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POSITIVITY AND HIERARCHICAL STRUCTURE OF
FOUR GREEN FUNCTIONS CORRESPONDING TO A
BENDING PROBLEM OF A BEAM ON A HALF LINE

YOSHINORI KAMETAKA, KOHTARO WATANABE, ATSUSHI NAGAI, KAZUO TAKEMURA
AND HIROYUKI YAMAGISHI

ABSTRACT. We consider the boundary value problem for fourth order
linear ordinary differential equation in a half line (0, c0), which repre-
sents bending of a beam on an elastic foundation under a tension. A
tension is relatively stronger than a spring constant of elastic foundation.
We here treat four self-adjoint boundary conditions, clamped, Dirichlet,
Neumann and free edges, at * = 0. We show the positivity and the
hierarchical structure of four Green functions.

1. INTRODUCTION

A beam is supported by uniformly distributed springs with spring con-
stant ¢ > 0 on a fixed floor and is exerted a tension p > 0 on both sides as
Figure 1.

a4 / / /[

Figure 1. Bending of a beam.

Under a density of a load f(x), a bending of a beam w(z) on a half line
satisfies the following boundary value problem [7, 8]:

BVP(m)
P(d/dz)u = u® — pu” + qu = f(x) (0 <z < 00)
u(™)(0) = 0 (i=0,1)
u, v, v, u" : bounded (0 <z < o0)
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where m = (mg, m1) take four different values as follows:

u(0) = u’(O) =0 m = (0,1) Clamped

11 u(0) =u"(0) =0 m = (0,2) Dirichlet

(LD w(0) = u”(0) = 0 m=(1,3) Neumann -
u”(0) =u"(0) —pu/(0) =0  m=(2,3) Free

We here treat only self-adjoint cases m = (0,1), (0,2), (1,3), (2,3), which

have engineering importance and correspond to clamped, Dirichlet (simply-
supported), Neumann (sliding) and free edge, respectively [4, Chap. 2] as
Figure 2. We show that BVP(m) is the self-adjoint boundary value problem
in section 2.

| 4

(0,1) Clamped (0,2) Dirichlet (1,3) Neumann (2,3) Free

Figure 2. Boundary conditions.

We assume that a tension is relatively stronger than a spring constant.
That is to say, we impose the following two equivalent assumptions:

(1.2) (p/2)?>¢>0, 0<p<oo &
p=a®+b* q=d? (0<b<a).

We state these assumptions (1.2) in section 2. Because the relationship
between a,b and p, q is

T T

(0<p<oo, 0<q<(p/2)?),

we describe the conclusion by using the parameters a and b for the sake
of conciseness. Under these assumptions (1.2), for any bounded continuous
function f(z), BVP(m) has a unique solution u(x) given as

_ /Ow Glmiz,y) fy)dy (0 <z < oo),

where G(m;x,y) is Green function (an impulse response). The purpose of
this paper is to show the positivity and the hierarchical structure of four
Green functions.
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Theorem 1.1. Four Green functions G(m;x,y) are positive and satisfy the
hierarchical structure shown as

0 < G0.Lay) < G0.20.) < {
In particular, we have

0< G0,1;2,y) < G(0,2;2,y) < G(1,3;z,y) < G(2,3;z,y)

(x,y)€D0:{0<az,y<$o or 1‘0<a:,y<oo}

and
0 <G(0,1;2,y) < G(0,22,y) < G(2,3;x,y) < G(1,3;z,y)
(z,y) € D1 = {0<x<:1:0<y<oo or O<y<:r0<x<oo},
a
h = 1
where x¢ = _bogb

This theorem shows that if boundary condition becomes looser as (0,1) —
(0,2) = (1,3) or (2,3), the impulse response gets larger in 0 < x,y < co.

We state our previous study. Under a density of a load f(z), a bending of
a beam u(z) on an interval satisfies the following boundary value problem [2,
3,6, 9, 10]:

BVP(m,n)

{ u® — pu” + qu = f(z) (0<zx< L)
u™)(0) =u™)(L)=0 (i=0,1)

where m = (mg, m1), n = (ng,n1) take four different values as (1.1). We
set hyperbolic functions ch(z) = cosh(z) and sh(z) = sinh(z) for short. We
introduce

1
a2 _ b2

Ko(z) = a"tsh(azx) — b~ 'sh(bz) (0 <z < o0)

and its successive derivatives K;(z) = K(()])(m) and K5(z) = Kj(z)—pK;_2().
In particular, we put K; = K;(L). Under the assumption (1.2), for any
bounded continuous function f(x), BVP(m,n) has a unique solution u(x)
given as

/Gmnazyf()dy (0 <z <L),

G(m,n;xz,y) =



148 Y. KAMETAKA, K. WATANABE, A. NAGAI K. TAKEMURA AND H. YAMAGISHI

Kmo+no Km0+n1 KMO (.%' A y)
Km1+n0 Km1+n1 Kml (x A y) /
Kno(L_$\/y) Knl(L_l‘\/y)‘ 0

Kmo +no Kmo-l—m
Kml +no Km1 +n1

)

where z Vy = max{z,y}, * Ay = min{x,y}. G(m,n;z,y) is Green func-
tion of BVP(m,n). BVP(m,n) is the self-adjoint boundary value prob-
lem. In the previous paper [2], we derived nine self-adjoint Green functions
G(m,n;z,y) (0 < z,y < L), where m = (mg,m1) and n = (ng,n;) take
three sets of values (0,1), (0,2), (1,3) [2, Theorem 4.1], and showed their
positivity and hierarchical structure on an interval [2, Theorem 7.1] as

0<G(0,1,0,1;z,y) <

. G(0,1,1,3;z,y) .
G(0,1,0,2;z,y) < { C020 20y [<C02L3zY)
<
. G(0,2,0,2;2,y) ,
G(O,Q,O,l,l‘,y) < { G(].,?),O,].,Llf,y) < G(1)3)0727I)y)
G(1,3,1,3;2,y) (0<wzy<lL).

In [3], we have one more condition m = (2,3) or n = (2, 3) and have obtained
a more detailed hierarchical structure among sixteen self-adjoint Green func-
tions. As an application, we obtained the best constants of Sobolev inequal-
ity corresponding to bending problem of a beam on a half line [7, 8] and a
finite interval [9, 10].

This paper is composed of six sections. In section 2, we show the pos-
itivity and hierarchical structure of Green function corresponding to the
bending problem of a string, which is based study of this paper. In section
3, we derive Green functions G(m;z,y) corresponding to BVP(m). In sec-
tion 4, we show one more expression of G(m;z,y). In section 5, we prove
Theorem 1.1. In section 6, as an appendix, we show the best constants of
Sobolev inequality corresponding BVP(m).

The bending problem of a beam BVP(m) is important in the field of clas-
sical mechanics of materials. This paper gives a mathematical foundation
of this bending problem of a beam BVP(m).

2. BENDING PROBLEM OF A STRING

A string is supported by uniformly distributed springs with spring con-
stant ¢ = a® (0 < a < 00) on a fixed floor. Under a density of a load f(z),
a bending of a string u(x) is shown as Figure 3.
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Figure 3. Bending of a string.

149

First, we consider the case of a bending of a string on a line. For any
bounded continuous function f(x) (—oco < z < o0), the boundary value

problem
BVP,(R)
—u" + qu = f(x) (—o0 <z < )
u,u’ : bounded (—o0 <z < 00)

has a unique solution u(x) given as
o0
u(z) =/ G(z,y) f(y)dy  (—o0 <z < 00),
—00
1

G(IE,y) = %e—(ﬂx—y\ (_OO <,y < 00)7

where G(z,y) is Green function.

Second, we consider the case of a bending of a string on a half line. For
any bounded continuous function f(z) (0 < x < o0), the boundary value

problem
BVPg(m)
—u" + qu = f(x) (0 <z < o0)
u™(0) =0 (m=0,1)
u, v’ : bounded (0 <z < o0)

has a unique solution u(x) given as

uw) = [ S Gmiey) f)dy (0 <2 < oo),
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G(m;z,y) = G(z,y) — (-1)"G(z, —y) =
P )
Qae (=1) 2a
G(m;x,y) is Green function of BVPy(m) and G(z,y) is Green function of
BVPy(R). The boundary condition m take two different values. m = 0
is Clamped or Dirichlet boundary condition. m = 1 is Neumann or Free
boundary condition. It is very easy to see the positivity and hierarchical
structure as

0<G0;z,y) < G(L;x,y) (0 < z,y < 00).

Finally, we consider the case of a bending of a string on an interval. We

e~ @ +y) (0 <2,y < 00).

introduce Hy(r) = a~'sh(ax) and its successive derivatives H,(z) = H(()j)(a:).
In particular, we put H; = H;(L). For any bounded continuous function
f(z) (0 < x < L), the boundary value problem

BVPy(m,n)
—u/ +qu— (a:) (0<z<L)
{ ut™(0) = u{" (0 (m,n =0,1)

)=
has a unique solution u(m) given as

- /0 Gm.miz,y) fy)dy  (0<z <L),

G(m,n;z,y) = HyL Hy(z Ay) Hy(L — 2V y) (0<z,y<lL).

G(m,n;z,y) is Green function of BVPg(m,n). The boundary condition m,n
take two different values. m = 0 or n = 0 is Clamped or Dirichlet boundary
condition. m = 1 or n = 1 is Neumann or Free boundary condition. In
[5, 6], Green function G(m,n;z,y) has the positivity and the hierarchical
structure as
_ G(0,1;z,y) .
0< G(0,0, .%',y) < { G(l,O,x,y) < G(1717x7y)
0<z,y<lL).

The discrete version is given by [11].

3. BOUNDARY VALUE PROBLEM

We consider the assumptions (1.2). Using characteristic coefficients p, q
and characteristic roots a; (j = 0,1,2,3), we have the characteristic poly-
nomial of the differential equation of BVP(m) as

3
P(z) =2 —p? +¢q= H(z — aj).
j=0
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42 (2 P\ _ ((P\?_
N R (]
if P(z) =0, then we have

D P\ 2 D P\ 2
1 2 -S4 (7> - N =44/ £ (7) —q.
(31) 27 =73 5 q z \/2 5 q

We show the range of values p and ¢ in Figure 4.

For

q
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Figure 4. The range of values p and q.

We rewrite 0) ~ (2 in Figure 4 as

:0’ :O7
@ p>0, g=(p/2)% g 2?8’ 328’
@ p>0, 0<(p/2)?<q, : ’
@ p=0, 0<gq, O p=0,¢<0,
® p<0, 0<(p/2)*<g 8 gig’ gig’
® p<0, qg=(p/2)% ’ '

If p > 0, then p means tension. If p < 0, then |p| means pressure. If
q > 0, then ¢ means spring constant. If ¢ < 0, then ¢ means extended
spring constant. In this paper, we treat () because we can come to ex-
haustive conclusion of the positivity and the hierarchical structure of four
Green functions. @) ~ (2 are interesting as a engineering phenomenon, but
the positivity and the hierarchical structure of four Green functions cannot
exist. So we do not treat @) ~ (2 in this paper. In (), a tension is relatively
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stronger than a spring constant which is the obedient engineering phenome-
non. If we assume (D), then 22 in (3.1) is positive value. When we introduce
parameters a and b as

a? P P2 p=a*+b?
bg}:2i <§> —q & ¢ = a2b? (0<b<a).

@ is equivalent to the assumptions (1.2). Then, characteristic roots a; (j =
0,1,2,3) are

(3.2) ao=a, ap = —a, az = b, ag = —b.

Lemma 3.1. Four kinds of BVP(m) are the self-adjoint boundary value
problems.

Proof of Lemma 3.1 If v and v satisfy the homogeneous boundary con-
dition and the bounded conditions of BVP(m), the following relation

/OOO (u(4) —pu” + qu) vdr — /Ooo u (@(4) — v’ + q@) de =

( neo = Ml P T |
u' —pu)v —u'v +uv —u@" —pv) .
r=
is equal to 0. This completes the proof of Lemma 3.1. |

We start with the boundary value problem on whole line:

BVP(R)
u® — pu” + qu = f(x) (—o0 <z < 0)
w, v/, u”, v : bounded (—oo <z <o0) ’

which possesses a unique solution given by
u(z) = / G(z,y)f(y)dy — (—o0 <z < o0),

where G(x,y) is Green function on whole line [1]. Introducing the function

(3.3) G(z)=G(0) ib {a et be‘“'x‘] >0 (—o0 < x < 00),
1
GO) = 2ab(a + b)’
we have G(z,y) = G(x — y) as
(34) Glr—y) = GO0) 1 [ae i —peei] =

1 [1 by _ 1

a2 — b2

5 Qae_‘”w—yq >0 (=00 <,y < 00)
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satisfying the following properties:
(3.6) 9.G(z,y) : bounded (i=0,1,2,3, —oo<uz,y<oo, z#Yy),

(3.7)  9,G(x,y) B — 0LG(x,y) = 0 (?20’1’2)
y=z—0 y=x+0 1 (Z 3)

(—o0 <z < 00).

In order to give concrete forms of fundamental functions A;(m; ) and Green
functions G(m;z,y) of BVP(m), we introduce matrices defined by

(e (pm
38 @l = (ol (T )
1

b 0
—b\0 —a)/’

(3.10) C(m)=®_(m) '®,(m)E,

3.9 E=G(0)

where
(£a)® = (£a)® — p(xa) = Fab®,  (£b)3 = (£b)® — p(£b) = Fa2b.

We list the concrete forms of ®4(m) as

1 1 1 1
'1):&(07 1) = (ia :I:b) s q):l:(ov2) = <a2 b2> s

a b . a2 b2
®+(1,3) =+ <a3 b3) B3 = <:Fab2 :Fa2b>
and C(m) as
- a+0b)b —2ab
c.1) = . 5)2 ( —2ab ala + b)>
C(0,2)=E, 1,3) -
1

(a +b63)b  —2a2b?
(a—b)(a3 —b3) \ —2a%b* a(a®+b%)
We remark that C(m) is a symmetric matrix.

Lemma 3.2 shows the uniqueness of the solution of BVP(m). For later

convenience sake, we consider the inhomogeneous boundary condition of
BVP(m).

Lemma 3.2. For any bounded continuous function f(z) on a half line 0 <
x < oo and any set of complex numbers (ag, 1), the boundary value problem

BVP' (m)
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u® —pu” + qu = f(x) (0 <z < o0)
u™)(0) = oy (i=0,1)
u, v, u” u" : bounded (0 <z < o0)

has a unique classical solution

1 oo
(3.11) u(z) =) Aimiz)ay +/ Gim;z,y) f(y)dy (0 <z < o0),
=0 0

where the fundamental solutions satisfying the prescribed boundary condi-
tions are given by

(3.12) (Ag A1)(msz) = (e79® e ) ®_(m)! (0 <z < o0)
and Green functions are given by

(3.13) G(m;z,y) = G(x —y) + Ge(m; x,y) (0 < z,y < o),

(zNy)

a(z/y)

—a(avy)  —b(zVy) e~ a(ew)
(3.15) Ge(m;z,y) = (e ¥ e y)C(m) o—b(eny) | -
(3.14) is another important expression of (3.4). In particular, using (3.3),
Gc(0,2;2,y) and G(1,3;x,y) are given as
Ge(0,2;2,y) | _ _
(3.16) Go(l.3:2.y) } =FG(x+y) =
G(0)

P> [a e~ bEty) be_"(”y)} { i 8 (0 < z,y < c0).

Lemma 3.2 shows that Green function G(m;x,y) is expressed as a sum
of principal solution G(z — y) and a compensating function G.(m;x,y). We
show the concrete forms of A;(m;z) and G(m;z,y).

Corollary 3.1. We show the concrete forms and the positivity of A;(m;x)
as follows:

1
(3.17) Ap(0,1;z) = p— [ae_b’C - be_“x} > 0 (0 <z < 00),
1
(3.18) A1(0,1;2) = PR [e_bz - 6_‘”} >0 (0 <z < o0),
. _ 1 2 —bx 2 —ax
A0(0,2,x)—a2_b2[ae —be } > 0 (0 <z < 00),
4(0,22) = —— 1 [et o] <0 (0
1(,,$)——a2_ll)2{e —e ]< (0 <z < 00),
. — 3 —bx 3 —ax
Adl,S,x)——m{a e —b’e ] <0 (O<.T<OO),
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1 —bz —az
A1(1,3;x):m|:ae —be :| >0 (0<$<OO),
Ao(2,3;2) =

( a
>0 0<x<a_blogb>
1 —ax —bx 1 a
agi—b?’ ae —be i| :0 z‘:a_blogb> ,
<0 _blogz<:c<oo>

~ 1
A1(2,3;2) = ab(a® — ) [a2 e b — p? e_‘w} > 0 (0 <z < o0).

Corollary 3.2. We show the concrete forms of G(m;x,y) (0 < z,y < 00)
as follows:

Gm;z,y) = G(x —y) + Ge(m; 2, y),

2bGO0) [1 _yuwi 1
G(m_y):a_(b)[%e ool — Lo y|]7
G(0
Gc(07 1,$,y) = _(a _( b))g |:

b(a + b)e~ @Y _24p (e_az_by + e_lm_ay) +a(a+ b)e_b(”y)] :

2ab 1 1
FGlaty) = :Fw { b(z+y) _ ea(xﬂ/)}

a—>b 2b 2a

)

= G(0
02 = |

b(a® + b%)e 4= HY) _ 942p? (e_‘”_by + e_bw_“y> + a(a® + b?’)e_b(”y)] )

We show the 3D graph of Green functions in Figure 5.
Proof of Lemma 3.2 The new functions

u; = ui(z) = ul?(2) (1=0,1,2,3, 0 <z < ),

uz = uz(x) = u® (x) = u"(z) — pu'(x) (0 <z < o0)
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2,b=1,L =3).

Figure 5. Green functions (a
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satisfy
uy = uy
I
\ ué = —quo + puz + f(z)
uo 1 00 uo
U1 010 Uy +
(%) 0 0 01 (%)
(] —q 0 p 0/ \us
If we introduce the matrices
Uug 0 1 00
lwm 10 010
v=1Lul A=1o0 001
u3 —q 0 p O

then we have

(3.19) v = Au+ezf(x) (0 <z < o0).

_— o o o

Using the characteristic roots a; (0 < j < 3) and matrices W and A as

ap = a, a) = ba az = —aop, a3z = —ay,
1 1 1 1 ag 0 0 O
. ayp a1 a2 as :& . 0 aq 0 0
W - 2 2 2 2 9 - 0 0 0 )
a% a:f a% ag 0 0 0 a3
we have the Jordan canonical foorm A = WAW ™!, We introduce new
vector v as
Uuop 1 1 1 1 Vo
U ag ai as a v
w=Wo e |U|=f% 9 e ]
u9 CLO (ll a/2 a3 V2
us a,% az{’ a% a% V3
and e as
eo
_ e
e=W 183 & Ll = #
€9 P’(ai)
€3
0<i<3
1 1
€0 = — 5 5% €l = ——F 5 5= ey = —€p ez = —eq.
2a(a? — b?)’ 2b(a? — b?)’ ’
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The differential equation (3.19) is rewritten equivalently as
v = Av + ef(z) (0 <z < ),
& vl =av +ef(x) (1=0,1,2,3, 0 <z < 0).
Solving this differential equation, we have
(3.20) vi(z) = v;(0)e%® + / ’ €% @) £ (y)dy
(1=0,1,2,3, 0 < x i 00).

Here, because w; (i = 0,1,2,3) are bounded, v; (i = 0,1,2,3) are also
bounded from v = W~ lu.

We consider the case ¢ = 0,1 in (3.20). Noting a; > 0 and taking the
limit  — +o00 on both sides of

e “Ty;(x) = v;(0) + /Ox eie” Y f(y)dy (i=0,1, 0 <z < 00),
we have
(3.21) 0=v;(0) + /000 eie” MY f(y)dy (1=0,1).
Subtracting the above two relations, we have

vi(x) = — /OO %Y £ (y)dy (i=0,1, 0 <z < 0).

Thus we have
(3.22) wo(x) 4+ vi(z / Z eie” 41Tl F (1) dy (0 <z < o0).
T =0
We consider the case of i = 2,3 in (3.20). Noting ajr2 = —ai, €42 =
—e; (1 =0,1), we have
(3.23) wo(x) + v3(z) =
2 1
—agx —aix V2 0 _/ .o—ailz—yl d O<z< .

(7" e )<U3>() ) ;eze flydy  (0<z <o)

Taking a sum of (3.22) and (3.23), we have

(3.24) wu(z) = sz =
(e ¢mme) < ) / Gla— ) fy)dy  (0<z <o),
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where
1 1
Glz—y) = — Z e;elr—yl = Z ;e (@VY) gai(zny) —
i=0 =0
—apl\x —al1(x eaO(x/\y)
— (e7! v W) E (em(sz)) ’

(3 ) s b )i %)

The above E is equal to (3.9). Putting ap = a,a; = b for G(x —y), we have
(3.14). From the relation u = Wwv, we have

U 1 1 1 1 Vo
u1 ag a1 az as U1
u (0) = 2 a2 a2 a2 v (0).
If we replace the last row by uz = uz — puy, then we have
e 1 T I S A B I )
U2 “|ag ol a3 a | | v ’
uzy ag a? a% ag v3

where we use @} = a3 — pa; (i = 0,1,2,3). In the case of m = (1,3),

uz(0) = (u3 — pu1)(0) = ug(0) follows from w1 (0) = 0. Using the boundary
condition of BVP(m), we have

Qo) _ [ Umg _

() = (i) 0=

ag® a™\ (vo ay® az®\ (v2
(s ) (o (@ o) (2)o,

ap = a, a; = b, az = —ap = —a, az = —a; = —b,
(£a)’ = Fab®, () = Fa?b,
we have
ap a™ o\ (g (—a)™  (=b)"™0\ [v2
= 0) + 0).
1 1 U1 —a - U3
() = () (Do (Y ()

Using .+ (m) in (3.8), we have
329) (20) = @om) (12) 0 + 2 (12) )

1 U1 U3
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On the other hand, from (3.21), we have

(3.26) (22) ==/ (j(jz:?ﬁz) fdy =~ [ B (?Zfz) F(w)dy.

Inserting (3.25) into (3.26) and using C(m) in (3.10), we have

20 (2)or =2 (30)+ [T o (C1) fw

Applying (3.27) to (3.24), we have

u(@) = (e7% b7 & _(m)~! (Oéo) N

/OOO (e &) C(m )(ibj) dy+/ Gz — y)f(y)dy

(0 <z < o0).

Here, if we put
—ax —bx e
Gc(m;-xay) = (6 e ) C(m) ety |0

then G.(m;z,y) = G¢(m;y,x) follows from ‘C(m) = C(m). (3.15) follows
from G.(m;z,y) = G¢(m;y,x). Thus we have (3.11), (3.12) and (3.13).
This completes the proof of Lemma 3.2. [

Lemma 3.3. The fundamental solutions satisfying the prescribed boundary
conditions A;(m;x) satisfy the following properties:

(1) Differential equation
AW —pAT+qA;j =0 (=01, 0<z<c0)
(2) Boundary condition

N o I R

where Ag-s) (m;0) = A7 (m;0) — pAj(m;0).
Proof of Lemma 3.3 (1) is obvious since A;(m;z) (j =0,1) are linear
combinations of {e=9%, e~%}. Differentiating A4;(m;x) i times, we have
(49 AP (i) =
((—a)lema® (=b)ie ) &_(m)! (0 <z < o0).
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(2) follows from

Almo) - 4(mo) o {(=a)m (=b)mo o
(Agmﬂ Aim“)(m’o)‘((—aw ) 2" =

®_ (m)®_(m) =1,

where I is 2 x 2 identity matrix. Thus we have Lemma 3.3. |

Lemma 3.4. Green function G(m;z,y) satisfies the following properties:
(1) Symmetry property
G(m;z,y) = G(m;y,x) (0 <2,y < 00).
(2) Differential equation

(0p —pO2 + )G(m;m,y) =0 (0 <z,y<o0, x#y).

3)

3) Boundary condition

QmZG(m;x,y)‘ 0:0 (1=0,1, 0<y<o0).
=

T

(4) Jumping condition

7 i 0 ) = 0, ]., 2
0, G(m; x,y)’ - 3mG(m;:v7y)‘ = { (z- 3) )

(0 <z < 00),

where 85 =02 — pOs,.

Proof of Lemma 3.4 (1) is obvious. (2) follows from
P(9:)G(m;x,y) = P(9:)G(z = y) + P(02)Ge(m; 2, y) = 0,

where we use P(f+a) = P(+b) = 0. We treat (3). For the expression of
Green function (3.13) as

Gm;z,y) = G(x —y) + Ge(m;z,y) (0 <2 <y < o00),
e

6o =)= (e ) -5 (%)

amen = w15,

differentiating m; (i = 0, 1) times with respect to x and taking limit z — 0,
we have

0y G(m; z,y)

=0 [Gla—y) + Gemiwy)|| =

z=0 =0 -

a

() (~ B+ -1cm) ().
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Applying each boundary condition m = (0,1),
above relation, we have (3). (4) follows from (3.
|

(
7

0,2), (1,3) and (2,3) to the
). Thus we have Lemma 3.4.

Lemma 3.5. The classical solution (3.11) satisfies BVP(m).

Proof of Lemma 3.5 Lemma 3.5 follows from Lemma 3.3 and Lemma 3.4.
Lemma 3.5 shows the existence of the solution of BVP(m). [

4. ANOTHER STANDARD EXPRESSION OF GREEN FUNCTION

In this section we derive another standard expression of Green function.
Green function is expressed using the successive derivatives of the funda-
mental solution of special initial value problem IVP [2, 3, 6, 7, 8, 10] and
fundamental solutions which satisfy the special boundary data.

The initial value problem

IVP

u —pu” +qu=0 (0 <z <)
u(0) =4/(0) =4"(0) =0, «"(0)=1

has a unique solution u(x) = Ky(x) as

1 -1 —1
Ko(x) = PR [a sh(ax) — b~ "sh(bx) (0 <z < o0).
From 0 < b < a in (1.2), all the coefficients of Taylor series of Ko(x)
a?l — b .
— J+1 0 0
E ) pERER > (0 <z < 00)

Jj=1

are positive, therefore Ky(z) is completely monotone. If we introduce suc-
cessive derivatives

d J
(4.1) Kj(x)= (d:v) Ko(x) >0 (j=0,1,2,---, 0 <z < 00),
then we have the recurrence relation
Kjia(x) — pKjio(z) + qKj(x) =0 (1=0,1,2,---, 0 <z < 0).

Through straightforward calculations, we can show
(Ki(2))? = Ko(z)K»(z) =

1 [<sh((a + b)x/2)>2 - (sh((a —b)z/2)

2
o > p— >]>0 (0 <z < o0).
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Using this relation, we have

(4.9) (Kl(ﬂﬂ))' __ (EK(#))? = Ko(2)Ks()
Ko(z) (Ko(x))?

Using fundamental solutions satisfying the prescribed boundary conditions

Aj(m;z) and fundamental solutions to the initial value problem Kj(z), we
have another expression of Green function G(m;x,y).

<0 (0 <z < o0).

Lemma 4.1. Green function possesses another expression given as follows:

(43) Glma) == (<1 ()™ A)miava) (5 ) @ Aw
0<z,y <o0),
where (—1)§ = —1 and Kz(z) = K3(z) — pK1(z).

Proof of Lemma 4.1 Applying (3.12) to (3.14) and (3.15), Green func-
tion (3.13) is given as

(4.4)  Gm;z,y) = Gx —y) + Ge(m; z,y) =
e(zNY) e—a(zAy)
(Ag A1) (myzVy) [— ®_(mE bAY) +®,.(m)E T ]
On the other hand, the exponential function expression of Ky(z) is given as
eaz 6-@1‘
Ko()= (1 1)E (ebz> 0 1)E (e_bz> .

Differentiating Ko(x) m; (i = 0,1) times, we have

HCE
E B)e)- (35 1) ()
(0 ) e () + et ()

Inserting the above relation into (4.4), we have (4.3). This shows Lemma 4.1.
[ ]

5. PROOF OoF THEOREM 1.1

This section is devoted to a proof of the positivity and the hierarchical
structure among four Green functions in Theorem 3.2.

First, we show the positivity of G(0,1;x,y). To prove this fact, we show
the positivity of the diagonal value G(0, 1;y,y).
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Lemma 5.1. The following relation holds:
G(0,1;y,y) >0 (0 <y < 0).

Proof of Lemma 5.1 From (3.13), (3.14) and (3.15), we have
G0,1;y,y) = G(0) + Ge(0, 1;y,y) (0 <y <o0),

—ay
Ge(0,1;y,y) = (e=™ ™) C(0,1) (Zby) (0 <y < oo).
Since
G¢(0,1;0,0) = (1 1) C(0,1) G) = —G(0),
we have the initial value
G(0,1;0,0) = G(0) + G.(0,1;0,0) = 0.
Differentiating G(0, 1;y,y) and noting !C(m) = C(m), we have

d
dyG(O, Y, y)

—a _ —a 0 e W
2(emw et) ( 0 _b> C(0,1) (e_by> (0 <y < 00).
Using
—a 0 B ab a+b —2a
( 0 b) c0.1) =0 g <2b a+b> !
we have
d

dy
2ab(a + b)
(a—b)?

This proves Lemma 5.1.

G(0) (et - e*ay)z S0 (0<y<oo).

Finally, we prove the main theorem.
Proof of Theorem 1.1 We first prove

(5.1) G(0,1;z,y) >0 (0<z,y <o0).
We use the abbreviation 4;(z) = A;(0,1;z). From Lemma 4.1, we have
G(0,1;2,y) = —Ao(z Vy)Ko(z Ay) + Ar(z Vy)Ki(z Ay) =

Koo ) A o) (0 ) = duGe v

0<(zAy) <(zVy) <oo).
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From (3.17), (3.18), (4.1) and (4.2), the relations
Ap(x) >0, Ai(z) >0,

Ko(z) >0, Ki(z)>0, ‘(%Eﬁ)/ >0 (0 <z < o0)

hold. Hence, we have
G0, Lz,y) =

Kot ) | Antev ) (R0 ) ~ Aot v 2
ot ) [ ) () — ot v
W:Al(”y)fﬁ(wvy) —Ao(x\/y)KO(x\/y)] _
Ko(z Ay)

mG(O,l;x\/y,x\/y) (0<(x/\y)<($\/y)<oo).

Using Lemma 5.1, we have the inequality (5.1).
Second, we show the hierarchical structure of Green functions or equiva-
lently, the following inequalities:

G(0,2;z,y) — G(0,1;z,y) > (0 <2,y <o0)
G(13xy) G(0,2;z,y) > (0 < z,y < o0)

(5.2) G(2,3;z,y) — G(0,2; 2, y) > 0<z,y<oo) ,
(x,y) € Dy
\G( ,y) — G(1, 3xy){ <0 (sg)cD

where Dg and D are defined by Theorem 1.1. Using the expression of

G(0,2;z,y) | _

U Y~ G- TG+ 0<ny <o)
we have

G(1,3;2,y) — G(0,2;2,y) =2G(x +y) >0 (0 <z,y <o00),

where we use G(z) > 0 (0 < x < 00) in (3.3). Using the expression of Green
functions in (3.13), we have

G(07 2’9579) - G(07 1,$72U) - GC(0727‘r7y) - GC(07 1,.T,y) =

—a(z/y)
(e=a@vy) e—b(ac\/y)) (C(O,2) - C(0, 1)) (Z—b(my)) =

2ab G(0)

= (e—b(xVy) _ e—a(a:Vy)) (e—b(x/\y) _ e—a(x/\y)) >0
a—
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(0 < z,y < o0),
G(2,3i2,y) — G(0,252,y) = Ge(2,3;2,y) — Ge(0, 25 2,y) =
B e
2G(0) <a26—4(mVy)__b26—wﬂ$Vy)> (a oblany) _ er—u(xAy))

(a—0b)(a3 —b3)
>0 (0 < z,y < 00),

G(Qa§7 x, Z/) - G(17 37 Z, y) = GC(27§7 Z, y) - GC(17 37 Z, y) =
~ —a(z/Ay)
(e—a(xVy) e—b(:ch)) (0(273) — C(1,3)) <Z—b(m/\y)) =
2ab G(O) —a(xVy) —b(zVy) —a(zNy) —b(zNy)
(a—0b)(a3 —b3) <ae be ) <ae be )
{ >0 (x,y) € Dy

<0 (x,y) € Dy
where we use the relation

>0 (0 <z < xp)
) =0 (x = z0) ,

ae % _ be—ba: — ge <1 o ée(a—b)cc

a <0 (9 <z < 00)
I
0 a—b og b .
Thus we have obtained the hierarchical structures in (5.2).
Theorem 1.1 follows from (5.1) and (5.2). [

In the proof of Theorem 1.1, we have the inequalities:

Ge(0,2;2,y) — Ge(0, 15 3,y) > (0 <,y < o0)
Gc(1,3;2,y) — Ge(0,2; 2, y) > (0 <2,y < 00)
Ge(2,3;2,y) — Ge(0,2; 2, y) > (0<w,y<oo)

(x,y)GDO
23 - G(1,3;

From (3.16), we have
Ge(0,2;m,y) <0< Ge(L,352,y) (0 <2,y <o0).

So we have the following corollary.
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Corollary 5.1. Four kinds of compensating functions Ge(m;x,y) satisfy
the hierarchical structure shown as

Gc(0,1;2,y) < Ge(0,2;2,y) <0< { ¢
(0 < z,y < o0).

In particular, we have
Ge(0,1;2,9) < Ge(0,2;2,9) <0 < Ge(1,3;2,y) < Ge(2,3; 2, y)
(z,y) €D0:{0<.’L',y<(130 or x0<x,y<oo}

and
Ge(0,1;2,9) < Ge(0,2;2,y) < 0 < Ge(2,3;2,9) < Ge(1,3; 2, y)
(x,y)€D1:{0<$<xo<y<oo or O<y<a:0<x<oo},

1

where g = log a.
a b

We remark that Green functions of BVP(m) are G(m;z,y) = G(x —
y) + Ge(m;z,y) > 0 (0 < 2,y < o0), and Green function of BVP(R) is
Gz —y) >0 (—oo < x,y < 00). Hence, we have another corollary.

Corollary 5.2. Five Green functions G(x —y) and G(m;z,y) are positive
and satisfy the hierarchical structure shown as

0<G0,1;2,y) < G(0,2;2,y) < G(x —y) <{ G

(0<z,y < o0).
In particular, we have
0<G0,1;2,y) < G(0,2;z,y) <
Gz —y) < G(1,3;2,y) < G(2,3;z,y)

(x,y)6D0:{0<a:,y<x0 or :L‘0<a:,y<oo}

and
0<G(0,152,y) < G(0,2;m,y) <
Gz —y) < G(2,3;2,y) < G(1,3;2,y)
(x,y)€D12{0<:1:<:cg<y<oo or O<y<x0<x<oo},
1
where g = 10gg.

a—2b b
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6. APPENDIX : SOBOLEV INEQUALITY

In this section, we show the best constants of Sobolev inequality. Al-
though this study is shown in [8], we also treat them for the sake of self-
containedness.

We introduce Sobolev space

H= {u ‘ u, v, u" € L?(0,00),
u(0) =w(0) =0 (X) = (0,1)
u(0) =0 (X) = (0,2) }
v(0) =0 (%)= (1.3
none (X) =1(2,3)

and Sobolev inner product

(o) = [ [0 @ @) + 9@ (@) + guie)ute)|da,

lullZy = (u,w)m

Lemma 6.1. For any u € H and fized y (0 < y < o0), we have the
reproducing relation

(6.1)  uly) = (u(-),G(m; -, y))u
Putting u(x) = G(m;z,y) € H, we have
(62)  Gmyy,y) =1G(m;-y)ll-

Proof of Lemma 6.1 We put v = v(z) = G(m;z,y) € H with y arbi-
trarily fixed in y € [0,00). Noting T = v and integrating the identity
", 1"

uv" Fpuv 4+ quu =

"

!/
[u'v” uv’ + puv ] + uv® — puv” + quu
with respect to x on 0 <z <y and y < z < oo, we have

U’UH—

{/ / }[</H (”m_p”/)>/+“<v(4)—pv”+qv)} dz.

From Lemma 3.4 (2) and (4), we have
(u,v) = u(y) — u'(0)0"(0) + u(0) (v — p')(0).

Setting u = u(x) € H and using Lemma 3.4 (3), we have (6.1). Putting
u = u(x) = G(m;x,y) € H with y arbitrarily fixed in y € [0, 00), we have
(6.2). This completes the proof of Lemma 6.1. [
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Theorem 6.1. There exists a positive constant C such that for any u € H
the Sobolev inequality

2
(6.3) (wpwwﬂ < Cllullf =

0<y<oo
C'/ “u"(m)f—i—p‘u/(x)f+q|u($)]2 dx
0

holds. Among such C, the best constant Cy = Cy(m) is
(6.4) Co(m)= Og;zzx G(m;y,y) =

G0.1yy)| =G0

G(0,2:y, y)\ 6(0)

G(1,3:0,0) — 2G(0) 2
G(2,3:0,0) :m®ﬁﬁ;2w

If we replace C by Cy in the above inequality, the equality holds if and only
if the constant multiple of

[ no existence m = (0,1), (0,2)
(6:5) M@—{am%m m=(1,3), (2,3)

The engineering meaning of Sobolev inequality is that the square of the
maximum bending of a beam is estimated from above by the constant mul-
tiple of the potential energy. Among these constants, the best constant is
the maximum of the diagonal value of the Green function.

(0 <z < o0).

Corollary 6.1. The hierarchical structure of four best constant of Sobolev
inequality C(m) is

C(0,1) = C(0,2) < C(1,3) < C(2,3)

Proof of Theorem 6.1 Applying Schwarz inequality to (6.1) and using
(6.2), we have

(6.6)  Ju)* = I(u(), G(m; - y)ul* <
Il Z G (s -, )7 = Gmsy, y)ull3-

Taking the maximum with respect to y (0 < y < 0o) on both sides, we have
Sobolev inequality

2
(6.7) (prMOfﬁMW%

0<y<oo
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where

Co = G(m: = G(m; .
0= max_ (ms;y,y) (m; Yo, yo)

The inequality (6.7) implies that ||u||z = 0 holds if and only if u(z) = 0,
which shows the positive definiteness of inner product (-,-)gy. If we take
u(z) = G(m;x,yp) € H in (6.7), then we have

2
( sup |G(m; y,yo)|> < Col|G(m; -, yo) |7 = CoG(m; o, y0) = C§.

0<y<oo
Combining this with the trivial inequality
2
C§ = G(m;yo,90)” < ( sup IG(m;y,yo)|> ,
0<y<oo

we have

0<y<oo

2
<Sup IG(m;y,yo)|> = Co|G(m; -, yo) |7

This shows that Cj is the best constant of (6.7) and the equality holds for
G(m;x,yo).

Next, we search for the concrete value of the maximum of G(m;y,y).
From (3.13), the diagonal value of Green function G(m;z,y) is

G(m;y,y) = G(0) + Ge(myy,y) (0 <y < o0),

Golmiy,y) = (€ ™) C(m) <z§j> (0 <y < o).

We prepare

0 m = (07 1)a (07 2)
' 260 m = (1,3)
(6.8) G(m;0,0) = B2 ° :
26(0) a2(—|—jz_bb—)i— po m=23
(6.9 Glmiyy)| =GO m=(0,1),(0,2).(13),23).

The derivative of G(m;y,y) (0 <y < c0) as

d d
@G(mvyvy) - @Gc(m,y,y) -

o e (7 DYom (53)
(=¥ &) C(m) (‘O“ _°b> (Z:bif) (0 <y < o).
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Because of ‘C(m) = C(m), we have
d
@G(mv Y, y) -
2w ) (% Oem () (0<y<oo)
0 —b ~by y '
Here

<_0a —Ob) C(0,1) = G(0) (a ibb)z <G—be a_iab> ’
=760, (5 ).
<_0a _0b> C(2,3) = —G(0) (a— b)C(L23 — ) (Cl—ggc;g) 524?26%) ’

we have

d 2ab b 2
—G(0,1;y,y) = G(O)M (ffby - 6*”) >0,

dy (a —b)2

e 03 Jorm = se0 2 (o) {20
(ZG(2,3,y7y) =

—G(0) v 4_“2)(?(1;—3)63)6—(a+b)y{(a2 —ab+1)ch((a — by) — ab} -0
(0 <y < o00),

where we note a? — ab + b? = (a — b)? + ab > ab. So we have the behavior
of G(m;y,y) (0 <y < o0) as

010 e ={ 5y Z0es 0

Since (6.8)~(6.10), we have the concrete value of (6.4).
This completes of the proof of Theorem 6.1. |
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