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A B S T R A C T   

In this study, plane bending fatigue tests were conducted on Ti–22V–4Al alloy, a β-type titanium alloy, to 
examine the fatigue crack initiation behavior in detail. In addition, the prediction of fatigue crack initiation 
points was investigated from the perspectives of the Schmidt factor (SF) and crystal plasticity finite element 
method (CP-FEM). The slip system contributing to fatigue crack initiation can be accurately predicted by 
assessing the magnitude relationship of SF. Also, this prediction is already indicated in a lot of paper by using out 
of component of slip activity. However, the location where the fatigue crack will occur can be not estimated by 
SF on polycrystalline. Therefore, prediction of grains where fatigue cracks will occur could be achieved with high 
accuracy by constructing a CP-FEM that considers the mechanical interaction of polycrystals and grain boundary. 
Utilizing advanced methodologies such as CP-FEM and numerical calculation techniques, it is strictly investi
gated that the factors influencing fatigue crack initiation in polycrystalline materials. Our research concluded the 
understanding of fatigue crack initiation on polycrystal grains by considering the mechanical interaction of 
polycrystals and grain boundary.   

1. Intoduction 

Industrial α+β titanium alloys are difficult to machine due to the 
presence of the α phase, which hinders their application in small pre
cision parts. Therefore, to significantly improve workability, a β-type 
titanium alloy consisting solely of the β phase was developed. This alloy 
exhibits high strength and excellent workability [1–5], making it widely 
used in aircraft landing gear and artificial hip joints [6–8]. Additionally, 
DAT51 (Ti–22V–4Al) is widely recognized as a common industrial 
β-type titanium alloy. This alloy can have a single-phase β (bcc structure) 
microstructure by adding a bit of amounts of V (vanadium) and Al 
(aluminum) and subjecting it to appropriate heat treatment micro
structure [9,10]. With regard to β-type titanium alloy (Ti–22V–4Al), 
Tokaji et al. [11] investigated the effect of grain size on fatigue strength 
by changing the grain size of the same material. The results revealed a 
slight improvement in fatigue strength with decreasing grain size. 
Additionally, fracture surfaces (facets) were observed at the starting 
points of fatigue cracks in all specimens. It was observed that fatigue life 
can be standardized regardless of grain size by calculating the stress 
intensity factor range from the stress applied to the same position of 

these facets. In addition, Proudhon et al. [12], conducted a crystal 
plasticity finite element analysis of the near β-type titanium alloy 
VST55531 using cyclic stress-strain relationships and crystal orienta
tions obtained from experiments. The findings revealed that micro fa
tigue cracks in the same material repeatedly propagate and bend along 
the {110} plane. Abdellah et al. [13], used CT specimens for Ti–27Nb to 
experimentally and analytically evaluate fatigue crack propagation 
paths. As a result, the crack propagation path can be accurately pre
dicted by employing X-FEM using experimentally determined Paris law 
material constants C and m. Also, the results of evaluating slip systems 
which generate the fatigue crack are reported in many research papers. 
For example, Conghui Liu et al. [27], predicted the slip systems which 
generated the fatigue crack on near-alpha titanium alloy, by F parameter 
considering maximum Schmid factor (SF), the angle α between a loading 
direction and normal slip plane, and the angle Ω between a Burgers 
vector and specimen surface. As a result, it was found that the slip sys
tem generating the fatigue crack can be evaluated high accuracy based 
on F parameter. Furthermore, Fanchao Meng et al. [28], observed and 
evaluated the micro fatigue crack initiation and propagation on TiB/
near α-Ti Composite by using SF. The results indicated the micro fatigue 
crack propagated thorough the grains with utilizing the slip systems 
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having high SF values. In addition to these results, many papers [14–20] 
have discussed the fatigue crack initiation and growth behavior and 
fractography of many types of titanium alloys. 

As mentioned above, extensive research has been conducted on 
β-type titanium alloys, and their usage is expected to continue expand
ing in the future. However, there remains an incomplete understanding 
of fatigue crack initiation in these alloys, particularly in predicting the 
specific grains within a polycrystalline structure where fatigue cracks 
will initiate. As mentioned above, the slip systems which generate the 
fatigue crack should be predicted by using SF parameter, however the 
grains in polycrystalline where the fatigue crack initiates thought to be 
not able to be predicted by SF parameter. Therefore, this paper focuses 
on β-type titanium alloys, anticipated to see broader applications in 

Numencleature: 

SF Schmid factor 
α Angle between the slip line and the direction perpendicular 

to the load axis 
β Rotation angle for slip plane to normal axis of specimen 

surface 
γ Angle between the slip line and direction 
Ω Angle between the slip direction and specimen surface 
Φ Angle between the load axis and the normal direction of 

the slip surface 
λ Angle between the load axis and the slip direction 
τ Resolved shear stress (RSS) 
F Deformation gradient tensor 
F* Deformation gradient tensors in elastic 
Fp: Deformation gradient tensors in plastic 
I second-order unit tensor 

Fp
new: Plastic deformation gradient tensors after deformation 

Fp
old: Plastic deformation gradient tensors before deformation 

s0
(α): Unit vector in the slip direction 

m0
(α): Unit vector in the direction normal to the slip 

γ̇(α): Shear strain rate 
γ̇(α)0 : Reference shear strain rate 
τ(α): RSS on slip system of α 
g(α): Critical RSS (CRSS) 
g(α)0 : Initial value of the CRSS 
k Material constant 
n Material constant 
Cij Elastic constants 
σa Stress amplitude 
R Stress ratio  

Table 1 
Chemical composition of material (wt%).  

Material Al Si Ti V Fe Mo 

Ti–22V–4Al 4.2 1.0 72.9 21.7 0.2 <0.1  

Fig. 1. Schematic illustration of specimen (Ti–22V–4Al).  

Fig. 2. Plane bending fatigue tests apparatus.  

Fig. 3. Definition of axis (X,Y,Z) and slip angles (α,β,γ,Ω).  
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precision and small parts, with the aim of enhancing the safety and 
reliability of parts for long-term use. To achieve this goal, it is conducted 
that a quantitative evaluation of fatigue crack initiation locations in 
β-type titanium alloy (Ti–22V–4Al) specimens subjected to plane 
bending fatigue tests. Furthermore, the aim of our study is to establish 
the methodologies which let us to be able to predict the fatigue crack 
initiation sites in polycrystalline. Our investigation specifically con
siders the driving force such as resolved shear stress. Subsequently, it 
was employed crystal plasticity finite element analysis (CP-FEM) using 
crystal orientation data obtained through electron backscatter 

diffraction (EBSD) analysis. This analysis allowed us to identify potential 
crystal grains where fatigue cracks may initiate among the poly
crystalline grains present on the specimen surface by using the resolved 
shear stress which express a magnitude of slip activity. 

2. Exprimental procedure 

2.1. Specimen and fatigue tests 

In this study, Ti–22V–4Al (DAT51) was used as the test specimen. 
Table 1 shows the chemical composition of the same material. Fig. 1 (a) 
and (b) show the shapes of the test specimens used in the tensile test and 
fatigue test, respectively. The experimental procedure proceeded as 
follows: Initially, the specimen surface was polished to achieve a mirror- 
like finish, and the crystal orientation at the center of the R section on 
one side of the specimen was measured using an EBSD device. Next, to 
induce fatigue cracks, plane bending fatigue tests were conducted on the 
specimens. Fatigue cracks occurring on the surface were directly 
observed using an optical microscope (OM) and indirectly examined 
using a plastic replica film. The OM facilitated the direct observation of 
fatigue cracks, while the replica method was used to collect and analyze 
information regarding the specimen surface to identify the locations of 
fatigue crack initiation. Upon confirming the occurrence of a fatigue 
crack through direct observation, the location of the fatigue crack was 
identified by retracing the surface information obtained via the replica 
method. The fatigue testing apparatus comprised a vibrator manufac
tured by Asahi Seisakusho company. As shown in Fig. 2, one side of the 
test specimen was secured while the other side was attached to the 
vibrator, enabling controlled vibration of the test specimen under 
specified load conditions. Furthermore, the conditions for the plane 
bending fatigue test were as follows: stress amplitude σa = 500 [MPa], 
stress ratio R = − 0.8, and repetition frequency f = 12 [Hz]. 

2.2. Expression of slip system 

Since the slip system in a crystal grain must be expressed in three 
dimensions, this study adopts a coordinate system as shown in Fig. 3. 
Here, the X-axis represents the direction of the load axis on the surface of 
the specimen, the Y-axis denotes the direction perpendicular to the load 
axis on the surface, and the Z-axis indicates the direction normal to the 
surface of the specimen. The slip surface is characterized by the angle α 
between the slip line occurring on the X–Y plane, as shown in Fig. 3 and 
the direction perpendicular to the load axis. Additionally, the rotation 
angle β signifies the deviation of the slip surface concerning the normal 
direction of the sample surface and the Z-axis. In addition, the slip di
rection is defined by γ, representing the angle between the slip line and 
direction. These angles (α, β, and γ) are calculated based on the three- 
dimensional coordinate information of three points within the crystal 
structure near the crack tip, where the CI value is relatively high. This 
information is obtained through crystal orientation analysis using EBSD 

Fig. 4. Calculation of schmidt factor.  

Fig. 5. Typical analysis model and restricted conditions.  

Table 2 
Parameters for CP-FEM.  

Pan-Rice shear strain increment 

Strain rate sensitivity m 0.01 
Reference slip rate 0.001 
Hardening modulus k (MPa) 50 
n value 0.2  

Initial value of CRSS g(α) (MPa) 

{110}<111> 313  

Elastic matrix components (GPa) 

c11 140 
c12 128 
c44 50  
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results from JEOL JSM-7001F. 

2.3. Schmid factor 

The shear stress acting in the direction of slip on a slip surface is 

referred to as the resolved shear stress of the slip system. When a tensile 
load P is applied to a single crystal round bar with a cross-sectional area 
A as shown in Fig. 4, the resolved shear stress τ can be expressed as 
follows [29]: 

τ=(P / A)・cos Φ cos λ (1)  

where Φ is defined as the angle between the load axis and the normal 
direction of the slip surface, and λ is defined as the angle between the 
load axis and the slip direction. The value of cosΦcosλ in the above 
equation is referred to as the Schmid factor (SF). In the case of a crystal 
with multiple slip systems, the slip system with the largest SF becomes 
the main slip system, which becomes active as the slip system. 
Furthermore, SF was calculated using three-dimensional coordinate in
formation (Euler angles) of crystal orientation obtained through EBSD 
analysis. 

2.4. Theory of crystal plasticity FEM analysis 

2.4.1. Constitutive law 
In this study, it is adopted a completely implicit method, which can 

be integrated into the commercial general-purpose finite element 
method proposed by Kalidindi [21,22]. Based on the formulation out
lined above, the following material constitutive law was incorporated as 
a subroutine program into the general-purpose finite element analysis 

Fig. 6. Microstructure of surface of specimen obtained by using EBSD apparatus.  

Fig. 7. Stress-Strain curve of Ti–22V–4Al.  
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software MSC Marc Mentat (version 2023), enabling stress analysis in 
accordance with crystal plasticity theory. The elastoplastic decomposi
tion of the deformation gradient tensor F, which is essential in crystal 
plasticity analysis, was performed by extending the crystal plasticity 
theory initially proposed by Peirce, Asaro, and Needleman [23,24]. 

F= F∗Fp (2)  

where F* and Fp are the deformation gradient tensors in elastic and 
inelastic states, respectively. In addition, the plastic deformation 
gradient tensor Fp is represented by the following formula, with the slip 
system, crucial in crystal slip deformation, being incorporated into the 
finite element method. 

Fp
new =

(

I −
∑N

α=1
γ̇(α)s0

(α)⨂m0
(α)

)

Fp
old (3) 

Subsequently, I is the second-order unit tensor, Fp
new, F

p
old are the 

plastic deformation gradient tensors before and after deformation, α is 
an arbitrary slip system number, N is the total number of slip systems, 
s0

(α) is a unit vector in the slip direction, and m0
(α) is a unit vector in the 

direction normal to the slip surface. To obtain γ̇(α), the Pan-Rice type 
[25] shear strain rate equation provided below was used in the sub
routine program. 

γ̇(α) = γ̇(α)0 sgn
(
τ(α)
)
⃒
⃒
⃒
⃒
τ(α)
g(α)

⃒
⃒
⃒
⃒

1

m
(4) 

Similarly, in the previous equation, α symbolizes an arbitrary slip 
system, γ̇(α)0 is the reference shear strain rate, τ(α) represents the resolved 
shear stress (RSS), and g(α) is the critical RSS (CRSS). The evolution law is 
determined using the Ludwik-type [26] formulation as follows: 

g(α) = g(α)0 + k
(
γ(α)
)n (5)  

where g(α)0 denotes the initial value of the CRSS, while k and n represent 
material parameters characterizing work hardening. The ratio of self- 
hardening to latent hardening is established at a value of 1.4. 

2.4.2. Boundary conditions 
The analytical model assigned the Euler angles obtained from EBSD 

to each crystal grain and replicated the structure surrounding the grain 
where the fatigue crack occurred. An illustration of the analytical model 
and its boundary conditions is presented in Fig. 5. A constant strain rate 
(εx = 0.1 s− 1) was applied to the right end face of the analytical model to 
simulate tensile deformation across the entire metal material. In addi
tion, the displacements were constrained in the X and Z-axis directions 
on plane A, while displacement was restricted in the Y-axis direction at 
point B. Table 2 shows the material constants used in the analysis and 

Fig. 8. OM and schematic image of fatigue crack initiation and propagation.  
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the initial values of the CRSS in the bcc structure {110}<111> system, 
referring to the source [26]. 

3. Experimental results 

3.1. Crystal microstructure and tensile test results 

Fig. 6 shows the results of the EBSD analysis conducted on the central 
portion of the specimen. It is evident from this figure that the specimen 
used in this study comprises crystal grains with a grain size ranging from 
100 μm to 200 μm, all of microstructure are β phase. Subsequently, Fig. 7 
shows the results of a tensile test conducted using an autograph (man
ufactured by Shimadzu) at a loading rate of 0.1 kN/s. As observed from 
Fig. 7, the tensile strength is approximately 800 MPa. Although the 
tensile strength depends on crystal grain size, this value almost agrees 
with other results of 967 MPa obtained by G. Xue et al., [30]. In light of 
this, it is opted to perform cantilever fatigue tests at a maximum stress 
σmax below this stress value. 

3.2. Observation of fatigue crack initiation sites 

The conditions for the fatigue test were established based on the 
tensile test results obtained in the preceding section. Plane bending fa
tigue tests were executed with a stress amplitude σa = 500 MPa and a 
stress ratio R = − 0.8. Fatigue cracks originated from the surface of the 
specimen, as confirmed through observations made using an optical 

microscope (OM) and plastic replicas. 

3.2.1. Observation of fatigue crack initiation sites 
The fatigue crack in Specimen 1 was identified at 1.48 × 105 cycles, 

and upon tracing back the collected replica images, the cycle count at 
which the fatigue crack occurred was determined to be 1.4 × 105 cycles. 
Fig. 8 (a) shows the replica observation results of fatigue crack growth 
behavior obtained at that juncture. Similarly, Fig. 8(A) and (B) show the 
observation results of fatigue crack initiation points for Specimens 1 and 
2, respectively. These observations confirm the capability to pinpoint 
fatigue cracks with high accuracy using replica images. Additionally, an 
EBSD image of the area surrounding the location where the fatigue crack 
occurred is presented. In the next section, it will be performed that a 
mechanical evaluation of the fatigue crack initiation sites based on the 
Euler angles information obtained from EBSD. 

3.2.2. Identification of slip system for fatigue crack initiation 
Table 3 presents the results of calculating the SF of the {110}<111>

system for Specimens 1. From Table 3 it is observed that the maximum 
Schmid factor of the grains exhibiting crack initiation in Specimen 1 was 
SF = 0.396, and the slip system was (110)[11 1]. The calculated crack 
initiation angle αcal is − 51◦, which closely aligns with the experimen
tally observed αexp of − 40◦. When calculating αcal for the {112}<111>
system, αcal closest value to the experimental αexp of − 40◦, but SF = 0.04, 
which was a significantly lower value. Also, the maximum Schmid factor 

Table 3 
SF values of grain ① of Specimen 1. 

Table 4 
SF values of grain ④ of Specimen 2. 
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for the {112}<111> system was SFmax = 0.498, whose angle of αcal is 
85◦. However, it is assumed that this slip system did not operate because 
it was almost parallel to the load axis direction. Therefore, it is consid
ered that the fatigue crack in this specimen was caused by the activity of 
the slip system (110)[11 1]. 

Furthermore, regarding Table 4, the maximum SF was 0.385, and the 
slip system identified was (011)[1 11]. Comparing this result with the 
experimental and calculated values of crack initiation angle αcal 56◦ and 
αexp 50◦ respectively, indicates a reasonable match. In summary, it is 
evident that the identification of the slip system contributing to fatigue 
crack initiation can be accomplished based on the magnitude relation
ship of the SF. 

3.2.3. Identification of crystal grain for fatigue crack initiation 
In the previous section, we successfully identified the slip system 

contributing to fatigue crack initiation in individual grains. In this sec
tion, we aim to ascertain whether it is feasible to identify the crystal 
grains where fatigue cracks occur by comparing the magnitude 

relationship of the SF of each grain within a polycrystal using a similar 
method. 

Fig. 9 (a)–(b) show the maximum value of the SF (Max. SF) for each 
grain of Specimens 1, 2. The numerical values are shown in Table 5. 
Upon examining Table 5 it becomes apparent that the Schmid factors of 
other grains are relatively higher than that of grain ①, where fatigue 
cracks occurred. Therefore, it is inferred that identifying the grains 
where fatigue cracks occur solely based on the magnitude relationship of 
the Schmid factor is challenging. Similarly, in Table 6, in addition to 
grains where fatigue cracks occurred, other grains with high Schmid 
factors were also identified. This suggests that to identify grains exhib
iting fatigue crack initiation, it is imperative to consider the mechanical 
interaction between grains within a polycrystalline body, as parameters 
solely based on a single crystal are insufficient. 

3.3. Prediction for fatigue crack initiation sites using CP-FEM 

Since it is imperative to consider a mechanical model of a poly
crystalline body to predict fatigue crack initiation sites, it was employed 
crystal plasticity finite element (CP-FEM) analysis, which accounts for 
the interaction of slip activities among slip systems and grains. The 
crystal plasticity analysis model is shown in Fig. 10 (a)–(b). An analyt
ical model was constructed by assigning the Euler angle values of the 
inverse pole figure map observed via EBSD to each grain, enabling the 
analytical determination of the RSS acting on the {110}<111> system. 
Also, boundary conditions are indicated in Section 2.4.2, and mesh sizes 
of specimen 1, 2 are 4.6 μm and 2.7 μm, respectively. Furthermore, CP- 
FEM analysis flow is indicated in Fig. 11. The results obtained from the 
analysis are shown in Fig. 12 (a)–(b). According to Fig. 12 (a), it is 
evident that the RSS of the (011)[111] system in grain ① is notably high. 
In addition, the RSS in the (011)[111] system was approximately 380 
MPa, surpassing that of surround grains whose value are less than 320 
MPa. This observation is consistent with Fig. 12 (b), where elevated RSS 
values are observed for grains exhibiting fatigue crack initiation. As 
indicated in Fig. 12, the grains having highest resolved shear stress value 
agree with the fatigue crack initiation points. Therefore, fatigue crack 
initiation points can be predicted easily by CP-FEM. In essence, it has 
been elucidated that the onset of fatigue cracks in Ti–22V–4Al materials 
comprising multiple crystal grains can be predicted by employing CP- 
FEM analysis of polycrystalline bodies. That’s why this numerical 
analysis method contributes to prediction of fatigue crack initiation sites 
by considering grain interaction and utilization of resolved shear stress 
acting each slip system. 

Fig. 9. Maximum SF values for each grain around the fatigue crack initia
tion site. 

Table 5 
Values of maximum SF for each grain on specimen 1. 

Table 6 
Values of maximum SF for each grain on specimen 2. 
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3.4. Discussion 

In this paper, it has attempted to predict the location of fatigue crack 
initiation in polycrystals, but it was extremely difficult to identify the 
location using the Schmidt factor, which is a theory of single crystal 
plasticity. As mentioned previously [27,28], the slip systems generating 
the fatigue crack initiation could be predicted by SF and modified SF, 
however, the fatigue crack initiation sites could be predicted by using 
these parameters. On the other hand, the CP-FEM can predict the fatigue 
crack initiation sites in polycrystal. This is because a constant stress σ∞ 
acts from a macroscopic perspective when a polycrystal is deformed, but 
from a microscopic perspective, it depends on the crystal orientation of 

each crystal grain due to each grain having a different stress by the effect 
of grain interactions. Therefore, by accurately predicting the resolved 
shear stress of each slip system of grains through CP-FEM that considers 
the crystal orientation of polycrystals, it is possible to accurately predict 
the location of crack occurrence based on quantitatively understanding 
the amount of slip activity. 

4. Conclusion 

In this study, plane bending fatigue tests were conducted on 
Ti–22V–4Al alloy, a β-type titanium alloy, to examine the fatigue crack 
initiation behavior in detail. In addition, the prediction of fatigue crack 
initiation points was investigated from the perspectives of the SF and CP- 
FEM. The key findings of this research are summarized below: 

1. The slip system contributing to fatigue crack initiation can be accu
rately predicted by assessing the magnitude relationship of the SF.  

2. Prediction of grains where fatigue cracks will occur can be achieved 
perfectly in our tested pieces by constructing a crystal plasticity 
model that considers the mechanical interaction of polycrystals. 
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