SOME REMARKS ON HOMOTOPY EQUIVALENCES
AND H-SPACES

MASAHIRO SUGAWARA

1. Introduction

A (continuous) map f: X — Y is called a homotopy equivalence if,
and only if, there is a map (called a homotopy inverse of f), g:Y — X,
such that the maps go f: X— X and f=-g:Y — Y are homotopic to the
identity maps 1, of X and 1y of Y, respectively, where X and Y are any
two (topological) spaces. If so, using the homotopics

Fo={ly~g:fiV: X— X, G={lr~fgt: YoV,

the two homotopies f°F, and G."f, between f and f:g-f, are defined,
and hence, a question arises whether or not these homotopies, considering
as the maps X X I— Y, are homotopic each other, rel. X X I By this
reason, we shall describe a map f as a strong homotopy equivalence if,
and only if, there is a homotopy inverse g of f and the homotopies F, =
{1y~ g-f} and G, = {1y ~ f-g} can be so taken that

FoF~Gef: XXI>Y? rel. XX I,

1.1 .
(1.1 g°G~Fi=g:YXI-X rel. Y x L

One of our purposes of this note is to remark a relation between these
two homotopy equivalences.

Theorem 1.2. If X and Y are CW-complexes and f: X— Y isa
homotopy equivalence, then it is a strong one. In other words, the
notions of the ordinary and the strong homotopy equivalences are equi-
valent in the category of all the CW-complexes.

This theorem will be proved in § 2 below,

Now, let F be a homotopy-associative H-space, and also a C W-com-
plex such that the product space F X F is a CW-complex. (Its H-structure
will be denoted by x-y for x, v& F.) Then, there is an inversion x7'.
Applying Theorem 1.2, we shall prove, in §4 below, the following

1) This means that F, 0=#{=1, is a homotopy between 1x and gof, i.e, Fo=1x
and Fy — gof.

2) We shall mean by this notation that the two homotopies, folFi, Giof: X > Y,
are homotopic, considering as the maps X X I — Y.

3 Cf. 3, Lemma 2.5].
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lemmas, which are generalizations of [3, Lemmas 2. 14.1—2] : ¥
Lemma 1.3.1. Let A be a space, and K,, G.: A — F be the homo-

gopies and Hy, H, : A— F be the maps such that K,- H''=G,> fort=
, 1.

Then, there is a homotopy H,: A— F between H, and H, such that
Go~K,- H': AXI>F® rel. AxI

Lemma 1.3.2. Let A be a space, and G, H,: A— F be the
homotopies and K,y K,: A— F be the maps such that K, - H;' = G, for
t=0, 1.

Then, there is a homotopy K.: A — F between K, and K, such that

G~ K,-H': AXI>F, vrel. Ax I

If we apply these lemmas instead of [3, Lemmas 2.14.1—2], we
can prove [3, Lemma 5. 1] and hence [3, Theorems 4.5 and 1. 9] by the
completely same methods, without assuming [3, (2.13)] on F.® There-
fore, combining with [3, Theorem 1. 4], we obtain the following theorem,
which is our main result of this note.

Theorem 1.4. Let F be a CW-complex such that the product space
FXFXF is also a CW-complex. Then, F is a homotopy-associative H-
space (having an inversion) if, and only if, there exist topological spaces
E,DE,(DF), B.D B, Db (a point) and a map p : (E, E,, F)— (B,, B,
b), satisfying the following properties (1.5)—(1. 8):

(1.5) F is contractible in E, to a vertex ¢ € F, leaving ¢ fixed
throughout the contraction ;

(1.6) E,is a CW-complex, containing F as its subcomplex, and E;X
F is also a CW-complex. Furthermore, E, is contractible in E- to ¢, leav-
ing ¢ fixed throughout the contraction ;

(1.7) plE,: (E\, F)—> (B, b) is a weak homotopy equivalence, i. e.,

(Pl EDx : @ E,, F)=x.(B, b), for every integer n>0;

(1.8) p: (Es F)— (B, b) is also a weak homotopy equivalence, i.e.,

Dt ml(Es, F) == z,(Bs, b), for every integer n > 0.

2. Proof of Theorem 1.2
The following lemma is an immediate consequence of the definition

4) In (3, Lemmas 2.14,1- 2], these lemmas are proved, assuming that F satisfies
the additional assumption [3, (2.13)] (cf. the correction of $5 below).

5) K-H-1: A— F is the map or the homotopy, defined by (H +« K-1) (a) = H{a)-
(K(a))~1 for a = A.

6) In the proofs of [3, Lemma 5.1, Theorems 4.5 and 1.9], the assumption [3,
(2.13)] is used only to prove [3, Lemmas 2.14.1—2] in [3, p. 134].
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of the strong homotopy equivalence in §1.

Lemma 2.1. If fi~f.: X—Y and fi is a strong homolopy
equivalence, then so is f.

If f: X>Yand h: Y—Z are both strong homotopy equivalences,
thensoish f: X— Z.

To prove Theorem 1. 2, we use the following lemma about the defor-
mation retract.

Lemma 2.2. If asubspace X of a space Z is a deformation retract”
of Z, then the inclusion mapi: X— Z is a strong homotopy equiva-
lence.

Proof. Let h,: Z — Z be a retracting deformation, i.e.,

/l.) = 12, ]l](Z) [ X, ]lzl.X= 11, for O g t g 1.

liy : Z— X is clearly a homotopy inverse of 7. If we set F, =1, and G,=/,
for 0=<¢t<1, then F, = {1y ~ h:i} and G, = {1, ~i<l}. The first of
(1.1) is clear, because i°F, = 1y = h|X = G i.

Using the homotopy k.G, = A h, (0t s 1),

{h] ~~ h;cl.':h]} — {h]CIZ] It e d l'h:hrjol-‘f h]}

h]°G.~, h]“h]ccg
~ JIZ|‘3 kl N~ ll;"ho st sand hlckg‘ 1.‘3 h] ledande <o d /l]‘ ]l»|"7»-']l]}8)
]11°h1_[ h]ckg° G; ]Z]"ch:ichl ’

rel. Zx I. Because Iy<hy= Gy = Iyehy and hyche=i<h,=h,, this is homotopic

: J/Z;"’h]} _ {Il; o~ ll]"i'”k]}
rel. Zx I to y =1 Fuohy . Therefore, the second of (1. 1)
is proved, and we have Lemma 2. 2.

Proof of Theorem 1. 2. Let X, Y be CW-complexes and f: X—»Y
be a homotopy equivalence. Making use of a preliminary homotopy, if
necessary, we assume that f is cellular. Let Z be the mapping cvlinder
of f. Then X=XX0C Z is a deformation retract of Z.% Therefore, the
inclusion map ¢ : X— Z is a strong homotopy equivalence, by Lemma 2. 2.

It is clear that Y is a deformation retract of Z, and the map f 2=
Y, defined by

fx, ) =f(x), F(») =y for x€X yEY, 0<1<1,

7 We shall use this term when, and only when, there is a retracting deforma-
tion throughout which each point of X is held fixed.

8) This is the composed homotopy of kiohi—t = {hjo by ~ hio b}, lichooGe = {hyohg
~ holeiof} and hioheioh) = {hjohgoiohy~ hiohio tohi}, cf. [3, (2.6)]. In this note, we
shall often use the notations of [3].

9) Cf. [1], [2] and (J) of [4].
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is a retraction, which is homotopic to 1, rel. Y. Hence, f is a strong
homotopy equivalence, as be seen in the proof of Lemma 2.2, and f=f-;
is also so, by Lemma 2.1. Therefore, Theorem 1.2 is proved.

3. Auxiliary lemmas
To prove Lemmas 1. 3. 1—2, we use the auxiliary lemmas about the
strong homotopy equivalence.

Lemma 3.1. Let f: X— Y be a strong homotopy equivalence, and
g: Y— X be any its left homotopy inverse, i.e., g<f~1lx, and F, =
{1y ~g:f}. Then g is a homotopy inverse of f, and there is such a
homotopy G, = {1y ~ fog} that (1.1) is satisfied by these g, F, and G,.

Proof. Because f is a strong homotopy equivalence, there are a
homotopy inverse g’ of f and homotopies Fi = {1y~ g'sf} and G| = {1,
~ f-g'}, such that

F-Fl~Glf, rtel. XxI  gleGl~Flog' rel. Y xI.

If weset H,= {g I;‘:;,g fog ,;E,: & }, then the homotopy G, = { 1y E{
fog! ~~ f-g } shows that g is a homotopy inverse of f. Furthermore,

fe H,
{1x~g’°f~~g °f} _ {1x ~glof ~~~ g°f°g'°f~~-g:f}

Fi H:-f F| Fioglof oGl f
O otk S SAS
l F, gefe oF| g-f=F1_z | F, ’

rel. Xx 1. Therefore,

(oml e~ 5 e oy

{f~~ fog'of ~~~~fgfl _ Jf- fg:fl
chLOf f Goof I’

{g-g°f°g} - Jg~~ gofogl ~~~ g:fogl

~

g°G. g°Gi g>foH. f
—~ {g~~g ~-g' fog A~~~ :)fog'~- gofcg}
H| t Io G, IIlfg g"f:H
l H]-z Flvg fg g“fJH
— Jg-g ~-g fog -~gof gl Jg~~gefogl.
| Hi. ng g"f"Ht I l Ft°g |

It is clear that the terminal maps are held fixed throughout these

homotopies.
Therefore, g, F. and G, satisfy (1.1), and Lemma 3.1 is proved.
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Lemma 3.2. Let f: X— Y be a strong homotopy equivalence, and
g: Yo X Fi={1x~geof}tand G, = {1, ~ fog} be a homotopy inverse
of f and homotopies such that they satisfy (1.1).

Let A be a space, and po, pi: A— X, vi: A> Y be maps and a
homotopy such that fop, = v, for t =0, 1,

Furthermore, let p: A— X be the following homotopy between p,
and i3 .
(3.3) = Jtn ~~ gofopy = govo ~~ govy = gofeyy ~~~ m}

! F t° o gove F| L°/l]
Then, the two homotopies fop, and v, are homotopic each other :

fope~rvi: AXI—Y, rel. AXI.

Proof.
f° ,, = {fu/ll) Nt S P~ fcgofo‘uﬂ I " fog af:!“ PN e Pt f:',“ll,
e chto,”O fogoL-t f;,Fl_to‘,“
G;"Vu f°g:)«': G]_L:‘U]

~{V°"’”l}=»,, rel. AxI.

Yt

4. Proof of Lemmas 1.3.1—2.

Now, we consider about a homotopy-associative H-space F (having
an inversion®), which is a CW-complex such that FX F isalsoa CW
complex, and use the following notations of [3] :

¢ € Fis the unit, i.e,, e-x=x-e=12x [3, (2.1)]

fi: FXFXF —> FXF XF is the homotopy such that f.(x, y, 2) =
{(x- ) z~x- (y-2)}, [3, @3)];

¢, i : F — F are the homotopies such that &,(x) = {c~ x7"-x}, i(x)
= {x~(x D7, (8, (2.9), (2.8)];

jo: FXF—F is the homotopy such that j(x, ») = {(x-y) '~y 127},
[3, (2.10)].

Let /,, my: FXF— F XF be the maps defined by

Lz, ) =(x, z:37"), wmlx, 3)=(x, y'+2).

Then, it is easy-to see that lpuxr ~ mi,¢l,, lpxr~1I;cm,, using the above

homotopies. Therefore, /; is a strong homotopy equivalence, by Theorem
1. 2.

Let L!: FXF—F, L': FXF— FxF be the homotopies defined by

Lix, y)—{y:”:(y DT r);:((y-’w x7)- e (-3 "oz o,



130 MasaHIRO SUGAWARA

and Li(x, y) = (x, Li(x, ¥)). Then, L!= {lp.r~ mol,}. Applying
Lemma 3.1 to m, and L!, we obtain a homotopy M! = {levs~1,°m}
such that these satisfy (1.1). Let ¢.: F XF — F be the natural projec-
tion of F X F onto F of the second factor, and M} = g, M.

Now, let K, G, H,, H,: A— F be the homotopies and the maps
such that K, - H7' = G, for + =0, 1, as in Lemma 1. 3. 1.

Let s, g, 1v: A—> FXF be defined as follows:

= (K, H), for t=0,1; »,.=(K, G), for 0Zt<1.
Then, /op =1, for ¢ =0, 1, and we can define the homotopy /. be-
tween s, and s by (3.3), using m,, Lt and M: It is clear that g o =

{Ko~Ki}, q.op. = {Hy~ H,}, where ¢;: F XF —F be the natural pro-
jection onto F of the first factor. Furthermore, by (3. 3),

o = {K"E'K’EK‘EK‘}va,: AXI—F, rel. AXI,

because ¢,<Li(x, ¥) = x, and hence goshone~Ki - (g:op0)7", rel. AX I
On the other hand, by Lemma 3. 2,
Lo~ : AXI—=FXF, rel. AxI

Therefore, projecting by ¢., we have
K,-H'~G,: AXI—F, rel. Ax],

where H, = g.°sp.. This proves Lemma 1. 3. 1.
Lemma 1. 3.2 is proved similarly, using the maps /,, m.: F XF—

FxF, defined by
lox, ) = (x-37, 3, mlx, 9) = (x5, »),
and the homotopy
~ i~ X 1 )~~~ s )
Li(x, y)={x ~ % (779 (xy])y} : FXxF—>F,

Xey f]_(

instead of /,, m, and L} in the above proofs.

5. Corrections to [3].

The author takes this opportunity of correcting the following errata
in [3]. (These errata are concerned only with [3, (2.13)|, which may
be omitted by the results of this note.)

o =1 oo~ NN e~~~ -n » N
p. 126, 1.9— The homotopy  {" =t KCY) el s

numbered by (2. 12.0).
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1. 8 up—For “(2.12.1—2)” read “(2.12.0—2)".
—For “FXF” read “For FXF".

1.7 up—For “FXFx[\U (e, ¢) X" read “FX\UexIor FXF
% I\U (e, )X 1"
1.6 up—For “:-» maps FXF XI— F” read “-+- maps of FxX I or
FXFXI into F”,
p. 127, 1.2 up—For “---i,, and -+ read “:--{, and (2. 13) that the homo-

topy (2.12. 0) is homotopic to the stationary homotopy,
and -7,
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