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A WEAK EULER FORMULA
FOR [-ADIC GALOIS DOUBLE ZETA VALUES

7ZDZISEAW WOJTKOWIAK

ABSTRACT. The fact that the double zeta values ((n, m) can be written
in terms of zeta values, whenever n+m is odd is attributed to Euler. We
shall show the weak version of this result for the [-adic Galois realization.
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0. INTRODUCTION.
The fact that the double zeta values
1
dz ,dz,, dz ,dz 1 1
C(a+1,b+1):/0 (—),:;(?)b: Z U

1—2"" 2
12>11>1 2

can be written as a linear combination with rational coefficients of products
of two zeta values ((a)((f) with « and 8 positive integers and of ((a + 1+
b+1), whenever a+1+b+1 is a positive odd integer seems to be attributed
to Euler. In fact, in the papers quoted below, it is said that Euler found a
formula for {(a + 1,6+ 1) in terms of the Riemann zeta function, whenever
a+1+b+11is a positive odd integer. (See [3, page 71] and [8, page 275], where
the Euler paper [2] is cited. In [7] the author claims to give rigorous proof
of the Euler results. However we have not found the explicit formulation
of the result mentioned at the beginning of the section, neither in [2], nor
in [3], [8] or in any other papers on multiple zeta values we have consulted.
Still there are so many papers on the subject that one can easily miss some
of them.)
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The examples of the above mentioned equality are

(= 3 ——=¢0)

nin
ni>ng>1 172

(see [8, page 275]) and

((2,3) = 3(2CB) ~ 5¢0)

(see [5, page 215], notice however that our notation is different from the
notation in [5]). On the other side, one should be able to show, perhaps
somewhere in future, that {(3,5) cannot be written as a linear combination
with rational coefficients of products of two zeta values at positive integers
and of zeta values at positive integers. Notice that 3 + 5 is even.

The purpose of this paper is to prove a weak analogue of this result for
[-adic Galois multiple zeta values. Let us explain what we mean by this
statement.

Let us fix a rational prime number p. Let us denote by

m1(P5 \ {0, 1,00},01)
the maximal pro-p quotient of the étale fundamental group of IP’}@ \{0,1,00}
based at the tangential point O_i The Galois group
Gg = Gal(Q/Q)
acts on (]P’(%—2 \ {0,1, 00}, O_i) (see [1] and [9]). Let us fix an embedding of
Q into C. Let 7 be the canonical path from 01 to 10 on P(l@ \ {0,1,00}, the

—
interval [0,1] C C. Let = and y be generators of m (IP’}@ \{0,1,00},01) as on
the picture.

PICTURE 1

Let
B s m(Ph )\ {0,1,00},00) - Qp{{X, Y}
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be a continuous multiplicative map defined by
E(x) :=exp(X) and E(y) :=exp(Y).
For o € Gq, let us define a power series

Ar(0) = E(n~! - o(m)) € Qu{{X,Y}}.
The coefficients of the power series A or logA, considered as functions on

(g, are analogues of multiple zeta values (see [14, page 119], where we have
pointed this analogy). Let us denote by

Ay xay xb
the coefficient at Y XY X? of the power series A,. This coefficient we view
as an analogue of the multiple zeta value ((a+1,b+1). The analogue of the
result attributed to Euler and mentioned at the beginning of the section will
be the following conjecture, which we state only for elements of GQ(upoo)'

Conjecture A. Ifa+1+b+1 is odd then Ay xay xb 1S a linear combination
over Q of products Ay xe - Ay xs with a + B < a + b and of Ay xe with
a<a+b+1.

13

The actual result we shall prove is much weaker, hence “weak Euler for-
mula” in the title of the paper. We denote by N the set of non-negative
integers. Let us define a subfield of Q,

.1 )
K1 = Q(up=)((1 = &m)?™ [ n,m eN, 0 <i < p”).

We shall prove the following result as well as its generalization.

Theorem B. Let us assume that a +1+ b+ 1 is odd. If o € Gi, then

Ay xeyxb(0) = 0.

It seems clear that Conjecture A and Theorem B and its generalizations
can be proved using the Drinfeld-Thara-Deligne relations: the Z/2Z-relation
Ar(X,Y) Ay (Y, X) =1, the Z/3Z-relation and the Z/5Z-relation (see [10]),
in the same way as in [17] we have calculated the coefficients Ay x2n-1.

The proof we present in this paper is however different. In [18] we have
shown that the coefficient

Ay Xa1y X2y Xor
of Ay at YXUY X . YX% can be expressed as an integral on (Z,)"
against the measure which we denoted by Gr(l_g)). We shall show that the
measures Gr(ﬁ)) satisfy also some symmetry relations. These symmetry re-

%
lations of the measures G,-(10) will imply Theorem B and its generalizations.
It is also possible to prove Conjecture A, as well as its generalization for
o € G, in this way, but the calculations will be much more complicated.
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1. THE POWER SERIES ASSOCIATED WITH GALOIS ACTION.

Let V' be a smooth algebraic variety over a number field K and let Vi :=
V xx K. Let v be a point of V with values in an algebraic closed field. We
denote by

™ (V]_{ﬂ U)

the maximal pro-p quotient of the étale fundamental group of Vi based at
v. Assume that v and w are K-points or generic points (tangential points)
“defined” over K. The Galois group Gk := Gal(K/K) acts on m1(Vg,v)
and on the m(Vg,v)-torsor of pro-p étale paths on Vi from v to w. Let ~
be a pro-p étale path on Vi from z to y. For any 0 € G we define

fy(0) =771 0(v) € m(Vg,v).
The function f, : Gx — m(Vg,v) is a cocycle and have the following
properties:
a) naturality — if g : V' — W is a smooth algebraic morphism defined
over K then

(1.1) G+ (fv(a)) = Jfg*('y)(a) )

where g, is the map induced by g on étale fundamental groups and
on torsors of paths;

b) compatibility with composition of paths — if « is a path from x to y
and S from y to z, we denote by - a the composed path from x to
z. Then we have

(1.2) foal0) =™l fg(0) - falo).
c) Hence we get that
(1.3) fa-1(0) = afa(o) ™' o™

(see [13, pages 117-118]).

We assume that K C Q. We recall that we have fixed an embedding of
Q into the field of complex numbers C.

We denote by V(C) the set of C-points of V. Then V(C) is a complex
variety.

A K-point v of V' or a tangential point v defined over K (called a K-
rational tangential base point on V in [12, (1.1) Definition]) determines a
corresponding point of V(C), which we denote also by v. We denote by
m1(V(C),v) the fundamental group of the topological space V(C) based at
v.

We have the comparison homomorphism

T (V(C),v) = m(Vz,v),



A WEAK EULER FORMULA FOR [-ADIC GALOIS DOUBLE ZETA VALUES 91

which induces a canonical isomorphism of the pro-p completion of 71 (V(C), v)
onto m1(Viz,v) (see [4, Exposé X, Corollaire 1.8 and Exposé XII, Corollaire
5.2]). In the sequel elements of 7 (V(C),v) we shall identify with the corre-
sponding elements of m1 (Vi, v).

We denote by p,» the subgroup of all p"-th roots of 1 in Q. We set
ppoo = Jo— pn. Let us denote

211
Epn 1= exp (p_”) .
Let us set
Vo = P<1@ \ ({0, 00} U papn) -
Let z, (loop around 0) and y, (loop around 511,?”) for k € Z/p™Z be the

%
standard generators of m1(V,,,01) as on Picture 2.

PICTURE 2
Let
Yn
be a set of non-commuting variables X,, and Y}, for k € Z/p"Z and let
Qp{{Vn}}

be a Q,-algebra of non-commutative formal power series on elements of V.
Let

%
E, :m(V,,01) = Qp{{Vn}}
be a continuous, multiplicative map defined by

E,(z,) :=exp X, and E,(yrn,) :=expYy, for k€ Z/p"Z.
It follows from the Baker-Campbell-Hausdorff formula (see [11, Theorem
%
5.19]) that for any g € m1(V,,01), E,(g) = exp G for some G € Qu{{Vn}},
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which is a (possibly infinite) sum of homogeneous Lie elements of Q,{{JV,}}.
Further such a Lie series we shall call a Lie element.

Let M,, be the set of all monomials in non-commuting variables belonging
to Vp. If w € M,, we denote by degw the degree of w as a monomial in
variables X,, and Y}, for k € Z/p"Z and by degyw the degree of w in
variables Yy, ,, for k € Z/p"Z.

— —
Let m, be the canonical path from 01 to p—lnlO on V,, (the interval [0, 1]).
Let w € M,,. For 0 € G we set

Az, (o) == Ey(fr,(0))

and we define coeflicients )\Q(ZL ) and liq(f ) by the equalities

Ar,(0) =14 Y AP (o)w € Qu{{Vu}}

wEMy
and
loghr, (0) = > li) (0)w € Qp{{In}}-
weEMy,
If n = 0 we shall usually omit the index 0 and we shall write

Ax(0) =1+ > dp(o)w € Qu{{X,Y}}.
weEM

We shall also omit o from the formulas to stress that /\EZF ) and liz(,? ) are

functions on Gy.

The study of the coefficients \,, and [i,, of the power series A; and logA,
is the principal aim of the paper. Let w = YX™Y X" [ YX". The
coefficients A, or li,, we view as analogues of the multiple zeta values ((n1+
I,ng+1,...,n, +1). For example in [17, Proposition 3.1] it is shown that

BZn
2-(2n)!
where By, is the 2n-th Bernoulli number and x : Gal(Q(up=)/Q) — Z; is
the p-cyclotomic character.

)\YXQn—l = liYXQn—l = — (X2n — 1) y

In the next proposition we present one of our two main tools used in the
paper. The proposition below is a special case of Propositions 2.3 and 2.5
in [18].

Proposition 1.1. Let 0 € Gg and let r > 1.
i) The family of functions

{GI(0) - (/p"2)" 3 (i, i) > A sy (0) €@y

r

forms a measure G,(c) on (Z,)" with values in Q.
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i) Let w = X"YX™MY X" [ YX" . Then we have
Aw = ( H nk!)_l / (—21)" (21 —x2)™ .. (pey — )" 2 dG (21, )
k=0 (Zp)T

iii) Let 0 <ip < p™ fork=1,2,...,r and let i = (i1,i9,...,10).
Let w= XY n XMYiyn - Xn 'Y n X be in M,,. Then
Alm) —

( H nk!)il / (—z1)™ (21 —x2)™ oo (g — )" ) dGy (21, .oy X))
k=0 i+(p"Zp)"

The point iii) of the proposition is not proved in [18], but it follows im-
mediately from the proof of Proposition 2.5 in [18]. There is an analogous
formula for the coefficients li,, (see [18]). In [18] the measure G, was denoted

—
by G,(10).

2. THE RHOMBUS RELATION.

In this section we present our second tool. We start with few definitions.
Let a € P1(C) and let v, w be two tangent vectors at a such that ||v|| = ||w]].
We denote by sq(w,v) a path on Pl \ {a} from v to w in an infinitesimal
neighbourhood of the point a. This path is an arc in the opposite clockwise
sense (see Picture 3).

PICTURE 3
Let us define a morphism
ky : Vi, — Vi,
by k,(3) = 1/3. Let us set
dn = kn(ﬂ-n)_l

Let
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be given by R, 1(3) = &3

Let us set

=
5§ = so(Oé’pn,Ol)_l, t = s1(

We set also

Cp = Rn,l(wn)_l and d,, = le(qn)_1 = Ry 1(kn(mp)) -
Observe that the composition of paths
(2.1) S cpre-dyp-n-qy-t-m=1

%
in m1(Vy,01) (see Picture 4 or [16, page 167], where a similar composition
of paths appears).

En
;/\ 4
- n
e
nA S e
t
4
PICTURE 4

The picture 4 has a shape of an octagon or a rhombus, hence a name of
a relation we shall deduce. Let us set

a1 =1y, Qg 1= (qp - 01, O3 =1 - Q2,

a4 :=dp- a3z, as :=e-aq and ag 1= ¢y - Q5.

Proposition 2.1. (Octagon relation) On the group Gum) we have

-1 —1 -1 —1 ~1 -1 -
aG .fs.aG.QS -fcn.a5.a4 .fe.a4.a3 -fdn.asaag .f,’].a2.a1 'fqn'(ll'wnl‘ft'ﬂ-n‘fﬂn pr— 1 .

Proof. The proposition follows immediately from the formula (1.2) applied
several times to the equality (2.1). O
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Lemma 2.2. On the group Gg we have
Fan =" ((Bn)«(Fz,) - dn -

Proof. The lemma follows from the naturality property (1.1) and the formula
(1.3). [J
Lemma 2.3.

a) On the subgroup GQ(upn) of Gg we have

i) fe, = 07:1 ) ((Rn,l)*(f:rnl)) “Cp
ii) fdn = (Rn,l)*((kn)*(fﬁn» ,

iii) fn = (Rn,l)*«kn)*(fS)) .
b) On the subgroup GQ(upoo) of Gg we have

iv) fs=fe=fp=Hft=1.
Proof. The morphism R, ; commutes with the action of the Galois group
GQ(u,n)- Hence the points i), ii) and iii) of the proposition follow. Study-
1
ing the effect of fs(0) on the test functions 37™ one shows that fs(o) =

o (1=
xn (=x() for o € Go(u,n). Therefore it follows that fs(o) = 1 for o €

GQ(u,)- Hence we get that fn(o) =1 for o € GQ(uyo)- In the same way
one shows that fo =1 and f; = 1 on the subgroup Gg,, ) of Go. [J

The elements x,,, Yo n, - - - , Ypn—1,n are free generators of a free pro-p group

%
71(Vy,01). Hence the element f, is a convergent infinite product of com-

_)
mutators in these generators as the group m(V},,01) is pro-unipotent. We
shall write
frn = Frn(@n,Yons- -+, Ypr—1,n) to indicate this dependence on generators.

_>
Moreover if g : m1(V,,,01) — G is a continuous morphism of groups then
g*(fwn (xna Yon,--- 7yp"—1,n)) = fﬂ”n (g* (xn)> Gx (yo,n), ce o5 Ox (yp"—l,n))a
as xn and yi, for k € Z/p"7Z are free generators of the free pro-p group
ﬁ.
1 (Vn, 01)

Proposition 2.4. (Rhombus relation) We have the following equality on
the subgroup G@(upoo) of Gg :

Frl (o (Ru1)w(@n) 06, 0 " (Rn1)w (Yo,n)) Qs - -5 0 (Rt )w (Ypr—1,) ) t6) -
frn (@3 (Rni 0 kn)u(2n)) - 3,03 - (Rut © k)« (yon)) - - . )-
Frr(og - (kn)«(@n)) - ag, 05t ((kn)«(Yon)) - @2, ) - Froo (Tns Yo, Y1y - ) = 1.
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Proof. The proposition follows from Proposition 2.1 and Lemmas 2.2 and
2.3. [J

Let us define
Zp = a2_1 (kp)s () - ao.
Then
Yo " Tn " Ypr—1mn -+ Y2on " Yln  Zn = 1

_>
in 71 (V;,01). Now we shall describe the maps induced by k,, and R, ; on
fundamental groups. For our purpose the following result will be sufficient.

Lemma 2.5. We have the following equalities and congruences in the group

— — —
71(Vi, 01) modulo the commutator subgroup (7T1(Vn, Ol),m(Vn,Ol)).

. -1 -1 -1 -1 -1 1
i) % (k/’ ) (ﬂfn)'OQ:y1n'3/2n‘~"ypn—ln'xnl‘yo,nzznv

Y (k) (Yi) - 02 = y_iy for i € Z/p"Z,

b (Rt 0 k)a(@n) - a3 = 2,

LR kn)«(Yin) - 3 = y—iy1n for i € Z/p"Z,
b (R1)e(0) - a6 = @,

L (B« (i,

)

ii) .10
n,1 ©
iii)
n) 06 = Yiy1y for i € Z/p" 7.

Proof. We view the loops x,, 2z, and yi, for k € Z/p"7Z as the elements

of the first homology group H1(V,,(C),Z). But then the congruences of the
lemma are equalities in H;(V,,(C);Z) and they are clear. O]

We finish the section with the following technical lemma.
_)
Lemma 2.6. Let f(xn,Yon,---Ypr—1n) € T1(V,01) and let
En(f<$n, yo,n7 e 7ypn—1,n>) = F(Xn, )/()’n, e 7}/;)'“—1,71)'
%
Let o and By, . .., Bpn—1 be elements of m1(V;,,01) and let Ey,(«) = exp A and
En(Br) =exp By (0 <k < p™ —1) for some Lie elements A, By, ..., Bpn_1
in Qp{{Vn}}. Then En(f(oz, Bo, ... ,Bpn_l)) = F(A,By,...,Bpn_1).
— —

Proof. Let ¢ : m(V,,01) — m1(V,,01) be a continuous morphism of pro-
p groups defined by ¢(z,) = o and ¢(yin) = By for k € Z/p"Z. Let us
define a continuous morphism of Q,-algebras ® : Q,{{Vn}} = Qp{{Vn}} by
¢(X,,) = Aand ®(Y) ) = By for k € Z/p™Z. Then we have E,,0¢p = ®oE,,.
Hence it follows that

En (f(Oé, BO? s 76p”—1)) = En(Qb(f(ZCn, Yons - - - ;yp”—l,n)>

— (b(En (f(xna Yon,--- 7yp”—1,n)) — (I)(F(Xna YO,TL) e 7Y})n—1,n))

:F(A,BO,...,Bpn_l). ’:]
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3. FILTRATION OF THE GROUP GAL(Q/Q).

With the action of the Galois group Gg on fundamental groups one can
associate several filtrations of Ggp. We shall define a filtration associated
with the action of Gg on fundamental groups of the tower of coverings
{Vs, = Vo}nen. Let us set

EO = GQ(NpOO)
and
Ly :={0c€Lo| V¥neN, Yw € My, degw = degyw <k = A (0) = 0}
for k > 0.
We denote by
Iy
the augmentation ideal of Q,{{V,}}.

Lemma 3.1. We have

i) Ek:—i—l C Ly fO?n k>0,
ii) the subsets Ly of G@(Mpoo) are closed subgroups of GQ(upoo)'

Proof. The first point is clear from the very definition. It rests to show
the point ii). Let us take 7,0 € L;. It follows from the cocycle formula
fr, (T0) = fr, (T) - T (fr, (o)) (see [13, Proposition 1.0.7]) that

(3.1) A (to) = A, (7) - (Mg, (0)) .

It follows from [15, Proposition 15.1.7] that 7.(X,,) = X,, and 7.(Yi,) =
exp(—Fi(7)) - Yin - exp(Fi(7)) (i € Z/p"Z) for some Lie element F;(7) €
Qu{{IVn}}. Let (X,,) +ZF*! be the ideal of Q,{{Vn}} generated by X,, and
TE+1. Then it follows from Lemma 2.6 and the definition of the filtration
{Lk}ren that

Ar, (1) - Tu(Ag, (0)) =1 modulo (X,)+ZFL.
Therefore the equality (3.1) implies that
Ar, (o) =1 modulo (X,,)+ZF1.

Hence it follows that 7o € £;. In the similar way one shows that 7= € £},
if 7€ L.

ﬁ.
The groups Gg and m(V;,,01) are equipped with their natural profinite
topologies. A finite dimensional vector space over Q, is naturally a topolog-
ical locally compact normed vector space over Q,. Observe that

Qu{{Ya}} = Im Qu{{V0}}/Z5.
k
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We equipped Q,{{YV,}} with the topology of the inverse limit of finite di-
mensional topological vector spaces over Q,. Then the maps fr, : Ggo —

— —
71 (V,01) and E,, @ m1(V;,,01) = Qu{{)n}} are continuous. Therefore the
coefficients A" for w € M,, are continuous functions on Gq with values

in Qp. The finite subsets of Q,{{V,}} are closed. Hence ()\5,?))_1({0}) is
a closed subset of Gg. The subgroup GQ(upoo) is a closed subgroup of Gg.
Therefore £}, is a closed subgroup of Gg and of GQ(%OO), as an intersection
of a family of closed subsets of Gg. [

Lemma 3.2. Let r be a positive integer. Let 0 < io < p"™ fora=1,2,...,r.
Let

w= XY n XY n X2 XY X € M,
Then the coefficient )\gl) vanishes on Ly, for k > r.
Proof. Let i = (i1,12,...,1,). It follows from the Proposition 1.1, iii) that
AlP) —

(H n;!) ! / (—x1)"(x1 —x2)™ (o1 — )2 dG (21, -y Ty)
i=0 i+(pnZp)”

The assumptions that o € £ and k > r imply that the measures G, (o) are
(n)

zero measures. Hence the coefficient \y,’ vanishes on Lj. [
4. SYMMETRIES OF THE MEASURES G,..

We recall that Z,, is the augmentation ideal of Q,{{)),}}. The subgroups
I'*1 of the lower central series of a group 7 are defined recursively by

I =x, TFlir .= Tk, 7)) for k=1,2....
(see [11, Section 5.3.]).

Lemma 4.1. For k > 1 we have

_)
E, (T*m(V,,01)) C 1+ ZF.

Proof. Let a,b € m1(Vy,, O_i) It follows from the Baker-Campbell-Hausdorff
formula (see [11, Theorem 5.19]) that E,(a) = exp A and E,(b) = exp B
for some Lie elements A, B € Q{{),}}. Applying three times the Baker-
Campbell-Hausdorft formula we get that

E,(aba ') =exp D
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for some D € Q{{),}} satisfying D = A- B — B - A modulo Z>. Observe
that A- B — B- A € Z2. Hence the lemma holds for k¥ = 2. Repeating the
above arguments one shows the statement of the lemma for any k. [

The principal result of this section is the following theorem.
Theorem 4.2. Letr > 1 and let 0 € L,_1. Then
Gr(z1, 29, ...,20)(0) — Gp(—21, —22, ..., —x,)(0)+
Gr(—x1+1,—z2+1,...,—2,+1)(0) =Gy (1 — 1,22 —1,...,2, —1)(0) = 0.

Proof. To simplify the notation let us set i = (i1, 42, ...,4,) € (Z/p"7Z)" and
1=(1,1,...,1) € (Z/p"Z)". Then —i,i+ 1 and —i+ 1 are in (Z/p"Z)". If
i=(i1,42,...,%) € (Z/p"7Z)" we denote by Y; the product Y;, ,Yi, n ... Yi n.

It follows from Lemma 3.2 that on the subgroup £,_1 of Gg we have
(4.1) Amy=1+ > A"Y; modulo Z:H.

ie(z/pmz)"
It follows from Lemma 2.6 that
En(fr, (a3 ' ((kn)s(@n)) - a2, 05 - ((kn)«(yo,n)) - @2, --.)) =

Az, (10gEn(O‘2_1 ((kn)x(@n)) - a2), logEn(az_l (k)< (yo,n)) - @2), - .- ) .

Lemma 2.5 and Lemma 4.1 imply that
logEn(og1 - ((kn)«(Wim)) - @) = Y_;,, modulo Z7

for i € Z/p"7Z. Hence it follows from the congruence (4.1) that

(4.2) En(fr, (03" - ((kn)s(wn)) - 02,057+ ((kn)s(yon)) - 2, - )

=1+ > AMY,; modulo T,
ie(zZ/pZ)"
on the subgroup £,_1 of Gg. In the similar way we show that

(4-3) En(fwn (043_1 : ((Rn,l Okn)*(xn)) 13, 0‘51 ‘ ((Rn,l © kn)*(%'ﬂ)) CETI ))
=1+ Z )\.(n)Y_H_l modulo I:LH

ie(z/pmz2)"

and
(44)  Eu(fm, (05" (Rnp)s(20)) - a6, 05" - (Bn1)«(Yo0)) - a6, - -+ )

=1+ Z )\i(n)Yin modulo Z" !
ie(z/prz)"
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on the subgroup £,_; of Gg. Hence it follows from Proposition 2.4 and the
congruences (4.1) - (4.4) that for o € £,_1 we have

- 3 A0Wa) -0+ > A @V)

ie(Z/pnZ)" ie(Z/pm2)"
- > Noory 1+ Y AY0)Y) =1 modulo T
ie(Z/pm2)" ie(Z/pmZ)"

Comparing coefficients at monomials Y; =Y;, ,,...Y;, , we get the identity
of measures. O

5. EULER RELATIONS.

Now we shall formulate and prove our main result. We recall from Intro-
duction and from section 1 that
Axnoy xmy xn2.. xnr-1y xnr (0)
are the coefficients of the power series A;(0) € Q,{{X,Y }}, where 7 is the
— —
canonical path from 01 to 10 on ]P’(l@ \ {0,1,00}.
Theorem 5.1. Let r be a positive integer. Let n; be non-negative integers

for0<i<r. Leto € L,_1 and let w = XY X™MY X"2 X"-1Y X" [f
S i_gni is odd then

Aw(o) =0.
Proof. Let us set
du(zy, ... z.)(0) == d(Gy(21,...,2:)(0) = Gp(—21,...,—2)(0)+
Gr(—z1+1,...,—z, +1)(0) = Gr(x1 — 1,...,2, — 1)(0)) .

Let 0 € L£,_1. Let d,ny,...,n._1,q be any sequence of length » + 1 of
non-negative integers. It follows from Theorem 4.2 that

(5.1) /(Z )T(—xl)d(asl —xo)™ (o1 —x) " xl dp(z, ..., 20)(0) = 0.

Let us set m = Z::_ll n;. Let us define a polynomial
Pd,q(xla xr) =

(—D)%afaf — (=)™ el + (-1)" (21 - 1)z, — 1) = (1) (21 + 1)z, +1)7.
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After changes of variables in the last three integrals in the formula (5.1) we
get
(5.2)

/( | (1 —x2)™ .. (po1 — )" Py g(21, 20)dGr (21, ..., 2r)(0) = 0.
Zp)"

We define an order < on the set N by

(d,q) < (d1,q1)

if d < dy ord=d; and ¢ < q;. Observe that the set N? is well-ordered by
<.

For (d,q) € N?, let Pa,q be the following proposition:

Let w = XY XMY X" .. X" 1Y XY and let m = Z::_ll n;. Ifd+m+gq
is odd then A\y,(0) =0 for o € L,_1.

In order to prove the theorem it is enough to prove the propositions Py,
for all (d,q) € N2. We shall prove the theorem by the method of transfinite
induction applied to the set N? well ordered by < (see [6, Chapter VII]).

Observe that

—4x, if m is even,

Pya(z1,2r) = { -9 if m is odd .

The identity (5.2) holds for any sequence of length r + 1 of non-negative
integers d,ni,...,n,_1,q. In particular, in the case m is odd, d = 0 and
q = 2 we have

/ (k1 —xz2)™ .. (mp1 — )" (—2) G (21, ..y 2r) =0
(Zp)"
on L,_1. In the case m is even, d = 0 and ¢ = 2 we have
/ (x1 —x2)™ .. (g — )"t - (—4day) dGr (21, .y 2p) =0
(Zp)"
on L,_1. Observe that if m is even then m + 1 is odd. Hence we have shown

the propositions Py and Py 1.

In order to do an inductive step we need to consider two cases. The first
case is that of an element, which has a direct predecessor and the second
case is that of an element, which has no direct predecessor.

Let us assume that the propositions P, , are true for all pairs (z,y) <
(d,a +1). Let us assume that d +m + a+ 1 is odd. We have

Piato(T1,20) =
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(35 (D) (“ T (0 - at-iageza).

=0 j=0
Observe that (—1)"7/ —1 =0if i+ j is even and (—=1)"" — 1= -2 if i +j
is odd. If i + j is odd and (4,5) # (0,1) then
(5.3) / xf_i(a:l —xo)™ . (Tp_1 — J:T)nr—lef+2_j dG,(x1,..,2,) =0
(Zp)"

on L,_1 by the inductive assumption because then d —i+m+a+2—j is
odd and (d —i,a +2 — j) < (d,a + 1). Hence it follows from the equality
(5.2) applied to the polynomial Pj,y2(x1,2,) and from (5.3) that

/ x‘f(scl —xo)™ . (Tpo1 — scr)”’“—lscffﬂ dG(x1,..,2,) =0
(Zp)"

on L,_1. Therefore we have shown the proposition Py g4 1.

Let us assume that the propositions P, are true for all pairs (z,y) <
(d+1,0). Let us assume that d + 1 + m is odd. We have

Piii(z,2,) =

(3 (e (S (1),

=1, 1odd 1=0, ¢ even

If7isoddand 1 <7 <d+1thend+1—i4+m+1 is odd. By the inductive
assumption

(5.4) /( | a:ilﬂ_i(:tl —xo)™ . (xpo1 — x)" " dGr (2, .., 2y) =0
Zp)"

on L,_1 for i odd and 1 < ¢ < d+ 1 because then (d+1—1,1) < (d+1,0)
and d+1—17+m+ 1 is odd.
By the inductive assumption we have also

(5.5) / ey — o)™ (2 — 2) 1 dGr (21, .., 1) = 0
(Zp)"
on L, for i even and 2 <i < d+ 1 because then (d+1—14,0) < (d+1,0)

and d+ 1 —1i+m is odd. Hence it follows from the equality (5.2) applied to
the polynomial Pyi; 1(x1,2,) and from (5.4) and (5.5) that

/ xf“(wl —xo)" o (Tpo1 — x) " AG (21, 2) =0
(Zp)"

on L,_1. Hence the proposition Pgi1, is true. Therefore by the principle
of transfinite induction the theorem is true. O
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Proof of Theorem B. Observe that
_ : (n) _
L1 ={0 € Gouye) | /P €N, VO <i <p", )\Ym(a) = 0}.

The functions )\gz )n t GQuye) — ZLp are Kummer characters r(l — 3

associated with 1 — 5’1@” for n € N and 0 < ¢ < p"”. Hence they vanish on
the Galois group Gy, of the field ;. Therefore we have G, C £1. Hence
Theorem B follows from Theorem 5.1. [J

Corollary 5.2. Let r be a positive integer. Let 0 < i < p™ fork=1,...,r
and let i = (i1,...,4,). Let 1 =(1,1,...,1) € (Zp)". Let ng,...,n, be any
sequence of length r +1 of non negative integers. Let m =ng—+...+n,. Let
F(xy,...,z,) = (&1 — x2)" .(@xp_q — )" 1. Let 0 € L,—1 and let n > 0.
Then we have

/ ()" F (@1, 2)al A (21, s 20) (0)+
i+p"(Zp)"
(—1)m+! / () F (@1, 2)2™ A (21, s 20) (0)+
_i+pn(Zp)r
(_1)m/ (—1 + 1) F (1, .. 20) (w9 — 1™ dGo(x1, 20 )(0)4+
—i4+14p™(Zp)"

(—1)/ (—z1 — D)™ F(z1,...,20)(xr + )" dG, (21, .., 2 )(0) = 0.
i—14+p™(Zp)T

Proof. We calculate integrals over the set i+ p"(Z,)" against the measure
from the proof of Theorem 5.1. After changes of variables in the last three
integrals we get the result. [

Below we shall rewrite the formula from Corollary 5.2 in terms of coeffi-
cients )\1(1? ).

Corollary 5.3. Letng,...,n, be any sequence of length r+1 of non-negative
mtegers. Let m =ng+ ...+ n,. Let n > 0. Let
w = XY n X0 Yo n Xy XY n X,
wy = X0V oW XY g, n X0 XY X
and let
V=Y i 10 X Y o1 X2 XY s

J— ni n9g MNyr—1
u=Y; 1,X"Yi, 10 X,? . XY 1.

Let v(a,b) = X2vX? and u(a,b) = XouX?.
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i) Let 0 € L,—1. Then

A (@) + (—1)™ A (o) + (-1 303 B —

k=0 j=0 J

F DS () (A ) =0

k=0 j=0
and
A(0) + (=)™ IAG (@) + (=)Ao () = A L (0) =0
modulo TM"1,

ii) Let o € L,y and let no =n, = 0. Then we have

A (@) + (=1 A (0) + (=1)™A ()= Al () =0,

w v(no,n1) u(no,my)

Proof. We apply the binomial formula to the polynomials (—z; + 1)",
(xp — )™, (—=z9 — 1)™ and (z, + 1)™ in the formula of Corollary 5.2.
Then the formula in the point i) of the corollary follows immediately from
Proposition 1.1, iii).

Let k+j > 0. Then degv(ng—k,n,—j) < m-+r and degu(ng—k,n,—j) <
m + r. Hence it follows the congruence in the point i). The point ii) is a
special case of the point i). O
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