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Abstract 

 

The relevance of the epidemiologic concept of preventable fraction to the study of the population-

level impact of preventive exposures is unequivocal. Here, we discuss how the preventable fraction 

can be usefully understood for the class of outcomes that relate to disease progression (e.g., clinical 

severity given diagnosis), and, under the principal stratification framework, derive an expression for 

this quantity for this type of outcome. In particular, we show that, in the context of disease progression, 

the preventable fraction is a function of the effect on the post-diagnosis outcome in the principal 

stratum in the unexposed group who would have disease regardless of exposure status. This work will 

facilitate understanding of the contribution of principal effects to the impact of preventive exposures 

at the population level. 
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Introduction 

 

The impact of individual-level interventions, or preventive exposures, on population-level disease 

burden depends on the coverage of these interventions, or correspondingly on the observed 

proportions of exposures, and on their effects on the risk of adverse health outcomes. This is captured 

by the counterfactual notion of preventable fraction, which corresponds to the relative reduction in 

the number of cases that would occur if, contrary to fact, all individuals in a population of interest had 

received the intervention; in counterfactual notation [1]: 

 

Pr(𝑌 = 1) − Pr(𝑌1 = 1)

Pr(𝑌 = 1)
, 

 

where Pr(𝑌 = 1) represents the observed proportion of a clinical outcome 𝑌 in the target population 

and Pr(𝑌1 = 1)  corresponds to the outcome proportion that would have been observed had all 

members of the population been exposed. 

 

In public health research, interest sometimes lies in exposures or interventions that occur, or are 

assigned, before disease development and that might affect disease progression or severity. For 

example, when studying infections, post-infection outcomes (e.g., clinical severity), that can occur after 

infection acquisition, are often of interest [2]. In this context, Hudgens and Halloran [3] discussed and 

developed methods for the quantification of vaccine effects on binary post-infection outcomes. In 

particular, they used the principal stratification framework [4], which involves categorisation of 

individuals based on their joint potential outcomes of a post-treatment variable (e.g., infection status) 

under different levels of exposure, to argue that comparisons of post-infection outcomes that 

condition on infection can only be considered causal if restricted to study participants who would be 

infected regardless of vaccination status – in potential outcomes terms, members of the doomed 

principal stratum. Another relevant example of a non-communicable disease is the study by Shepherd 

and colleagues [5] on finasteride and severity of prostate cancer; there, the target effect was defined 

for individuals who would have prostate cancer if they received or not finasteride. 

 

In this study, for outcomes related to disease progression, we express the preventable fraction in terms 

of proportions of principal strata and of principal effects. Our objective was to formally assess, and to 

gain quantitative insights into, the relative contributions of effects on disease progression to the 

population-level impact of preventive exposures.  

 



Methods 

 

We consider the setting with perfect compliance and no loss of follow-up. For simplicity, we assume 

no misclassification in disease diagnosis and severity. Note that, despite application of the principal 

stratification framework, the target population for the preventable fraction corresponds to all 

individuals included in the hypothetical study. For principal stratification-related parameters, we use 

notation similar to that used in [2, 3]. It is important to mention here that our objective is different 

from those of the study by Hudgens and Halloran [3]. In particular, we did not aim to develop 

estimation methods or sensitivity analyses for principal causal effects.  

 

Let the binary variable 𝑌 denote a disease progression outcome (e.g., infection-related hospitalisation), 

with 𝑌 = 1 corresponding to severe presentation, and 𝑌 = 0, to milder disease presentation. Further, 

let the binary variable 𝐴  denote exposure of interest (e.g., vaccination status) (1 = exposed, 0 = 

unexposed). The variable 𝑆 represents occurrence of disease (1 = presence of disease, 0 = absence of 

disease), and 𝑆𝑖
𝑎 represents the potential disease occurrence outcome for individual 𝑖 had she or he, 

possibly contrary to the fact, received exposure level a. Under a negative monotonicity assumption of 

𝐴 on 𝑆 (𝑆𝑖
1 ≤ 𝑆𝑖

0  for all 𝑖), the population can be partitioned into three principal strata based on the 

joint potential values of disease occurrence: doomed stratum {𝑖 | 𝑆𝑖
1 = 1, 𝑆𝑖

0 = 1}, preventive stratum 

{𝑖 | 𝑆𝑖
1 = 0, 𝑆𝑖

0 = 1}, and immune stratum {𝑖 | 𝑆𝑖
1 = 0, 𝑆𝑖

0 = 0}. The probabilities of these strata are 

 

𝜃𝑗𝑙 = Pr(𝑆1 = 𝑗, 𝑆0 = 𝑙). 

 

Similarly, 𝑌𝑖
𝑎 corresponds to the potential disease progression outcome for individual 𝑖 had she or he, 

possibly contrary to the fact, received exposure level a. Consistent with earlier studies [3, 5], here 

potential disease progression or severity outcomes, 𝑌𝑖
𝑎, are not defined for individuals with 𝑆𝑖

𝑎 = 0, 

and consequently are not defined for at least one of the two exposure levels in the immune and 

preventive strata (Table 1). Causal effects of 𝐴 on 𝑌 are thus only defined for the doomed stratum.  

 

The parameters  {∅11, ∅10, ∅01, ∅00}  represent probabilities of response types for 𝑌  (e.g., a severe 

clinical presentation) in the doomed principal stratum; that is, 

 

∅𝑚𝑛 =  Pr(𝑌1 = 𝑚, 𝑌0 = 𝑛 | 𝑆1 = 1, 𝑆0 = 1). 

 



Note that we do not assume negative monotonicity of A on 𝑌; that is, we do not assume that ∅10 = 0. 

Further, the parameter  𝛾  represents the probability that an individual in the preventive principal 

stratum develops the disease severity outcome had she or he, possibly contrary to the fact, not been 

exposed, 𝛾 = Pr(𝑌0 = 1|𝑆1 = 0, 𝑆0 = 1) ; this parameter is definable, despite the effect of 𝐴  on 𝑌 

being undefined in this principal stratum. In Table 1, response type probabilities (parameter sets 𝜃 and 

∅, and 𝛾) are presented for the exposed, unexposed and total populations. For simplicity, we assume 

no interference, which is plausible for studies on non-communicable conditions, and for infectious 

diseases it is not infrequent for studies estimating similar quantities to (sometimes implicitly) make 

this assumption; for recent examples on SARS-CoV-2 vaccination, see [6, 7].  

 

In Figure 1, we illustrate possible causal relations between exposure, disease and disease severity 

outcomes. The diagram corresponds to an extended directed acyclic graph [8, 9], which, in addition to 

observable variables, includes response type variables. In the diagram, an arrow is not drawn between 

S and Y, as S does not affect values of Y, but only whether it is definable for an individual; this is 

consistent with discussions in [9-11].  Note that, for simplicity, we do not show (un)measured common 

causes of A, S, and Y in Figure 1. 

 

Furthermore, imputation of 0 for 𝑌𝑖
𝑎 of individuals with 𝑆𝑖

𝑎 = 0 would imply a different outcome: it 

would correspond to “occurrence of severe disease” (defined for all individuals; see eTable 1 for 

potential outcomes under this definition), rather than “severity of disease among diseased individuals”. 

Below, unless stated otherwise, we use the first definition and assume potential outcomes in Table 1. 

 

  



Table 1. Response types for the post-treatment variable (𝑆) and for the outcome variable (𝑌) in the context discussed here. We present parameters (response 

type probabilities) for the exposed, unexposed and total populations; the superscripts in 𝜃, ∅ and 𝛾, or their absence, indicate the population and should not 

be confused with potential outcomes notation.   

 

    
Response type 
 of S 

Sa Probabilities of response types (S)   
Response type 
 of Y 

Ya Probabilities of response types (Y) 

SY type S1 S0 
Exposed 
(A = 1) 

Unexposed 
(A = 0) 

Total 
population 

Y1 Y0 
Exposed  
(A = 1) 

Unexposed  
(A = 0) 

Total 
population 

1 Doomed 1 1 𝜃11
1  𝜃11

0  𝜃11 Doomed 1 1 𝜃11
1 ∅11

1  𝜃11
0 ∅11

0  𝜃11∅11 

2 Doomed 1 1    Causal 1 0 𝜃11
1 ∅10

1  𝜃11
0 ∅10

0  𝜃11∅10 

3 Doomed 1 1    Preventive 0 1 𝜃11
1 ∅01

1  𝜃11
0 ∅01

0  𝜃11∅01 

4 Doomed 1 1    Immune 0 0 𝜃11
1 ∅00

1  𝜃11
0 ∅00

0  𝜃11∅00 

5 Preventive 0 1 𝜃01
1  𝜃01

0  𝜃01 NA Undefined 1 𝜃01
1 𝛾1 𝜃01

0 𝛾0 𝜃01𝛾 

6 Preventive 0 1    NA Undefined 0 𝜃01
1 (1 − 𝛾1) 𝜃01

0 (1 − 𝛾0) 𝜃01(1 − 𝛾) 

7 Immune 0 0 𝜃00
1  𝜃00

0  𝜃00 NA Undefined Undefined 𝜃00
1  𝜃00

0  𝜃00 

Total    1 1 1    1 1 1 

 



Figure 1. Directed acyclic graph representing a possible causal structure in the disease progression 

setting. 𝐴 , 𝑆 , and 𝑌  represent exposure status, disease status, and disease progression outcome, 

respectively. 𝑆𝑇  and 𝑌𝑇  represent response types (joint potential values under different exposure 

levels) of variables 𝑆  and 𝑌 , respectively; in potential outcomes notation, 𝑆𝑇 = (𝑆1, 𝑆0)  and 𝑌𝑇 =

(𝑌1, 𝑌0).  

 

 

 

 

 

 

 

 

 

  



Results 

 

Based on the above, under the consistency condition, the preventable fraction can be expressed as:  

 

Pr(𝑌 = 1) − Pr(𝑌1 = 1)

Pr(𝑌 = 1)
 

 

=  
 {Pr(𝑌 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌 = 1|𝐴 = 1) Pr(𝐴 = 1)} −  {Pr(𝑌1 = 1|𝐴 = 0) Pr(𝐴 = 0) +  Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)} 

Pr(𝑌 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌 = 1|𝐴 = 1) Pr(𝐴 = 1)
 

 

=  
 {Pr(𝑌0 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)} − {Pr(𝑌1 = 1|𝐴 = 0) Pr(𝐴 = 0) +  Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)} 

Pr(𝑌0 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)
 

 

=  
 Pr(𝐴 = 0) {Pr(𝑌0 = 1|𝐴 = 0) − Pr(𝑌1 = 1|𝐴 = 0)} 

Pr(𝑌0 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)
 

 

=  
 Pr(𝐴 = 0) {Pr(𝑌1 = 0, 𝑌0 = 1|𝐴 = 0) −  Pr(𝑌1 = 1, 𝑌0 = 0|𝐴 = 0) + Pr(𝑌1 = Undefined, 𝑌0 = 1|𝐴 = 0)} 

Pr(𝑌0 = 1|𝐴 = 0) Pr(𝐴 = 0) + Pr(𝑌1 = 1|𝐴 = 1) Pr(𝐴 = 1)
 

 

=  
(1 − 𝜋) {𝜃11

0 (∅01
0

− ∅10
0

) +  𝜃01
0 𝛾0}

(1 − 𝜋) {𝜃11
0 (∅11

0
+ ∅01

0
) +  𝜃01

0 𝛾0} + 𝜋 {𝜃11
1 (∅11

1
+ ∅10

1
)}

, 

 

where 𝜋 represents the proportion of the exposure (i.e., Pr(𝐴 = 1)). In this scenario, the preventable 

fraction thus depends on principal stratification parameters: the proportion of the doomed principal 

stratum in the unexposed group multiplied by the effect of exposure on the disease severity outcome 

in this stratum (i.e., 𝜃11
0 (∅11

0 + ∅01
0 ) − 𝜃11

0 (∅11
0 + ∅10

0 ) = 𝜃11
0 (∅01

0 − ∅10
0 )); and the proportion of the 

preventive principal stratum in the unexposed group (i.e., 𝜃01
0 ) multiplied by the probability of the 

disease severity outcome (under no exposure) for members of this stratum (i.e., 𝛾0) – this corresponds 

to the proportion of the SY response type 5 in the unexposed group (Table 1). Although the target 

population of the preventable fraction is the total population, the target of causation is not the total 

population but the unexposed group [1].  

 

In eAppendix 1, we present an additional derivation of the preventable fraction using the alternative 

outcome definition mentioned in the Methods section. Note also that the expression above 

corresponds to the preventable caseload, not to a proportion [12, 13]. In eAppendix 2, we present the 

corresponding formula for the preventable proportion; under negative monotonicity of 𝐴 on 𝑌, the 

preventable caseload becomes equivalent to the preventable proportion [1]. 

 



We also present numerical examples (eTable 2): the preventable fraction varies, as expected, with 

changes in the proportion of the preventive stratum in the unexposed group; and it also varies with 

changes in the magnitude of the principal effect in the unexposed population (∅01
0 − ∅10

0 ). 

 

Discussion 

 

In sum, preventable fractions, and attributable fractions [1, 13, 14], allow quantification of population-

level impact of exposures, and here we use the principal stratification framework to re-express the 

former. Whilst formulation of preventable fraction that does not explicitly include a post-treatment 

variable is useful to answer public health questions, for outcomes related to disease progression, the 

expression above clarifies the contribution of different components of the protection.  

 

It is important, however, to emphasise that this formulation inherits from the principal stratification 

the difficulty related to the impossibility of identifying to which principal stratum an individual belongs. 

To translate this formal work into practice, estimation of the preventable fraction, or of its bounds, in 

the disease progression setting thus requires further methodological development that for example 

adapts and combines bounds [15, 16] or sensitivity analyses [3, 17, 18] for principal effects with 

assumptions on disease principal strata frequencies. Further, it is worth noting limitations of our work: 

we assume a time-fixed, rather than time-varying, exposure, and did not consider competing events; 

in many settings, investigators need to consider these factors. Finally, a question for future research, 

relevant given current public health situation, is on preventable fractions for post-infection outcomes 

that account for variation in pathogen variant-specific response type probabilities with regard to 

infection and severity outcomes. 
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