vamd(xy xn+1’h)1£) <07 (xv-xn-‘rl) ERn+ ’ E G.A,

where E is as in (1.12). We call vpmd(x, xn41; h) the pyramidal traveling front associated with
h given by (1.13). If m = 1, it is a planar front, that is, a pyramidal traveling front with a sin-
gle lateral face. We often write Vpma(x, xp+1; 1) and vpma(x, xXp+1; h) as Vpma(x, x441) and
Vpmd (X, X 11), TEspectively.

The following theorem gives the pyramidal traveling front that converges to a polyhedral
entire solution with a base set .A. See Fig. 1 for its level set.

Theorem 1.1. Let ¢ € (k, 00) be arbitrarily given. Let Ty € (0, 00) be arbitrarily given and let

Zane = V¢ — k? Tanc. Let h be given by (1.13) and let vpmd (X, Xu41) = Voma (¥, Xnt15 h) be the
pyramidal traveling front given by (1.15). Let

uo= max  (sup{u €10.00) | vpma (1. Zanc: 1) = o)) € (0, 00). (1.18)

Then one can choose
(J/l, L] )’m) € [07 Oo)m
such that one has
Upmd(o’ 0; h) = 6o,
Vpmd (0@, Zanc; h) = 0o forevery je{l,...,m}. (1.19)
Here ug € (0, 00) is given by (1.18).
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Remark 1.2. If Ty, € (0, 00) is large enough, ,u6 € (0, 00) given by (1.18) satisfies

0< liniggfug <limsup gy < o0.
c—>00

See Section 6 for the proof.

The following theorem asserts that a traveling front in R”*! converges to a polyhedral entire
solution in R” as the speed ¢ goes to infinity.

Theorem 1.3. Let A be given by (1.17). Let Tyne € (0, 00) be arbitrarily given. For any c¢ €

(k, 00), define zane = ~/c% — k% Tane and let h and Vmd (s Xnt13 h) be as in Theorem 1.1. Then
one can define

Ux,1)= lim vpma(x, —vc2 — k2t h), (x,1) e R"!
c—> 00
and has (1.9) with

U(0,0) =6y,
0<U(x,1) <1, (x,1) e R*1,

iU
< &0 >0, (x,1) e R"T1

10U

L3 ®N =G VUEN) >0, (x.neR"™ EeA,
Iim min U(x,t) =1, lim max U (x,t) =0.

=00 x e t—>—00x€eQ

Here Qg is any compact set in R".

Let ¢ € S"~! be arbitrarily given, that is, £ € R” is any vector with |¢| = 1. Let pjeR"
(1 <j <n—1)be chosen such that

P=(pi i Pu1s—8)
is an orthogonal matrix. We introduce a coordinate in R” as follows. Let y be defined by
Py=x. (1.20)
We define
y, =155 Yn-1)
and have
y=0" y) eR".
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For 1 < j <m, we put
and have

Now we define

J;:{je{l,...,m}

(ajv€)=ie{1{1axm}(ai,i)} : (1.21)

,,,,,

Let m; be the number of elements of J,. We have 1 <m; < m. Now we have

b/ = ((ajv pl)ﬂ e (ajv pn—[)1 (aj’ _C)) s 1 S] <m.

For 1 < j <m, we set

b// = ((aj, P (aj,pnil)) GRn_l.

For j € J¢, (aj, &) and |b’j| are independent of j, and |(a;, £)| <1 and |b;| < 1 are equivalent.
We write p; = (a;, ¢) for j € J; and p; depends only on &. If p; = 1, we have ¢ = a; for some
jell,...,m}. If {r¢ |t >0} N3A W, we see that p; has to be positive, and define

k
cg = — €[k, 00). (1.22)
Pg

If {t¢ |7 =0} N dA is not an empty set, it equals to {(1/,0;) Sy withO<pr <1.If {z¢ |7 >
0} N 3.A # @ holds true, we define, for y’ € R*~!,

/
()2 b; .
+———— max y|—unil, if ¢; € (k, 00),
g =1 & Jei \\Ib)| J ¢ (1.23)
0, if cp=k

with u; € R for j € J;. Let vpmda(y; g) be the n-dimensional pyramidal traveling front associated
with y, = g(y"). Its speed toward the y,-direction is c;.

The following theorem asserts that an n-dimensional polyhedral entire solution in Theo-
rem 1.3 gives an n-dimensional traveling front solution as the time goes to —oo.

Theorem 1.4. In addition to the assumption of Theorem 1.3, assume that Ty € (0, 00) is large

enough. Let U be given by Theorem 1.3. Then, for any ¢ € S"~ " with {t¢ |t > 0}NJA # 0, one
can determine o (t, ¢) € [0, 00) by

Ua(t,8)¢.1) =6

536



M. Taniguchi Journal of Differential Equations 429 (2025) 529-565

Xy

Fig. 2. A level set {x € R" | U (x, —Tanc) = 6y} of a polyhedral entire solution U.

for every t € (—00, —Tanc]. Let J; be given by (1.21) and let g be defined by (1.23). Then one
can choose . j € R for j € Jp such that one has

lim  sup |Ux+0(t, 8¢, 1) — vpma(y; &)| =0, (1.24)

1= cBO:R)

where y is given by (1.20). Here R € (0, 00) is any given number. Moreover one has

o(t,§)=—cet+vg as t— —oo (1.25)
with some vy € R that depends on §. Here c; is given by (1.22).

Theorem 1.4 implies that U generates .4 given by (1.17). As a sufficient condition for this
generation, Tyne € (0, 00) is imposed to be large enough. We call the entire solution in Theo-
rem 1.4 a polyhedral entire solution associated with a polyhedron A. See Fig. 2 for a level set of
U. Theorem 1.3 asserts that an (n 4 1)-dimensional pyramidal traveling front solution generates
an n-dimensional polyhedral entire solution as the speed goes to infinity for (1.1). Theorem 1.4
asserts that an n-dimensional polyhedral entire solution generates n-dimensional pyramidal trav-
eling front solutions as the time goes to —oo for (1.1). We conjecture that an (n + 1)-dimensional
traveling front solution generates an n-dimensional entire solution as the speed goes to infinity
and an n-dimensional entire solution generates n-dimensional traveling front solutions as the
time goes to —oo in various kinds of reaction-diffusion equations or systems. This problem is
left to be open for future studies.
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2. Uniform estimate on widths of traveling wave solutions in R” for all speed
Let
1 . !/ /
p =3 min{—f'(0), —f' (D} > 0.
Let §4 € (0, 1/4) be small enough so that one has

min (—f'(s)) > B, min  (—f'(s)) > B.

[s]<28 ls—1]<28

We put

M = £/ ()1

—264 <A<1+26*
Throughout this paper, we assume
—8y <up(x) <1+ 36, x e R™,
Then u(x,t) = u(x, t; ug) satisfies
i <u(x,n)<1+8, xeR"™ r>0.

Now the Schauder estimate [29, Proposition 2.9, Lemma 2.6] gives

9
sup | (x,1)| < Ks, 2.1)
xeR+! r>1] 0x;

2

33u

sup (x,1)| < K, 2.2)

xeR+ 1>1 0x; 0

(x,1)| < K, sup

xeRn+l 1>1]

0x;0x;0xg

ou
sup E(x,t) < K,

xeRr+! >1

for 1 <i,j,¢ <n+ 1. Here K, € (0,00) is a constant depending only on (f,n,ds), and is
independent of ug. We sometimes use

92 93

Dij = Dije =

_gj’ dx;dx;’ dx;0xj0x;’

for 1 <i, j,€ <n+ 1 and write D;u(x, t) as u;(x, t) for simplicity. Now we show the following
lemma.

Lemma 2.1. Assume ¢ € R and v € C2(R") satisfy (1.7) and (1.8). Then one has

sup |Djv(x)| < K., sup |Dijv(x)| < K., sup |D,ng(x)| <K,
xeRn+l xeRn+! xeRn+1
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for1<i,j, £ <n+1, where K, is independent of (c,v) € R x CZ(R"H).
Proof. By putting u(x, x,+1,1) = v(x, x,41 — ct), u satisfies (1.1) with

1
M(x,xn+1,0)=v(x,xn+1), (xvxn-l—l)GIRn+ .

Then (2.1) and (2.2) give

sup |Djv(x,xn+1 — ct)} < K,, sup |D,-jv(x,x,,+1 — ct)| < K.,
(x,xpp1)ERMFL 1<t (x.xpy1) R 1<t
sup IDijev(x, X1 — ct)| < Ky

(x Xpg1) R 1<t

for 1 <i, j,€ <n+ 1, which give

sup |Djv(x,xn+1 —c)| <K, sup |D,-jv(x,xn+1 —c)| <K,
(xs-xll+l)€Rn+l (xvanrl)ERnJrl
sup IDijev(x, xnp1 — ©)| < Ky

(%, Xp41)ERH]

and

sup Djux,xa)| <Ky, sup |DjjuCe, xaqn)| < Ky,
(xaxn+l)ER71+l (x,xn+1)ER”+1
sup |Dijev(x, xa41)| < Ko

(%, Xp41)ERH]

for 1 <i, j, £ <n+ 1. This completes the proof. O

Let 6 € (0, 1) be arbitrarily given with W(0) < W(0). Then we choose R = Ry € (0, 0o) large
enough with

(W(@®)—W(0)) R >nK,0. 2.3)
Taking s1 € (0, #) small enough with

W(0) < W(s1) < W(0),
(W) —W(s1)) R >nK,.(6 —s1). 2.4

For arbitrarily given (&1, ...,&,) € R", we define
De=E—RE+R) x(E—-RE+R) x---x(E —R&E+R) CR™. (2.5)

We write D¢ simply as D. The volume of D is given by (2R)", and the surface area of the
boundary of D is given by 22(2R)"~!. Then we have
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(W(®) —W(s1) D] > Ky (0 —51) |0D],

using (2.4). Let ¢ € (k, 00) be arbitrarily given and let V € C 2R satisfy

oV
AV +e¢ +f(V)=0,  (x,xy41) eR" (2.6)
0Xn+1
0<V(x, xp1) <1, *, Xn41) <0, (x,%,41) € R™T 2.7
axn—i—l
lim sup V(x,x,41) =0, lim sup (1—-V(x,x,41))=0 2.8)
Xn+1—>00x690 Xn+17> =0 xeQp

for any given compact set 29 C R". Now we define gg(x) = gp,(x) by
V(x,qo(x)) =0, x e R".
The following proposition plays important role in the later discussions.
Proposition 2.2 ([27,22]). Let 6 € (0, 1) be given with W (0) < W(0), and let R be given with

(2.3). Assume c € (k, 00) is arbitrarily given and V € Cz(R”+1) satisfies (2.6), (2.7) and (2.8).
Then one has

%f [VV(x, q@(x))l2 dx > 2QR)" ' [(W() — W(0))R —nK,0] > 0. 2.9
D

The right-hand side is independent of ¢ € (k, 00).

We write the right-hand side of (2.9) as (1/2)A (0, R)?|D| with

A(@,R)z\/%[W(G)R—nK*(I+9)]>0. (2.10)
Then (2.9) is written as

[ 19V et ar = a0 R2DI > 0
D
3. A pyramidal traveling front that convergences to a polyhedral entire solution as the
speed goes to infinity
In this section we will prove Theorem 1.1. Let Ty, € (0, 00) be given. Let ¢ € (k, 00) be

given and let /2 be given by (1.13). Let Vpma(x; h) and vpma(x; i) be given by (1.14) and (1.15),
respectively. We have

vpmd(O, 0; h) = 6.
Now we set
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Zanc = c? —k? Tanc.
From Theorem 7.1, we have, for j € {1, ..., m},

sup {,U' € [0, 00) | vpmd (1@, Zanc; 1) = 90} < O0.

Now we define pg by (1.18). In view of (1.16) and (7.4), we get ug > 0.
Now we prove Theorem 1.1 as follows.

Proof of Theorem 1.1. We take Aj € [0, 0o) large enough. Then, by Lemma 7.4, for every
(72,5 vm) € [A2,00)" 7,
there exists a function ¥ (y2, ..., ¥m) € [0, 00) such that & given by (1.13) with

(F17V27-~~a3/m),

satisfies

sup {u € [0, 00) | vpma (i@, Zanci h) } = max (sup {1 € [0, 00) | vpma (1@, Zanc; h) =60 }) .
JEZ,.y m

where

=y, .... ¥m).

We take Az € [0, 0o) large enough. For every
(V35 ¥m) € [A3,00)" 72,
there exists a function Y, =¥,(y3, ..., ¥m) € [0, 00) such that / given by (1.13) with
(1, 12,93, Vm)s
satisfies
sup { € [0, 00) | Upma (@2, Zane: )} = jlpex (sup {1 € [0, 00) | vpma (1@, Zanc: ) =60 }) .
where

F2=72(V31---s7/m)
F1=71(F2,)/31,Vm)

We continue this argument and finally we obtain the following. We take A,, € [0, oo) large
enough. For every

Ym € [Am, 00),

541



M. Taniguchi Journal of Differential Equations 429 (2025) 529-565

there exists a function y,,_;(¥) € [0, co) such that / given by (1.13) with
(I, ee s T2, Ii—1, Ym)
satisfies
sup {1 € [0, 00) | Vpmd (Ham—1, Zanci ) } = (sup {1 € [0, 00) | vpma (Watm, Zancs h) = bo}) .
where

mel =7m7](ym)7
Ly = Vm_z(rm—l» Ym),

Fl ZVI(FZ,FS,-'mefl,Vm)‘
Now we choose ¥, = A, and have
i =Ap—1,..., 12> As.

Then we obtain (1.19) for & given by (1.13) with (17, ..., I'y—2, I'm—1, Am). This completes the
proof. 0O

4. A traveling front in R"*! converges to an entire solution in R” as the speed goes to
infinity

Let A be any closed set in R” with B(0; 1) C A. For every ¢ € (k, 00), let V. (x, x,+1) satisfy
(1.7) and (2.9) with

0<Velr,xpy) <1 (0 xug1) €R™
Ve(0,0) = 6o,
(%vpmd(x, xn+1;h),g) <07 (x7xn+1) eRn+1a S EA’

where E is asin (1.12). We have

sup | fF (VeI =<1 fllcro,1 < 00,

xeR”

where
Il fllcro,11 = max | f(s)].
0<s<l

Using Lemma 2.1, we have
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sup ’ZVC(x,xn+1)| <+ 1)K, < oo.

(X, xpp)ERMH

Using

IV, AVe(x, xp1) + Ve, x041)) _ (n4 DK+ | fllcro.1
O < - (x’ xn+l) = S
Xn+1 c c

for (x, xp41) € R**!, we obtain

V.
lim sup “(x,xp41)| =0. .1)
€7 (xR 0%Xn-+1
Using Lemma 2.1, we have
3
max sup 3 < (x,xp41)| < K. “4.2)
1<j<n+1 (x,xn+1)€Rn+l axn+1

Here a positive constant K, is as in Lemma 2.1 and is independent of ¢. Combining (4.1) and
(4.2), we obtain

2

V.
lim sup ——(x, Xp1) | =0. (4.3)
C_)OO(x,xn+|)€R"+l )Cn+1
Now we introduce
o Fnrl
02 _ k2
that is, x,,4.1 = —v/c2 — k2 t. We define
e (x, 1) = Ve(x, =V 2 — k2 1), (x,t) e R, (4.4)
Now u, satisfies
0<Te(x,1) <1, (x,1) e R"H (4.5)
aﬁc n+1
W(x,t)>0, (x,1) e R"™, 4.6)
1 du, — n+l
E?(x9t)_(£vvuc(x1t))>o3 (x9t)ER (47)

for every &£ = (&1, ...,&,) € A, where A is given by (1.17). Now we have

AV, . 1 o,
Ve ==, xR
o TS e
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Then we find

n

0%, 32V, c  ou.
—F(x,1) + X, — 2 — k2t ————(x, )+ f(uc(x,1)) =0
Zax]2_< ) axf,H( vV )~ Ty %D @)

j=1

for (x, 1) € R™*!. Thus we obtain

ou, 22—k [ o _
S D= Y @D+ fEx, 1)
t — Ox~
j=1 J
/A2 k2 82V
pYe-" > (x, =V — k1), (x,1) e R" 1. (4.8)
c 0x
n+1
Now we introduce
U(x,t) = lim u.(x,t) 4.9
Cc—> 00

for (x,1) € R"*! on any compact set in R"*+1,
The heat kernel in R”~! is given by

1 x| n
K(x,t)= —exp|l ——— |, xeR" t>0.
(4me)2 4t

Let #p € R be arbitrarily given. Using (4.8), we get

/c2 — k2
ﬁc(xvt)Z/K (x_yv %(t_t0)> ﬁc(yvto)dy

Rn
/2 _ 12 | (R ( /2 _ 12 )
_,_7/ /K xX—y,—(@I—s)
C Cc
) n

2
Ve (y, =V 2 — kzs)) dy) ds

d
ax2

X <f(ﬁc(y,S)) +

for ¢ > ty. Taking the limit of ¢ — oo for the both sides and using (4.3), we find

R7

t
U(x,t)=/K(x—y,t—to)U(y,to)der/ (R/K(x—y,t—s)f(U(y,s))dy ds
1) n

for t > 1y, which gives

U 2L 92U ;
E(x,t)=§@(x,t)+f(U(x,t)), (x,1) e R*H!
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for ¢ > 1. Since 1y € R is taken arbitrarily, we obtain
iU n+1
?(xvt)zAU(x9t)+f(U(xvt))s (xst)eR .

Thus the limit of an (n + 1)-dimensional traveling wave solution V, gives an n-dimensional
entire solution U as ¢ — co. Now we have

lim |Vi,(x,t) — VU (x,1)| =0 (4.10)
c—> 00

on every compact set in R”*!, Taking the limit of ¢ — oo in (4.6) and (4.7), we obtain

U
2 ®n=0, (x,1) e R" 1, @4.11)
10U
T3 &N =6 VUE.D) =0, (x,1) e R"*! (4.12)

for every & € A. Now we have

U (0,0) = 6o, (4.13)
0<U(x,1) <1, (x,1) e R"F1,

Since U is not identically O or 1, we have
0<U(x,t) <1, (x,t) e R"*! (4.14)
by the strong maximum principle. Now we state properties of U as follows.

Lemma 4.1. Let U be defined by (4.9). Then one has (1.9) with

U(0,0) = 6o, (4.15)
0<U(x,t) <1, (x,1) e R*1, (4.16)
%%(x,t)—(&,VU(x,t)) >0, (x,1) e R"T! 4.17)

forevery & € B(0; 1). Let 6 € (0, 1) satisfy W(0) < W(0) and let R = Ry be given by (2.3). Let
D be given by (2.5) for arbitrarily given (€1, ..., £,—1) € R""2. Let A(0, R) be given by (2.10).
Then one has

max {|VU(x,0)| |x € D,t € R, U(x,1) =6} = A6, R) > 0. (4.18)

Proof. We already obtained (4.15), (4.16) and (4.17). Using (4.11), we have U, U € C*(R"™1)
such that
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AU@) + f(Ux) =0, AUx)+ f(U(x)) =0, x eR”,
0<UX) <U@x,nD=<Ux) <1, xeR", teR,
tl_i)Iglo (Ux)—U(x,1) =0, lii{noo(U(x, 1 —Ux))=0

uniformly on every compact set in R”. Let ¢ € (0, 1) be arbitrarily given. Let Ry € (0, c0) satisfy
(2.3). We can define

Rmax = max Ry € (0, 00)
Oele,bp]

For arbitrarily given (§1,...,&,—1) € R !, we define

Do = (&1 — Rmax, &1+ Rmax) X (52 — Rmax, §2 + Rmax) X - - X (§4—1 — Rmax, §n—1+ Rmax) C Rn_1~

We will show

0<maxU <eg, 6p<minU < 1. (4.19)
Dy Dy

Let 6 € [¢, Op] be arbitrarily given and let D be given by (2.5) for Rg. Combining Proposition 2.2
and (4.1), we have

max {IVVe@, xp Dl [ Xng1 € R, Ve(x, xp41) =0} = (1 —€)A(0, R)
P

if ¢ € (0, 0o) is large enough, say, if ¢ € [C,, 00), where C(¢) is a positive number that depends
on ¢ € (0, 1). Consequently, by (4.4), we get

max {|Viie(x, 0] | 1 € R, Te(x, 1) = 0} = (1 =) A@, R) (4.20)

for every c € [C(g), 00). Using (4.7), we have

1 9,

k ot

(x,1) = [V (x, 1)l

Thus we obtain, for every 6 € [¢, 6],

U,
- - 1
max { a7 (x,1)

xeDg

teR, u.(x,t) :9}

I
>max { —(x, 1)
xeD | ot

teR, uq(x,t) :9}
>k(1 —e)A@,R) >0

for every c € [C(¢g), 00). Using this inequality, if ¢ € (0, 0o) is large enough, we have
g%ﬁﬁC(x’ t) > 6o, xrreliDltﬁc(x, —t)<e
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for every ¢ € [C(¢), 00). Then, using (4.7) and taking ¢ € (0, oo) larger if necessary, we have

min w.(x’,¢) >0y, max u.(x’,—t)<e (4.21)
x'eDg x'eDgy

for every ¢ € [C(¢g), 00). Thus we obtain (4.19). Now we prove (4.18). Let 0 satisfy the assump-
tion of Proposition 4.3 with ¢ < 6. Let D be given by (2.5). Taking the limit of ¢ — oo in (4.20)
and using (4.10) and (4.21), we obtain

max (VU (x, 0| |1 €R, U(x,0) =0} = (1 = £)A@®, R).

Since we can take ¢ € (0,1) to be arbitrarily small, we obtain (4.18). This completes the
proof. 0O

For any initial value v € BU(R"), we consider (1.1)—(1.2) in R” and write the solution as
u(x,t;v) for (x,1) € R" x (0,00). We write the following lemma for the later use. For the
proof, see [29].

Lemma 4.2 ([29]). Let T € (0,00), R € (0,00) and ¢ > 0 be given. Let xog € R" be given.
Assume vy, va € BUR") satisfy
O<vix)<l, j=1,2,

sup  [va(x) — v (x)] <.
xeB(x(;2R)

Then one has

R2
sup |u(x,T;v2)—u(x,T;v1)|gseMT+KleMTexp — ).
B(xo; 8T
(x0;R)

Here K is a positive constant depending only on (f, n).

Now U defined by (4.9) satisfies the assumption of the following proposition. We will assert
properties of entire solutions including U defined by (4.9) in a general setting as follows.

Proposition 4.3. Let U satisfy (1.9) with (4.15), (4.16), (4.17) and (4.18). Then one has
oU n+1
E(x,t)szU(x,t)l, (x,1) e R™™, (4.22)
oU
E(x, 1) >0, (x,1) e R, (4.23)

Proof. We have (4.11) from (4.17). Thus we have (4.22) if |VU (xq, t9)| = 0. If |[VU (x¢, ty)| > 0
at some (xo, 7o) € R"*1. Then, putting

£— VU (xo, o)
VU (x0.120)|’
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we have

aU

=7 o 10) = k|VU (x0, 10)| > 0.

Now we proved (4.22). If U(x, t) depends only on ¢ € R and is independent of x € R", we have
(4.23) from U (0, 0) = 6. Otherwise, we have (xg, fp) € R"H! with

oU
=7 (X0 10) Zk[VU(x0, 10)] > 0.
Then we obtain (4.23) from the strong maximum principle. This completes the proof. 0O

Using the Schauder estimate [29, Proposition 2.9], we have

sup  |D;U(x.1)| < oo, sup  |Dj;U(x,1)| < oo, (4.24)
(x,1)eRr+1 (x,1)eRn+1

sup |Us(x, )] < o0, sup |DjUt(x,t)| < 00 (4.25)
(x,t)eRn+1 (x,H)eRn+1

forl <i,j,£<n+1.
Now we will further study properties of U.

Proposition 4.4. Let U satisfy the assumption of Proposition 4.3. Let Q¢ be any given compact
set in R". Then one has

lim min U(x,t) =1, (4.26)
=00 xeQ
lim max U(x,t)=0. “4.27)

t——00xe
The convergence is uniform for all entire solutions that satisfy the assumption of Proposition 4.3.

Proof. Using (1.9), we have

(% —A— f/(U)> U, =0, (x,1) e R"1.

For any given 79 € R, let w(x, s) be defined by

d
<——A+M>w=0, x eR", s> 1,

ot
w(x, o) = Ui (x, 19), x e R".
Then we have
w(x,s) <Ui(x,s), x eR", s>1,
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that is,

—M (s—tg) 2
/ eieXP <—u> Ui(y,t0)dy < U (x,s), xeR" s>1.

2, (47 (s —t9))? 4(s —19)

Thus we obtain

e x —yP? n+1
—— T eXp| — Ui(y,t = Ddy <Ui(x,1), (x,1) eR"™. (4.28)
B (4m)2 4

First we prove (4.26). Since U is strictly monotone increasing in ¢, we have

—1<minUx,0)<U(x,t) <1, x € Qo,t>0.

ero
Then we have
lim max U(x,t) = 1. (4.29)
=0 xe
Indeed, otherwise we have
—1<mnU@x,0)<U(x,r) < lim maxU(x,s) <1, x e, t>0.
xeQo §—>00xeR

Then, from (4.18), (4.17) and (4.28), U (x, t) converges to 1 for all x € €2, which is a contra-
diction. Thus we obtain (4.29). Since U is strictly monotone increasing in ¢, we have the limit
function

U(x)= lim U(x,1), xeQo
11— 00
with

max U = 1.
Qo

Then, from (4.22), U has to equal 1 on ©p. Now we proved (4.26).
Next we prove (4.27). Since U is strictly monotone increasing in ¢, we have

—1<Ux,t) <maxU(x,0) <1, x € Qo, t <0.
xEQO
We can define
Ux)= lim U(x,1), x € Qo
——00
and have
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—1<U(x)<maxU(x,0) <1, x € Q.
xe
If
—1 <infU,
Q0
we have
—1< lim minU(x,s) <U(x,t) <max U(x,0) <1, x € Qo, t <0.
s—>—00xeQ) xeQ

Then, from (4.18), (4.17) and (4.28), U(x, t) converges to —1 for all x € Q¢ as t — —oo. This
is a contradiction. Thus we obtain

—1=infU.
Qo

Then, from (4.22), U has to equal —1 on Q2y. Now we proved (4.27). The convergence of (4.26)
and that of (4.27) are uniform with respect to all U, because the arguments of Proposition 4.3
and Proposition 4.4 can be done only under the assumption of (4.15), (4.16) and (4.17). This
completes the proof. O

Proof of Theorem 1.3. Theorem 1.3 follows from (4.12), (4.13), (4.14), Proposition 4.3 and
Proposition 4.4. O

5. Asymptotic shapes of level sets for entire solutions

In this section, let A be a closed subset in R” with B(0; 1) C A and let U satisfy (1.9) and
(4.18) with

0<U(x,1) <1, (x,1) e R*!,

U(0,0) =6y,
%Z—IIJ(x,t)—(E,VU(x,t))ZO, (x,1) eR"™ £ e A

Now we define

Q) ={x eR"|U(x,1) <50}, 0Q(1)={x eR"|U(x,1)=s0}

for t € R. We have (1) # @ for t € (—o0,0) if |¢| is large enough, say, ¢ € (—oo, Tp] with
Tp € (0, 00). As t — —00, £, (1) expands by Proposition 4.4. We study the asymptotic shape of
082, (t) as t — —o0.

The following theorem characterizes the asymptotic shapes of level sets of entire solutions
including those of polyhedral entire solutions.
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Theorem 5.1. Let A be a closed subset in R" with B(0; 1) C A. Let U satisfy (1.9) and (4.18)
with

0<U(x,1) <1, (x,1) e R"1, (5.1
U(0,0) =6y, (5.2)
10U n+1

%W(x,t)—(é,VU(x,t))zo, (x,)eR"™ " Eec A (5.3)

Assume (7;);eN and (R;);cN satisfy
0<7 <7it1, O<Ri <Ry, i €N,
B(y;; Ri) C Qs (—7i), 9B(y;; Ri) N0Qsy(—7i) # Y

with some y; € Qy,(—1;). Let z; € dB(y;; Ri) N 3Ry, (—1;) be arbitrarily chosen and let §; € A
be any vector pointing from y; to z; with |&;| > 1. If one assumes lim;_, o R; = 00 in addition,
one has

lim [§;]| =1, (5.4
I—> 00

lim  sup |U(x+zi.1)— P(—(x,§))|=0 (5.5)
=% eB0; X)

for any given X € (0, 00). The convergence is uniform in U’s that satisfy the assumption and is
also uniform in (¢, y).

Proof. For every i € N, we change variables with respect to x € R” if necessary, and we can
assume

Ei = )\,en, l (S N,
where e, = (0, ..., 0, 1) € R" without loss of generality. We have either A > 1 or A = 1. We will

show that only A = 1 can happen if we can take the radius of a ball arbitrarily large. Now (4.17)
in Proposition 4.3 gives

%DIU(x,—tl-)—ADnU(x,—tl-)EO, xeR" ieN.
Then we have
Zi=Y; + Rie, € 0025, (—T7;),
and
U(zi, —1i) = s0.
We set
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7= —x, — Akt — kT + Ri + (y;, €n)
and define W by

W', z,t) =U(x + ¥}, xn, 1)

for (x’,z,1) € R""!. Now we put x' = (xq,...,x,_1) € R*”™! and y; is defined by y; =

v, (y,~, en)). Then we have
D,W(',z, —t) =D, U(x’, x,, —7;) — 2D, U (x', x,, —7:) >0, (x',z) e R"

and

W (0, —1;) = 5.
Now W satisfies
n—1
DW (', z,0)=| D D5+ DI | Wx',2,0) + AkDW(x',2,0) + fF(W(x', 2, 1))
Jj=1

for (x',z, 1) € R+, We set
Wix',2)=Wkx', z,—1), (x',z) eR"
and have
W; (0) = s9, ieN.
In view of (5.6), W; is a subsolution of an elliptic equation
n—1
> Di+ DI | W+ kD W + f(W) =0, (x',z) eR"
j=l1
for every i € N. Taking a subsequence if necessary, we have
Weol(x',2) = ll_lglo Wi(x', 2), (x',z) eR"
with

Woo (0) = s9.

(5.6)

(5.7

(5.8)

(5.9)

The Schauder estimate (4.24) and (4.25) imply that the convergence is uniform in U’s that satisfy

the assumption of Theorem 5.1. Now Wy, is a subsolution of
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n—1
D DI+ DI | WHMD W+ f(W)=0,  (x'.2) eR". (5.10)
j=1

So far we have not used an assumption lim;_,, R; = co. For any R € (0, 00), T € [Ty, 00),
yeQy(—1)and z € 9B(y; R)N0Q,(—7), wecantake i, =7, R; =R, y; = y and z; = z for
all i € N. Because W is a solution of (5.8) with (5.7) and W, is a subsolution of (5.10) with
(5.9), the speed of 92, (¢) at the point of contact is no less than kX at t = —7. Thus the speed of
082, (¢) at the point of contact is no less than kA for all € (—oo, —Tp].

For any bounded and uniformly continuous function g from R” to R, we consider

n—1

Db = > D3+ D} | i + AkD i + £ (ib), (x',2)eR", t>0,
j=1

w(x',z,0) =uo(x", 2), (x',z) eR"

and write the solution as
W(x', z,t; 9o), (x',z,1) e R" x [0, 00).
Then, for every i € N, we have
Woo(x',2) <w(x', 7,1; Weo), (x',z,1) e R" x [0, 00).
Now we have
w(0,0,1; Woo) > 50, t>0. (5.11)
We write Ry = (0, o0) and R_ = (—o00, 0). Now we have

so if z>0,

S0XR, (2) + xr_(2) = L i z<0.

Here xgr, and xr_ are the characteristic functions of R and R _, respectively. Since the radius
of the ball goes to infinity as i — oo, we have

Woo(x',2) <soxr, () + xr_(2),  (x',2) eR".
We define
Wo(x',2) =s0xr, () + xr_(2),  (*',2) €R"
and have
Woo(x',2) < Wo(x',2)  (x',2) eR". (5.12)

Note that Wy depends on z and is independent of x’. Now we have
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u(x’,z,t;1p) = W(x', z — Akt, t; lip), (x',z,1) e R" x (0, 00), (5.13)
where
n—1
D= () Di+DI|utf@w, «.2eR" 1>0,
j=1
ux’,z,0) =1up(x’, z), (x',2) eR".

For a reaction-diffusion equation (1.1) in the one-dimensional space R, the planar traveling front
is asymptotically stable. See [8,3,29] for instance. This implies

lim  sup |u(x',z,t; Wo) — ®(z — kt —20)| =0 (5.14)

=00 (x/ 7)eR”
for some zg € R. Here zo depends only on (f, sg). For any given ¢ > 0, we have
Dz —kt —z0) —e <ulx’,z,t; Wo) < ®(z — kt — z0) + ¢, (x',z) eR"

if t € (0, 00) is large enough. Using (5.11) and (5.12), we find

W', 2,1 Weo) <(x', 2,1 Wo),  (x',z,1) € R" x (0, 00),

so <w(0',0,1; Woo) < (0, 0,1; Wp), 1€ (0,00).
Recalling (5.13), we get

so <w(0',0,¢; Wo) =u(0, Akt, t; Wo) t € (0, 00).
Thus we obtain
so < (A — Dkt — z0) + &, t € (0, 00).

Taking 0 < ¢ < so/2 and sending r — oo, we get a contradiction on the definition of s if A > 1.
Now we obtain A = 1.

Using (5.4), for any given X € (0, oo), we can approximate {x € R" |U(x, —1;) = 5o} by a
plane on B(z; X),if i € N is large enough. This fact and (4.18) imply that {x e R" |U(x, —1;) =
0} is approximated by a plane for every 0 € (0, 1), if i € N is large enough. That is, U (x, —1;)
can be approximated by a function of —(x, e,) on B(z; X), if i € N is large enough. Then we ob-

tain (5.5) using ®(0) = 59, (4.18), Lemma 4.2 and the asymptotic stability of a one-dimensional
traveling front as in (5.14). O

Remark 5.2. As is stated in the proof of Theorem 5.1, one has the following lower estimate of
the speed of 9€2,(¢). Let U be as in Theorem 5.1. For any fixed ¢ € (—oo, —Tp], let R € (0, 00),
y € R" and z € R” satisfy

B(y; R) C Qg (1), z€dB(y; R) N3y, (10).
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Let & € A satisfy |&] > 1 and

z—y §

lz—yl &

Then the speed of 02, (#) toward the —&-direction at the point of contact z is no less than k|&|.
6. Properties of polyhedral entire solutions

Let ¢ € (k, 00) be arbitrarily given. In this section we denote vpmd(x, X,+1) in Theorem 1.1
by V(x, xp+1) = Ve(x, x,41) for simplicity. Then we have

Ve(0,0) = 6o,
Ve(uoaj, Zanc) = bo, jefl,...,m}.
Now U given by (4.9) satisfies the assumption of Theorem 5.1 for a base set .4 in (1.17). For any

X € (0,00) and ¢ € (0, 00), we have B(0; X) C {x e R" |U(x,1t) < so} if |z] is large enough.
Now we define

¢ =max(ai,a))

and have ¢ < 1. For j € {1,..., m}, we define

Q‘}:{xeR"

1-¢
a;, x)> ma a;, x x|} .
(a;.%) e Mo @Ot l}

For j € {1,...,m}, we have

{oaﬂoiO}CQQ,
foai|lo=01NQY =0} if ie(l.....m\{j}.

Now we prove Theorem 1.4.

Proof of Theorem 1.4. Forany 7 € R and any ¢ € S"~! with {t¢ |7 >0} N 9dA # ¥, we choose
s(t, &) €[0,00) and o (2, &) € [0, 00) with

U(s(.8)¢.1) =s0, U(a(t,8)¢.1) =06

if they exist. Let ¢ > 0 be arbitrarily given. Let (X;);cN satisfy

0<Xi <Xit+1, ieN,
_lim Xl' = OQ.
i—00

In view of Proposition 4.3, choosing (7;);cN With
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0<7 <741, ieN,
we have
B(0; X;) C Qy(—17;), ieN.
Let y; be any point in Q,,(—7;) with
dB(y;; Xi) N 02, (—7i) # 9.

By Theorem 5.1 and taking subsequences of (X;);cN and (7;);cN if necessary, we have j €
{1, ..., m} such that

IB(y;; Xi) N 0Ky (—7i) N Q) # 0, ieN.
Let this j be fixed. We choose
2i € 0B(y;; Xi) N Qs (—7i) N QY
arbitrarily. Using Theorem 5.1 and taking i € N large enough, we obtain
|U(x +2zi,—1) — P(—(x,a)))| <&
ifx+z; € SZ(]).. Since & > 0 can be taken arbitrarily small, this implies that there exists s(—1;, @)

that satisfies U (s(—7;, a)aj, —7;) = so for sufficiently large i. Now we set Tynec = 7; and know
that s (—Tanc, @) exists. Since we can choose (t¢)¢~; arbitrarily, we have

Ux +s(t.apa;.t) —@(—(x.a))| <
ift € (=00, =Tanc] and x +5(¢,aj)a; € SZS).. Then we have

lim sup U(Ulaj, —Tanc) > 0.
o]—>00

Recalling the definition (4.9) of U and the definition (1.18) of w(, we obtain

0< liggfug <limsup pg < o0.
c—> 00

Consequently we find

limsup U(o1a, —Tanc) > 6o forevery j € {1,...,m}.
o] —>00
Thus s(—Tanc, aj) and o (—=Tanc, @) exist for every j € {1,...,m}. By Theorem 5.1, we have,
forevery j e {l,...,m},
|Ux+s(t.aj)a;,t)— d(—(x,a))| <e¢ (6.1)
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ift € (—00, —Type]l and x +s(t,aj)a; € Q?. Then, using Proposition 4.3 and Theorem 5.1, we
obtain, for every ¢ € S"~! with {t¢ |t >0} N3dA#W,

limsup U (o1&, —Tanc) > 6p.

o]1—>00

Thus we can define o (—Tine, ¢) for every ¢ € S"~! with {z¢ |7t > 0} N 3.A # @. Then, using
(6.1), we can define o (¢, ¢) for every t € (—oo, —Tianc] and every ¢ € s~ with {relt=0}N
9.A # ). Now we have

U(x—i—a(t,aj)aj,t)—d>(—(x,aj)+<1>_l(90)) <e (6.2)

ift € (=00, =Tuncland x +o(t,aj)a; € Q(J).. Since the speed of a planar traveling front is k, we
have

t,a;
AL

t—>—00 —t

k

for every j € {1,...,m}. The influence by R”\Q(j). decays exponentially as t — —oo by
Lemma 4.2. Then, for every j € {1, ..., m}, we obtain

lim |o(t,a;)+kt —v;|=0 (6.3)
t——00

with some v; € R for j € {1,...,m}. Let £ € S"~! satisfy {t¢ |7 > 0} N 3.A # @. Then we
have m; > 2 or mg = 1. If mg =1, U converges to a planar traveling front on every compact
neighborhood of s(z, ¢) as t — —oo by Theorem 5.1. Let J, = {j} with j € {1,...,m}. The
speed of this planar front to a direction —¢ equals ¢; given by (1.22). Choosing 1 ; € R with

[l <{/1— (,0;)2|vj~|, we obtain (1.24). Assume m; > 2. For every j € Jg, let uj € [0, 00) be
arbitrarily given and let g be given by (1.23). We consider a pyramid {(y’, g(y")) |y € R*~1}
with its edge E,. See (7.1) for the edge of a pyramid. Let vpma(y; g) be the pyramidal traveling
front associated with a pyramid {(y’, g(»)) |y’ € R"~!}. The speed of vpma(y; g) equals cy.
Then Theorem 5.1 implies that U converges to planar traveling fronts at any points that are away
from the edge of the pyramid. Using (6.2) and (6.3), we can choose u ; € R forevery j € J; such
that we have, for any given R € (0, 00),

sup [U(x+0(t,8)¢.1) —vpma(y; )| <€
yeD()NBO: R)

if min{y, [¢|} is large enough, where y is given by (1.20). Here D(y) is given by (7.2) for E.
Now an n-dimensional pyramidal traveling front is asymptotically stable for perturbations around
the edge as in Theorem 7.1 and Remark 7.2. Then, using Theorem 7.1 and Lemma 4.2, we obtain

(1.24). Moreover we obtain (1.25) with some v; € R that depends on &. This completes the proof
of Theorem 1.4. O
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Appendix 7

Let ¢ € (k, 00) be arbitrarily given. Let m be a positive integer. Let @; € R" be a unit vector for
I1<j<m.Weassumea; #a;ifi # j.Let y; € Rbegivenfor 1 < j <m.For je{l,...,m},
we set

Q= {x eR"| (aj,x) — yj = max ((tli,x)—)/i)}

1<i<m

and have

R'= ] @

1<j<m
We put
hj(x)zm*((aj,x)—yj)zm*(aj,x—yjaj), xeR”
for 1 < j <m and
h(x) = max hj(x), x eR".
I<j<m

Then the graph of x,,; 1 = h(x) is a pyramid in R"*!. For j € {1,...,m},
{(x, h(x))[x €2}
is called a lateral face of the pyramid. We call
E={(x,h(x)|xec;NQ; fori#j} (7.1)
the edge of the pyramid. For given y € (0, oo), we define
D(y) = {(x,xn+1) eR"! | dist ((x, Xp41). E) >y} . (1.2)
Now we set
A= {§ eR"| lrsnjagm(aj,é)f 1}.
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In this appendix, we show that a pyramidal traveling front vpma(x, x,41; £) to (1.7) associated
with x,4+1 = h(x) satisfies

(Vupmd (x, Xpt1; h)g) <0, (x,x41) R g A
if
E=E &R, guzm,

Now we recall the pyramidal traveling fronts in [20,21,23,17,29]. We define

k k
vo(x, Xpq1; h) = @ (E(xn-H - h(x))> = max ¢ (E (X1 — hj(x))> . (xxpg) €RMTL

1<j<m

We often write vy(x, x,41; h) simply as vo(x, x,+1). Now we have

00X, Xpi1; B) W, Xpp1, 1 00(-, h), (X, xpp1) €R"FL 1> 0.

First we consider a case

Then we have
hzero(X) = m lrfnjagm(aj, x).
For x;,,11 = hzero(x), we define a pyramidal traveling front by
Vomd (¥, Xn41; Azero) = tgrgo w(x, Xpt1, 15 v0(+, hzero))

on every compact set in R”*! as in [17,29]. Next, for & given by (1.13), we define

VO X1 h) = M Vg (5 = ¥ St hero), (8 xn1) € R
Now vg(-; h) is a weak subsolution and v( - ; /) is a weak supersolution to (1.5) with

Vo (X, Xpq1; h) < min{l, V(x, x,41; h)}, (X, Xpp1) € RV
Then we have
vo(X, Xpg15 1) <w (X, Xpy1, 25 00(+, h)) <w(X, Xpg1, 1 0(-5 h)) <V(X, Xpy13 h)

for (x, x,41) € R™ ! and r > 0. With respect to a pyramid x,4| = h(x), we define a pyramidal
traveling front by

Vomd (X, Xp+1; 1) =tirgo w(x, Xp41, 15 v0(+, 1)) (7.3)
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on every compact set in R”*!. The properties of Vomd (X, Xu41; h) are as follows.

Theorem 7.1 (Uniqueness and asymptotic stability of pyramidal traveling fronts). Let h be given
by (1.13) and let D(y) be given by (7.2) for y > 0. Let Vpmd (X, Xn+1; h) be defined by (7.3). Let
a bounded and continuous function ug in R"*! satisfy

—1 =8 <uo(x, Xpp1) < 14684,  (x,x,41) e R"TL

lim sup |1 (x, Xn41) = Vpma (X, Xnt13 )| =0.
Y90 (x,x,41)€D(y)

Then one has

lim sup |w(x,xn+1,t; up) — med(x,xn+1;h)| =0.
t—00 ntl
(x,xp41)€R"T

Proof. If y; =0 for 1 < j <m, the assertion follows from [29, Theorem 7.20]. Its proof is valid
even for y; € R, 1 < j <m. See the proof of [29, Theorem 7.20] for the details. O

We often write Vpmd (X, Xp41; 1) simply as Vpmd (X, Xp41). Letg = (&, &,41) e R" 1 be given.
Now vo(t&; i) is monotone non-increasing in 7 € (0, oo) if

§c A & =my,
and vo(rg; h) converges to 1 as T — oo if
§e A, Enp1 <my.

Using this fact and Theorem 7.1, we get

IV,
8‘%““ (X, tns13h) <0, (x,xps1) € R?F] (7.4)

if
Ec A, &y =my,
and med(rE; h) converges to 1 as T — oo if
8 [S Aa $n+1 < M.
By (7.4), there exists a unique ¢ € R with Vma(0, —¢¢; h) = 6. Now we define
Vpmd (X, X113 h) = Vomd (%, Xnr1 — e h), (x,xp41) € R
and call it the pyramidal traveling front associated with 4 given by (1.13).
Remark 7.2. Theorem 7.1 holds true if one replaces Vpmd (X, X415 £) by vpmd (X, Xn11; h).
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The following lemma studies the dependency of Vpma(x, Xu41; h) on (y1, ..., Ym).
Lemma 7.3. Let h be given by (1.13) and let Vpmda(x, Xn11; h) be defined by (1.14). Then
Vomd (X, Xpy1; h) depends continuously on (y1, ..., ym) € [0, 00)™. Moreover Vpmd(X, Xn11; h)

is monotone decreasing in y; for any fixed j € {1, ..., m}.

Proof. For any fixed T € (0, 00), w(x, x,+1, T'; -) is a continuous function in BU(R"*!). By

this fact and the definition (1.14), Vpmd(x, xn+1; h) depends continuously on (y1,..., ¥m) €
[0, 00)™. Since vo(x, x,41; ) is monotone decreasing in y; for any fixed j € {1,...,m},
Vpmd (X, Xpt1; 1) is monotone decreasing in y; for any fixed j € {1,...,m}. O
For
hzero(x) = m, max (aj,x), x e R",
I<j<m
we have

Q)= {x eR"| (aj,x) 212%1(%’”}

and

R" = U Q. (7.5)

1<j<m

We define
A={xeR"|h(x) <0}, 0A={xeR"|h(x)=0}.

Let 5 € A be arbitrarily given. Then we have

(@j.n)<yj, 1<j<m
and
(@i, x) —y; < lgljeg(m((aj,x) — ) = max (@j,x =) =hzerox —1),  1<i<m.
Thus we have
h(x) < Erg\lhzem(x -), x e R". (7.6)
Now we prove
h(x) = nrg(l}r[l\ Nyero(X — 1), x e RM\A. 1.7
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Indeed, we take i € {1, ... m} arbitrarily and take any € 9A N Q? with (a;, n) = y;. Then, for
any x € R"\ A, we have

Rzero (X — 1) = ms max (aj, x —n) =my((a;, x) — (a;, )  if x—ne).
Then we get
haero(x — 1) =my (@i, X) — ¥;) .
Using
h(x) > my ((ai, x) —vi), x eR",
we get
h(xX) > hpero(x —1)  ifnedANQY andx — e Q0.

Combining this inequality, (7.6) and (7.5), we obtain (7.7).
Using (7.7), we find

k k
D <_ (Xn+1 — h(x))> < min ® (‘ (Xn+1 — hzero(x — 77)))
c neaA Cc

for (x, xp41) € R**1. Thus we get

. . 1
Vo(X, X153 h) < V0 (X — 0, Xnt 15 Pgero) (x,xp41) € R

for every n € dA. Taking both sides as initial values of (1.5) and taking the limit of t — oo, we
get

. . . 1
Vo (X, X415 1) < Vemd (X, Xp115 1) < Vpmd (X — 1, Xn115 hzero) (x, xp41) € R"*

for every 5 € d A. Thus we obtain
Vo (X, X415 1) < Vpmd (X, Xp+1; h) < ,,HE%I}\ Vomd (X — 1, Xn+1; hzero)
Now we define
v1(X, Xp41) = Innellr;l Vomd (X — 0, Xp413 hzero) -
It is a weak supersolution to (1.5), that is, it satisfies

w(x, Xp+1, 15 v1) S v1(X, Xp11), (x, xp41) € R 1> 0.
Using Theorem 7.1, we have
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Vomd (. g1 ) = M w (6, Xnsr.1301), (@ xg) €RML
—00
Let Jo C {1, ..., m} be an arbitrarily given nonempty subset with Jo # {1, ..., m}. We define

hj,(x)=m max a;, x)—vi), x e R".
Jo (X) *je{l,...,m}\Jo (( j %) V})

Then we have

hy,(x) < h(x), x eR".
Now we set

Ajy={x € R" | hyy(x) <0}

and define

Ro=miny; €0, 00). (7.8)
Jj€Jdo

The following lemma shows that Vpma(x, x,+1; h) converges to Vpma(x, xn41; hy,) as Ro
goes to infinity.

Lemma 7.4. Let h be given by (1.13). Let Jy be a non-empty subset of {1,...,m} with Jo ¢

{1,...,m}. Let Ry be given by (7.8). Let Vpma(x, Xp+1; h) and Vpma(x, Xp11,; hyy) be defined
by (1.14) for h and h j,, respectively. Then, for every compact set  C R"*1, one has

lim  sup  |Vomd (&, Xng15 1) — Voma (%, Xnp15 hgy) | = 0. (7.9)
Ro—>00 (x,x,41)€Q

Proof. Now we have
hy,(x) <h(x), xcR”
and
Vo, Xnt13 hgp) S V0K, Xt 13 h), () €RMTL

For every compact set D in R”, we have

lim max (h(x) —hy, (x)) =0.

Ro—o0 xeD

Then we find

lim max (vo(x, Xn41; ) —vo(X, Xp41;5 hjo)) =0. (7.10)
Ro—o00 xeD

Sending t — oo for
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WX, Xpt1, 150005 hgy)) S wE, Xpp1, 15 00(-5 ), (X, xpp1) €RPTL 150,

we find

. . 1
med(x7 -x}’l"rlv hJ()) S med(xaxn-f—ls h)7 (x7xn+l) S Rn+ .

Let ¢ > 0 be arbitrarily given. Using (7.10) and applying Lemma 4.2 to

WX, Xp41, 150005 b)) —w(x, Xp41, 8 v0(+; A gy)),

we obtain

Vomd (X, Xp+1; 1) < Vpmd (X, Xp11; hyy) + €

on every compact set in R"T! if Ry is large enough. Since we can take ¢ arbitrarily small, we
obtain (7.9). This completes the proof. O
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