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NON-MODULAR SOLUTION OF THE KANEKO-ZAGIER
EQUATIONS WITH RESPECT TO FRICKE GROUPS OF
LOW LEVELS

TOSHITERU KINJO

ABSTRACT. Pavel Guerzhoy show that the Kaneko-Zagier equation for
SL2(Z) has mixed mock mock modular solutions in certain weights. In
this paper, we show that the Kaneko-Zagier equations for the Fricke
groups of level 2 and 3 also have mixed mock modular solutions in
certain weights.

1. INTRODUCTION

A modular linear differential equation is a differential equation on the com-
plex upper half plane $ with an invariance property under the action of some
arithmetic Fuchsian groups. In recent years, they are studied in several con-
texts in number theory, vertex operator algebra, and mathematical physics.
The Kaneko-Zagier equation

k+1 k(k+1
&z @~ E e+ gm0 =0
which was introduced by Kaneko-Zagier [KZ98], is one of the most basic and
interesting modular linear differetial equations. Here, 7 € §, ' = 2%@'%7 and

Ey(7) is the normalized Eisenstein series of weight 2, which is not a modular
form but is a quasimodular form. The equation (K Z;) has connections to
supersingular polynomials, Atkin’s orthogonal polynomials and trace func-
tions of vertex operator algebra (see [KZ98], [KNS13]).

Recently, Guerzhoy [G15] described the non-modular solution of (K Z)
and proved (K Z) has a mixed mock modular solution for certain weights k
as a corollary of his theorem. In this paper, we will investigate non-modular
solutions of the Kaneko-Zagier equations for the Fricke groups of level 2 and
3, and show they have mixed mock modular solutions for certain weights k.
More precisely, the Kaneko-Zagier equations for the Fricke group of level 2
and 3 are given respectively by the following:

Kz 10~ mm e+ T ) ) = 0
(KzZey) 1)~y )+ M D gy ) = 0
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where E92(7) and Ep3(7) are Eisenstein series of weight 2 with respect to
the Fricke groups of level 2 and 3, respectively, precise definitions being given
in the next section. The equations (KZj2) and (K Zj3) were previously
investigated in [S11], [SS15], and [ST12].

Our main results is the following theorem:

Theorem 1.1. (1) The differential equation (K Zy2) has non-modular
solutions of the form;

Ak o(1)E2(T) + B 2(T) if k=0 mod 4,
Cr2(T)F2,2(7) + Dy 2(7) ifk=2 mod 4,

where (1) = 2mi [ n(7)*n(27)%dz, and Ay (1), Bra(7), Cra(T),
Dy 2(7) are certain modular forms of weight k with respect to the Fricke
group of level 2, F» o(T) is an explicitly given solution of (KZs2) in
Proposition 4.2. In particular, when k = 2 mod 4, the solution is
a mixed mock modular form.

(2) The differential equation (K Zy, 3) has non-modular solution of the form;

Ak,3(7')53(7') + Bk,3(7') if k=0 mod 3,
Cr3(T)F1,3(7) + Dy 3(7) if k=1 mod 3,

where E3(1) = 2mi [ n(7)?n(37)%d, and Ax3(7), Brs(1), Crs(T),
Dy, 3(7) are certain modular forms of weight k with respect to the Fricke
group of level 3, Fy 3(7) is an explicitly given solution of (KZ13) in
Proposition 4.2. In particular, when k = 1 mod 3, the solution is
a mixed mock modular form.

The paper is organized as follows. In §2, we prepare some notations and
terminology. In §3, we summarize the properties of mixed mock modular
form arising from some modular elliptic curve. In §4, we state some results
on (KZys2) and (KZg3), and prepare some lemmas. After that, we de-
scribe non-modular solutions of (K Zy, 2) and (K Zj, 3), and prove that their
solutions are mixed mock modular forms under some conditions.

2. PRELIMINARIES

For a function f on £, an integer k and v = (¢%) € SLa(R), we let

(e + d)_k’f(%) denote by f|ry(7).
Let N be a positive integer and I'§(IN) be the discrete subgroup of SLa(R)
generated by the Hecke congruence subgroup I'g(N) = {(2Y) € SLa(Z) |

1

¢ =0 mod N} and the Fricke involution wy = \O/ﬁ > . We call T§(N)

VN
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the Fricke group of level N. We note that all cusps of I'§(2) and I'j(3) are
equivalent to ico. We put

1

By (r) = - 7 (Ex(r) + N2E(NT) (k> 2),
Bin-(1) = ——(Bu(r) - NEE(VD) (k> 2)

where Fi(1) =1 — %—’Z ) 2 din d*1¢" is the Eisenstein series of weight
k with respect to SL2(Z), ¢ = €?™", and By, is the k-th Bernoulli number.
The function Ej n(7) is a modular form of weight k£ with respect to I'((IV)
if £ > 2. The function Ej ny _(7) is a modular form of weight k& with respect
to I'o(IN) and an eigenfunction of the action of wy with the eigenvalue —1.
Also, E5 n(7) is not a modular form, but a quasimodular form of weight 2.

To describe our proof, we need the following modular forms and modular
functions. In the case of (K Z2), we need

g2(7) = n(r)*n(27)’
1 5 9 13 17

=q4 — 292 —3q4 +6g4+ +2q4 +---,
Ao(7) = n(7)*n(27)"

_ 2 3 4 5 6 7

— g — 8¢% + 1243 + 64¢* — 210¢° — 96¢° + 10164 + - - - |,
oy Eaa(r)?
]2(7-) T A2(7_)

1
= = 4104 + 4372¢ + 962564 4+ 1240002¢> + 10698752¢* + - - - .
q

Here, n(7) = ¢*/**1],>,(1 — ¢") is the Dedekind n-function. The function
g2(7) is a modular form of weight 2 with respect to some subgroup of I'(2),
and the function Ag(7) is a modular form of weight 8 with respect to I'g(2).
The function j;(7) is a Hauptmodul of I'§(2) (see [S11]). In the case of
(KZ 3) we need

37)?
o) =

= q+3¢% +9¢° + 13¢" + 24¢° + 27¢5 +50¢" + - - -,
g3(7) = n(7)*n(37)
1 4 e 13 16 19
=q3 —2q3 —q3 +5q3 +4q9q3 — 793 +---,
A(1) = n(7)°n(37)°
= q—6¢> +9¢% + 4¢* + 6¢° — 54¢° — 40¢" +168¢% +81¢° + - - - ,
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I.3() ::1+6§:l Z(%”) .

mln
=1+ 6q + 6¢° + 6¢* + 12¢" + 6¢° + - -,
" I3(7)°
T et
.73( ) A3(7')

1
— = 4+ 42 4+ 783¢ + 8672¢% + 65367¢> + 3715204 + - - - .
q

The function g3(7) is a modular form of weight 2 with respect to some
subgroup of I'g(3), and the function As(7) is a modular form of weight 6
with respect to I'§(3). The functions I; 3(7) and I3 3(7) are modular forms
of weights 1 and 3, respectively, with respect to I'g(3) with the Kronecker
character (=2). The function j;(7) is a Hauptmodul of I'}(3) (see [S11]).
Since (Fa22 - (7))? = E4a(7) and (I13(1))* = E43(7), we would often
1 1

write Foo _(7) and I3 3(7) as Ei2(7) and E41,3(T)-

3. MIXED MOCK MODULAR FORM

First, we recall the definition of the mixed mock modular form. For
the detail, see [ BFOR17].

A real analytic function f is called a harmonic Maass form of weight &
with respect to I" with a character x if (i) f|gy = x(v)f for any v € I, (ii) f
is an eignenfunction of Im(T)%%% + Zik% with an eigenvalue 0, and (iii)
f is an exponential growth at every cusp.

A harmonic Maass form f has the following Fourier expansion

f=r+f,

where

f~ = Z b I'(1 — k, —27nlm(7))q".

Here, I'(a, z) = fmoo e 1t*1dt is the incomplete gamma function. The holo-
morphic part fT is called a mock modular form of weght & with respect to
I' with a character y.

A mixed harmonic Maass form of weight £ is a function of the form

h = Z fi9is
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where f; is a modular form of weight k; with respect to I' with a character
¢; and g; is a harmonic Maass form of weght [; with respect to I' with
a character v;, satistying k; + [; = k and ¢;v; = x

The holomorphic part AT = >", f; g;r is called a mixed mock modular form
of weght k with respect to I' with a character y if h has at most polynomial
growth at every cusp.

Next we introduce a particular mock modular form for later use. Let L
be a lattice in C and put £ = C/L. According to [W], the function

™

1 (2, F) =((z,E L)z + =%
is a doubly periodic real analytic function with period L. Here, Vol(FE) is
the volume of E, ex(L) = hm Z 2| - For modular elliptic curve F,
w
weL\{0}

let z(7) be the integral from z'oo to 7 € $ of the normalized cusp form of
weight two associated with E. For the modular elliptic curve Xo(V), there
exists a lattice Ly such that C/Ly is analytically isomorphic to Xo(N),
and the isomorphism is given by 2miz(7). We put Exy = C/Ly. Then
((2(7), Ey) is a harmonic Maass form of weight 0.

We need the case of N = 32, 27. Then E3s is y? = 2% +4x and Eoy is y* +
y = 23 — 7. Tt is well-known that F3» and Fs7 have complex multiplication,
moreover End(FE3y) = Z[i] and End(Ey;) = Z[1£Y3)(see [LMFDB]). Then,
for N = 32, 27, there is a root of unity Ay # +1 such that AyLy = Ly.
Therefore,

1
62(LN> = 111% Z 2| |S
weL\{0}
1
= lim Z 5 .
weL\{0} (Anw)?|Anw]
1
— /\N2 hn% Z 2| E
weL\{0}
- )‘& eZ(LN)a

we get eg(Ly) = 0. Specifically, z(7) equals 2mi [, n(47)?n(87)%dr if N =
32, and 2mi [, n(37)?n(97)%dr if N = 27. Therefore, from (3.1), we have
the following proposition.

Proposition 3.1. (1) The function

1

7 1 2 2
¢ (27”/ n(4r)*n(87)%dr, E32> = -+ 3q3 + 7(17 — ﬁq L.
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is a mock modular form of weight zero with respect to I'g(32).
(2) The function

T 1 1 1 3 6
271 3 2 9 2d E - _ -2 -5 <28 MY 11
C(M/mn( 7)*n(97)"dr, 27> q+2q +=d" 50 g+

is a mock modular form of weight zero with respect to T'g(27).
We further need the following.

Proposition 3.2. There exist weak harmonic Maass forms Mso(T) and
Moz (7) such that

1 dMs3y Ey5(47) 1 dMss B
L aMse B 1 P
2w dT (7-) 92(47-> ’ oI dr (T) 3292( ’7'),
1 dMoy E43(37) 1 dMy, B
L _ L 1 _, ;
i dr )T () 3 dm (7) = e

where t3o, to7 are non-zero constants.

Proof. We show the existence of Msy. Set & = 2i [, n(42)*n(8z)*dz. We
see the relation (up to additive constant)

2wi/%ﬁ§)d7+ 8( (&2, E32)

1 -1 28
= —Foo _(47) —2F2 4 _(47) + —Fo 5 (4
92(4T)< 3 F22, (47) 2,4,—(47) 3 28, (7')>
holds by comparing first several Fourier coefficients of the derivatives of
both sides, which are weakly modular forms of weight 2 lying in a finite

dimensional vector space. Therefore, if we put

1 —1 28
M. = ——| —Fo90 _(47) —2FE54 (4 —FE>s (4

— 8((&9, E3p),

then Msso(7) satisfies our required properties.
Similarly, we can have the relation

. E473(37') . 1
21 WdT + 6C<(€3, E27) = m(

where & = 2mi [| n(32)?1(9z)*dz. Therefore, we can construct Maz(7)
similarly. O]

—FE53,_(37) + 6E29,—(37)),
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4. THE KANEKO-ZAGIER EQUATION WITH RESPECT TO I'§(N)

In this section, we recall some facts on the Kaneko-Zagier equation and
prove Theorem 1.1. The Kaneko-Zagier equation with respect to I'§(2) and
I'5(3) of weight k is the following second-order ordinary differential equations
respectively:

k41 k(k+1
(KzZep)  1'0) - mm) o) + M D oy ) = 0,
and
k k(k
(Kziey) 1) -y )+ T D ) = 0
where / denotes ﬁ%. Define the Serre operators 02 and Oy 3 by
k
O (f)(7) = f'(7) = g E22(7) f(7)
and .
K3 (f)(r) = f'(1) - 6E2,3(T)f(7)-
Then (K Zy2) and (K Zj 3) are equivalent to the following equations:
k(k
(K2,) Dhsnz o Da(f() = XD gy 5y
and
k(k
(KZg)  Besnsods(rr) = D oy 5oy

Since Ok v (f|ky) = O N (f)|ky for any v € T§(N) (N = 2,3), the solution
space of (KZ, ) is I'§(IN) invariant.

In the case of SLa(Z), the modular solutions of the Kaneko-Zagier equa-
tion (K Z}) are explicitly described in terms of the hypergeometric series. In
the case of I'§(2) and I'{(3), their modular solutions have similar expression
as follows.

Theorem 4.1 (Sakai [S11], Proposition 4). (1) If k is a positive even
integer, then the modular solution fio(7) of (KZy2) whose 0-th

Fourier coefficient is equal to 1 has the following form;
(a) for k=0,2 mod 8,

Jro(T) = E4,2(7')§2F1 (—

(b) for k=4,6 mod 8

- k—6 k—4 k—3 256
—FE E TR | - ;— - ' '
frea(r) = Boa(r)Baa(r) 5 ( s 8 4 ’j;m)

k k=2 k-3 256
87 8 Y 4 ’];(T) Y
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In particular, foo(T) = E472(7’)%.

(2) Ifk is a positive integer with k Z 2 mod 3, then the modular solution
fr3(T) of (KZy3) whose 0-th Fourier coefficient is equal to 1 has
the following form;

(a) for k=0,1 mod 6,

) ko k-1 k-2 108
:E 4 F - y ;

Jr,3(7) 4,3(7) %2 1( 6> 6 ' 3 ’j;?f(T))’

(b) for k=3,4 mod 6,

k—6 k—4 k-3 k-2 108
= Eoa(r)Baa(r) o Fy | ———s == — == '
fk:,S(T) 6,3(7—) 473(7—) 4 201 ( 6 ! 6 3 ’ ]§ (7')>

In particular, fi3(1) = E4,3(7')i-

Next two propositions give the non-modular solutions of (K Zj2) and
(KZ3).

Proposition 4.1. There exist meromprphic functions hy o (for non-negative
even integer k) and hy 3 (for non-negative integer k # 2 mod 3) satisfying

k+1 k+1
o) = 2T and bg(r) = 2

fr2(7)? fea(T)?
Proof. Because the proof of the second equality is similar to the first one,
we only prove the first equality. Let z be a zero of fi 2(7). Then, the order
of fr2(7) at z is 1 because fi 2(7) is a solution of (K Zj2).
The function h(7) := g2(7)¥1/ . 2(7)? has the following Laurant expan-
sion at z:

h(r)= ——2_ ¢ C_lz—i—co—i—O((T—z)).

(r—2)2 71—
We will prove that c_;j is equal to zero. We see the following estimate by
an elementary calculation:
2(1 — 2)h(1) + 27mi (1 — 2)?W (1) = c_1 + O((T — 2)).
Thus, we obtain c_1 = (2(7 — 2)h(7) +27i(T — 2)*h' (7)) | r=-. Since 4g5/g> =
E2,27
W) _ 2™ k1

G R P R

Therefore,

c_1 = 2mi (1 — 2)%h(T) ( : ! — 2fk’2(T) + b 1E2,2(7')>
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Write fi2(7) = (7 — 2)¢(7) with a function ¢(7). Then we have

fl/c,Q(T) _ 1 1 +¢/(T)
fea(r)  2mi(r—2)  o(7)

and thus

() k+1
-2+ )

From fi (1) = 556(7) + (T = 2)¢/(7), fila(T) = £,¢/(7) + (7 = 2)¢"(7), and

k1 , k(k+1
72(r) = E B () o) + HEED

we obtain by letting 7 — z

0_1::2w¢pr-th(7)<

B3 o(7) fr2(1) =0,

k1

26/(2) = T By a(2)6(2).

Therefore, we conclude ¢_1 = 0. 0

Proposition 4.2. Under the same notation as in Theorem 4.1 and Propo-
sition 4.1, we have the following.

(1) For non-negative even integer k, the function Fy o(7T) = fr.2(7) hy2(T)
is a solution of (KZy2).

(2) For non-negative integer k # 2 mod 3, the function Fjy3(t) =
fr3(7) hi3(T) is a solution of (KZy3).

Proof. By Proposition 4.1, all poles of hj n lie on the zeros of f; y and
are simple. Thus, Fj n is holomorphic on §). We show that Fj, y satisfies
(KZ]C’N). When N = 2,

k41

E(k+1
o)~ S o) () + ML
k+1

= (fia(r) = == E22(7) fira(7) + B 5(7) fr,2(7)) e 2(7)
E+1

+ fra (T2 (7) + (2fia(7) = — = Eo2(7) fr2(7)) Ao (1) = 0.

The proof of the case N = 3 is similar and will be omitted. 0

Eé,z(T)Fk(T)

k(k+1)
8

Next we show the mixed mock modularity of the non-modular solutions
Of (KZZQ) and (KZl’g).

Proposition 4.3. The functions F52(7) and Fy 3(T) are mized mock mod-
ular forms.
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Proof. We can obtain the relation

1 E4727_ (47’) . E4’2<47')
h22047) = o5 (E2 o (4r)ga(ar) i [ ‘“) ’

Eyo(4 . o
by comparing several Fourier coefficients, where [ 42iT;) dt is a primi-

FEy 2(47’)

g2(47) 7
by (E22,(47)g2(47))? are modular forms of weight 10. By Theorem 3.2,
ha2(47) and thus hgo(7) is a sum of a meromorphic modular form and
a mock modular form. Since F3 > is holomorphic on §) as shown in the proof
of Proposition 4.2, F; o(7) is sum of a modular form and a product of a mod-
ular form and a mock modular form.

By Proposition 4.1, F»2(7) = O(1) at ioco, that is, F5 2(7) is holomorphic
at i00. By Proposition 4.2, for any v € I'*(2), F5 2|27 is a linear combina-
tion of fyo and Fy2. Therefore, Fy o is holomorphic at every cusp and we
conclude that F3 > is a mixed mock modular form.

Similarly, we obtain the relation

11 3(3’7’) — 54[3,3 (3’7‘) . E4,3 (3’7’)
h3(37) =+ ( I1,3(37)g27(7) - 27”/ 927(7) dT) 7

where [ ;;g Jdr is a primiteive function of E;;Ei;),

conclude that hjy 3(7)11 3(7) is a mixed mock modular form. O

tive function of because the derivatives of both sides multiplied

and from this we

Denote by Ly, 2 (resp. Ly 3) the space of solutions of (K Z, 2) (resp. KZy 3).
There exist the following isomorphisms from Ly o (resp.Lp3 ) to Li_42
(resp. Ly_33). To prove Theorem 1.1, we will give the relation between
the solution space Lj 2 and Lj_42 and between Ly 3 and Lj_3 3.

Proposition 4.4. (1) For a positive even integer k > 2, define
k2
el < By ()
k72 A2( ) ¢

Then g 2 s an isomorphism from Ly o to Li_49 sending a modular
solution to a modular solution.
(2) For a positive integer k > 1 which is not congruent 2 modulo 3,

define

T ,Ef T gk’l)
pe3(f) = ) Ag’(g’f) ) :

Then py 3 s an isomorphism from Ly 3 to Ly_33 sending a modular
solution to a modular solution.

Here [f(T),g(T)]gk’l) = kf(n)g'(r) — Uf'(7)g(T) (k, | are integers) is
the Rankin-Cohen bracket.
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Proof. Let gi 2 (resp. g 3) be the modular solution of (K Zj o) (resp. (K Zg3)).
Let N be 2 or 3 and put «a = 2if N =2, a =1if N = 3. We re-

mark that EZL%N(T) is a solution of (KZy o) by Theorem 4.1. First we show

Onrar2. N (DN (95,5 (7))) = Dsasa, (g (1), By (1),

a

Orat2,N([ge,N (T), Ef N (T )] §E)

4,
=k<ak,N<gk,N< >> < () + BN (1o N (Ba N (B y (7))
- a(am,Nak(gk,Nw))EfN( ™) + O (91,3 (1) PN (B (7))

= <k: — a%) gk,N(T)ﬁavL?(aa(EEN(T)))

+ (k — @)k (91,3 (7)) a2,y O v (B (7))
k(o — k) a

== 5 96N (7)Daka, N (O N (B 5 (7))

+ (k= ) (g (7)) D v (B (7))

oa—k a o
=5l (1), de v (B ()],

Next we show that

(k—a—2)(a+2)

< k,a+2 k,a
8l~c—|—a—|—4,N([gk,Naaa,N(EzﬁN)]g )= - 16— N)? Ey N gk N=E44 [,

4

+

[e]

By noting On44,n (E47

2»&

a
)= QI4E4,N804,N(E£N), we have
a
4

On+at+a,N ([gk,N: O, N (Ef v )] (k’a”))
= Oktata,N(kgr,NOat2,N (00, N(Ef ) — (@ + 2)0k N (95N )Oa,N (B y))
o+ 2 &

= WEAL,N( (O, N (gk, N)EZ + (o + 4)9k,Naa,N(E427N))

— (k(l{? + 2)gk7Nc‘9a,N(Ef7N) -+ Ot(Oz + z)ak,N(gk,N)EEN))

(k—a—2)(a+2) (k)

= — E E} i :
Also, since 96— n) n(An) = 0 and the Serre operator satisfies the Leib-
niz rule, pr N(fen(7)) is a solution of (KZ,_nqn). The property that
a modular solution goes to a modular solution follows from the property of

the Rankin-Cohen bracket.
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Finally, we will check ker pup y = 0. If pp n(f) = {0}, a function f is

@ @ k
a solution of kf(7)(E, y) (7) — Lf(T)E} y(T) = 0. Since E/  is a solution

of this first order differential equation, the element of ker u; n is equal to
k k
Eéf’N up to a constant multiple. But, if Eéf’N is a solution of (KZj n)
k
when k > «, it contradicts Theorem 4.1. That is, E  is not contained in

Ly n. Therefore, we conclude that ker i y = {0} and we have completed
the proof. O

The proof of Theorem 1.1. We will prove the case of (KZy2). The case of
(KZ3) can be proved in a similarly way.
The function Fjo(7) is holomorphic on $) by Proposition 4.4. There

are ag, Yk, O0x € C such that pga(fr2) = arfe—a2(7), pr2(Fra(r)) =
Ve fr—1.2(T) + 0 Fr—a2(7) and axdy # 0. Then,

pr,2(Fr2(7)) = pi2(fr2(7)hi2(7))
_ [fk,z(T)aEiz(T)]gkQ)hm(T) 2 fro(r )%,2(7)@%2(7)

Ao(T)
B Fio.o(7) E’Q;’Q( )g2(7)* 3
= 1tk,2(fr,2(T)) Fea(T) 2 fro(r)

Hence pg 2(fr2)(7) = akfr—a2(7), and we obtain that

finlr) . Eialn)gar)

(4.1) aFyo(T) = Ve fr2(T) + Ok F—a2(7) fr—a2(7) 2 fr—a2(7)

By Propositions 4.1 and 4.2, foo(r) = 1, Foa(r) = &A1), fao(r) =

1
Efo(r) and Fya(1) = 2 o(T)haa(T ) Therefore there exist meromorphic
modular forms Ag(7), B (7'), Ck (1), D(7) of weight k such that

_ JAR(T)&(T) + Be(t) (k=0 mod 4)
k2(T) =

Cr(T)h22(T) + Dp(7) (k=2 mod 4).

Here, Ay(7) and Cy(7) are equal to fi2(7) up to non-zero constant mul-
tiples. The function By(7) is a holomorphic function because Fj,o(7) and
Ag(7)E2(7) are holomorphic.

For k =2 mod 4, the function I, Tr2(m) 4o holomorphic by Proposition 4.1.
Ej 2(7')
Thus fi2(7)ho2(7) = ﬁ“%(T)FQ,Q (7) is holomorphic. Therefore, we conclude
2

E4’2(T)
that Dy(7) is a holomorphic function. The holomorphy of Fj, 5 at ico follows
from (4.1) by induction. By Proposition 4.2, for any v € I'j(2), F 2|2y is



NON-MODULAR SOLUTION OF KANEKO-ZAGIER EQUATIONS 95

a linear combination of fso and Fyo. Therefore, F} o is holomorphic at

every cusp. Since Fj o(7), Ag(7)E(7) and Cy(7)h22(7) are holomorphic at

every cusp, Bi(7) and D (7) are holomorphic at every cusp. Moreover, by

Proposition 4.3, fro(7)hoa(T) = MFQ,Q(T) is a product of a modular
E22,2(7')

form and a mixed mock modular form. Thus fy 2(7)h22(7) is a mixed mock

modular form. Since Fj o(7) is a sum of a modular form and a mixed mock

modular form, Fj, o(7) is a mixed mock modular form. The proof is complete.
O

Acknowledgement. The author would like to thank Prof. Masanobu
Kaneko, Dr. Yuichi Sakai and Dr. Tomoaki Nakaya for introducing me
the Kaneko-Zagier equation and its various results. The author would like
to thank the referee for many corrections and suggestions.

REFERENCES

[BFOR17] Kathrin Bringmann, Amanda Folsom, Ken Ono, and Larry Rolen. Harmonic
Maass forms and mock modular forms: theory and applications, Vol. 64 of Ameri-
can Mathematical Society Colloquium Publications. American Mathematical Society,
Providence, RI, 2017.

[DMZ12] Dabholkar, D.; Murthy, S.; Zagier, D.; Quantum Black Holes Wall Crossing, and
Mock Modular Forms, arXiv:1208.4074, 2012, to appear in Cambridge Monographs
in Mathematical Physics.

[G15] Guerzhoy, P.; A Mized Mock Modular Solution of Kaneko-Zagier Equation, Ra-
manujan J. 36 (2015), no. 1-2, pp. 149—164.

[KK03] Kaneko, M.; Koike, M.; On modular forms arising from a differential equation of
hypergeometric type, Ramanujan J. 7 (2003), no. 1-3, pp. 145-164.

[KNS13] Kaneko, Masanobu.; Nagatomo, Kiyokazu.; Sakai, Yuichi. Modular forms and
second order ordinary differential equations: applications to vertex operator algebras,
Lett. Math. Phys. 103 (2013), no. 4, 439—453.

[KZ98] Kaneko, M.; Zagier,D.; Supersingular j-invariants, hypergeometric series, and
Atkin’s orthogonal polynomials, Computational perspectives on number theory
(Chicago, IL, 1995), pp. 97-126, AMS/IP Stud. Adv. Math., 7, Amer. Math. Soc.,
Providence, RI, 1998.

[LMFDB] The LMFDB Collaboration, “The L-functions and modular forms database”,
at http://www.lmfdb.org

[S11] Sakai,Y.; The Atkin orthogonal polynomials for the low-level Fricke groups and their
application, Int. J. Number Theory 7 (2011), no. 6, pp. 1637-1661.

[SS15] Sakai, Y.; Shimizu, K; Modular differential equations with regular singularities at
elliptic points for the Hecke congruence subgroups of low-levels. Math. J. Okayama
Univ. 57 (2015), pp. 1-12.

[ST12] Sakai, Y.; Tsutsumi, H.; Extremal quasimodular forms for low-level congruence sub-
groups. J. Number Theory 132 (2012), no. 9, pp. 1896-1909.

[W] André Weil. Elliptic functions according to FEisenstein and Kronecker. Classics in
Mathematics. Springer-Verlag, Berlin, 1999. Reprint of the 1976 original.



96

T. KINJO

TosHITERU KINJO
GRADUATE SCHOOL OF MATHEMATICS, KYUSHU UNIVERSITY, MOTOOKA 744,
NisHI-KU, FUKUOKA 819-0395, JAPAN

e-mail address: t-kinjo@math.kyushu-u.ac.jp

(Received June 17, 2021)
(Accepted December 10, 2021)



