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DEFINING RELATIONS OF 3-DIMENSIONAL QUADRATIC
AS-REGULAR ALGEBRAS

AYAKO ITABA AND MASAKI MATSUNO

ABSTRACT. Classification of AS-regular algebras is one of the main in-
terests in non-commutative algebraic geometry. Recently, a complete list
of superpotentials (defining relations) of all 3-dimensional AS-regular al-
gebras which are Calabi-Yau was given by Mori-Smith (the quadratic
case) and Mori-Ueyama (the cubic case), however, no complete list of
defining relations of all 3-dimensional AS-regular algebras has not ap-
peared in the literature. In this paper, we give all possible defining
relations of 3-dimensional quadratic AS-regular algebras. Moreover, we
classify them up to isomorphism and up to graded Morita equivalence
in terms of their defining relations in the case that their point schemes
are not elliptic curves. In the case that their point schemes are elliptic
curves, we give conditions for isomorphism and graded Morita equiva-
lence in terms of geometric data.

1. INTRODUCTION

Classification of Artin-Schelter regular (AS-regular) algebras is one of
the main interests in noncommutative algebraic geometry. It was originally
defined by Artin-Schelter [1], and in that paper, it was attempted to classify
3-dimensional AS-regular algebras generated in degree 1, partially using
computer programs. It was shown in [1] that every 3-dimensional AS-regular
algebra generated in degree 1 has either 3 generators and 3 quadratic defining
relations (the quadratic case), or 2 generators and 2 cubic defining relations
(the cubic case). In each case, a list of defining relations (in fact potentials
in the modern terminology) of “generic”3-dimensional AS-regular algebras
was given in [1, Table (3.11)] (the quadratic case) and in [1, Table (3.9)] (the
cubic case). Soon after, Artin-Tate-Van den Bergh [2] found a nice one-to-
one correspondence between the set of 3-dimensional AS-regular algebras A
and the set of regular geometric pairs (F, o) where F is a scheme and o €
Auti E, so the classification of 3-dimensional AS-regular algebras reduces to
the classification of regular geometric pairs. A list of regular geometric pairs
corresponding to “generic”3-dimensional AS-regular algebras was given in
[2, 4.13]. (A complete list of regular geometric pairs “up to graded Morita
equivalence”in the quadratic case was given in [4, Table 1]. See Remark
3.3.) This work convinced us that algebraic geometry is very useful to study
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even noncommutative algebras, and is considered as a starting point of the
research field noncommutative algebraic geometry.

Although the next natural project is to classify 4-dimensional AS-regular
algebras, which has been in fact very active until now, some “non-generic”3-
dimensional AS-regular algebras were also studied ([14], [16], etc.). Recently,
a complete list of superpotentials (defining relations) of all 3-dimensional
AS-regular algebras which are “Calabi-Yau”was given in [13] (the quadratic
case) and in [15] (the cubic case), however, no complete list of defining
relations of “all”3-dimensional AS-regular algebras has not appeared in the
literature. So the goal of our project is

(I) to give a complete list of defining relations of “all”3-dimensional qua-
dratic AS-regular algebras,
(IT) to classify them up to isomorphism in terms of their defining relations,
and
(ITT) to classify them up to graded Morita equivalence in terms of their
defining relations.

In this paper, we completed our project in the case that the point scheme
is not an elliptic curve.

This paper is organized as follows: In Section 2, we recall the defini-
tions of a twisted algebra from [19], a geometric algebra from [12], and an
AS-regular algebra from [1]. In Section 3, we give a complete list of defin-
ing relations of 3-dimensional quadratic AS-regular algebras whose point
schemes are not elliptic curves, and classify them up to isomorphism and up
to graded Morita equivalence in terms of their defining relations (see The-
orems 3.1, 3.2). In particular, in the case that the point scheme is a nodal
cubic curve, we found a new algebra which is not isomorphic to any algebra
classified in [16] (see Remark 3.4). Finally, in Section 4, we give a com-
plete list of defining relations of geometric algebras whose point schemes are
elliptic curves (which include 3-dimensional quadratic AS-regular algebras
whose point schemes are elliptic curves), and conditions for isomorphism
and graded Morita equivalence in terms of geometric data (see Theorems
4.9, 4.16, 4.20).

2. PRELIMINARY

Throughout this paper, we fix an algebraically closed field k of charac-
teristic zero, and assume that a graded k-algebra is an N-graded algebra
A =@,y Ai- A connected graded algebra is a graded algebra A = @, Ai
such that Ag = k. We denote by GrMod A the category of graded right
A-modules. Morphisms in GrMod A are right A-module homomorphisms
preserving degrees. We say that two graded algebras A and A’ are graded
Morita equivalent if the categories GrMod A and GrMod A’ are equivalent.
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2.1. Twisted Algebras. For a graded algebra A, Zhang [19] introduced
a notion of twisted algebra A¥ of A by a graded algebra automorphism
© € GrAutiA. In this paper, we only define a twisted algebra for a quadratic
algebra. A quadratic algebra A is of the form T'(V')/(R) where V is a finite-
dimensional k-vector space, T'(V') is the tensor algebra of V, R C V @, V
is a subspace and (R) is the two-sided ideal of T'(V) generated by R. We
denote the general linear group of V by GL (V). It is easy to check the
following lemma.

Lemma 2.1. Let A=T(V)/(R) and A’ =T(V)/(R') be quadratic algebras
with R,R' CV @, V. Then A= A’ if and only if there is ¢ € GL(V') such
that R' = (¢ @ ¢)(R).

Definition 2.2. Let V be a finite-dimensional k-vector space and A =

T(V)/(R) a quadratic algebra with R C V ®; V.

(1) For ¢ € GL(V), we define the twisted algebra A? := T(V)/(R?) of A
by ¢ where R? := (¢ ®id)(R) C V @ V.

(2) For ¢ € GrAut,A, we define the twisted algebra A¥ := A%V of A by ¢
where ¢|y € GL(V).

For a quadratic algebra A and ¢ € GL(V), it follows from the definition
that (A?)?"" = A. If ¢ € GrAutiA, then ¢ € GrAutzA® and (4%)? ' = A.
Since A¥ is isomorphic to the twisted algebra defined in [19], the following
theorem is shown.

Theorem 2.3 ([19, Theorem 3.1]). Let V' be a finite-dimensional k-vector
space and A = T(V)/(R) a quadratic algebra with R C V@ V. If p €
GrAuti A, then GrMod A = GrMod A%.

Remark 2.4. Let A = T(V)/(R) be a quadratic algebra and ¢ € GL(V).
If (¢ ® ¢)(R) = R, then ¢ extends to ¢ € GrAutyA, so GrMod A =

GrMod A? = GrMod A®. However, when (¢ ® ¢)(R) # R, A may not
be graded Morita equivalent to A? (See Example 4.21).

2.2. Geometric Algebras. Let V be a finite dimensional k-vector space.
The equivalence relation on V' \ {0} is defined by

u~ v < there exists \ € k™ with u = \v.
The projective space associated to V is defined by
P(V):=V\{0}/ ~.

For ¢ € GL(V), the map ¢* : P(V*) — P(V*) defined by ¢*(£) = ¢*(£) is an
automorphism where ¢* : V* — V* is the dual map of ¢. For ¢, 9 € GL(V),
the map ¢ x ¢ : V xV = V ®; V defined by (¢ x ¢)(v,w) = ¢(v) & (w)
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is a bilinear map and induces a linear map ¢ ® ¢ : V @ V = V ®; V by
(p@9Y)(vew) = ¢(v)®Y(w) where v, w € V. For g => v;Qw; € V&LV,

we write
g9(p.q) =Y &(vin(w;)
where p = £,q =7 € P(V*). Note that the zero set of RC V ®; V,
V(R) :=={(p,q) e P(V") x P(V") | g(p,q) = 0 for any g € R}

is well-defined.
In [12], the notion of geometric algebra was introduced.

Definition 2.5 ([12]). A geometric pair (E, o) consists of a projective vari-
ety E C P(V*) and 0 € Auty E. Let A=T(V)/(R) be a quadratic algebra
with RC V ® V.
(1) We say that A satisfies (G1) if there exists a geometric pair (E, o) such
that
V(R) ={(p,o(p)) e P(V") xP(V")[p € E}.
In this case, we write P(A) = (E, o), and call E the point scheme of A.
(2) We say that A satisfies (G2) if there exists a geometric pair (E, o) such
that
R={feVe&rV|f(p,o(p)) =0forany p € E}.
In this case, we write A = A(FE, o).
(3) A quadratic algebra A is called geometric if A satisfies both (G1) and
(G2) with A = A(P(A)).

If A satisfies (G1), then A determines the pair (F, o). Conversely, if A
satisfies (G2), then A is determined by the pair (F,c). When we say that
A(FE,0) is geometric, we tacitly assume that P(A(E,0)) = (F, o) so that
the point scheme of A(F,0) is E.

Note that, for g = > v; @ w; € Vi V, ¢, € GL (V) and p,q € P(V¥),
(¢ ®@¥)(9))(p,q) = 0 if and only if g (¢*(p), ¥*(q)) = 0.

Proposition 2.6. Let E C P(V*) be a projective variety, o € Auty E and

¢ € GL (V). Suppose that ¢* € AutpP(V*) restricts to ¢* € Auty E. Let
A=T(V)/(R) be a quadratic algebra with R CV ®; V.

(1) A(E,0¢%) = A(E,0)?.
(2) If P(A) = (E,0), then P(A®) = (E,0¢%).
(3) If Ais geometric with P(A) = (E,0), then A? is geometric with P(A?) =
(B, 00%).
Proof. (1) By (G2), we can write A(E,0) =T(V)/(R1) where
Ry ={feV&V|f(p,o(p) =0 for any p € E},
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and A(E,0¢*) = T(V)/(Rz) where
Ry ={f eV &rV]|f(p,oo*(p)) =0 for any p € E}.
Since ¢* € Auty, E,

f € Ry <= f(p,0¢*(p)) =0 forany p€ F

)
<:>f(( )l(p), ())zOforanypeE
(¢ ®1d)(f) )) =0 for any p e F
— (¢ ' @id)(f) €R

= fe(p®id)(R) = R(f,

so Ry = Rf.
(2) Suppose that P(A) = (E,0), that is, V(R) = {(p,o(p)) € P(V*) x
P(V*)|p € E}. Since ¢* € Auty E,

(p,q) € V(R?) <= g(p,q) = 0 for any g € R?

— ((p®1d)(f)) (p,q) = 0 for any f € R
< f(¢*(p),q) =0 for any f € R

— (¢*(p),q) € V(R)
— q=0¢*(p),pe E

— (p,q) € {(p,0d*(p)) e P(V*) x P(V*)|p € E},

so P(A?) = (E,o¢*).

(3) Suppose that A is geometric with P(A) = (E,0). Since P(A) = (F,0),
P(A?) = (E,0¢*) by (2). Since A = A(P(A)) = A(E,0), A(P(A?)) =
A(E,0¢*) = A(E,0)? = A? by (1).

L]

Definition 2.7. Let X, Y C P(V) be two projective varieties. We say
that X and Y are projectively equivalent if there exists an isomorphism
¢ : X — Y which extends to an automorphism of P(V). We call ¢ a
projective equivalence from X to Y.

The following theorem tells us that classifying geometric algebras is equiv-
alent to classifying geometric pairs.

Theorem 2.8 ([12, Remark 4.9], cf. [2]). Let A = A(E,0) and A’ =
A(E',d") be geometric algebras. Then A is isomorphic to A’ as graded k-
algebras if and only if there is a projective equivalence ¢ from E to E', such
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that the following diagram commutes:

E %, 5

"

E_°%,F

Theorem 2.9 ([12, Theorem 4.7)). Let A= A(E,0) and A" = A(E',0’) be
geometric algebras. Then GrMod A = GrMod A’ if and only if there exists
a sequence {¢p;tiez of projective equivalences from E to E' such that the
following diagram commute for all v € Z:

E %, g

E -2 g
2.3. AS-regular algebras. Artin and Schelter [1] defined a class of regu-

lar algebras which are main objects of study in noncommutative algebraic
geometry.

Definition 2.10 ([1]). A connected graded algebra A is called a d-dimensional
Artin-Schelter reqular (simply AS-regular) algebra if A satisfies the following
conditions:

(i) gldim A =d < oo,

(i) GKdim A := inf{aw € R | dimy (D> ;" 1 A4;) < n® for all n > 0} < oo,

and,

: » ; k (1 =d),

(iii) (Gorenstein condition) Ext'y(k,A) = { 0 (i #d).

A 3-dimensional AS-regular algebra A finitely generated in degree 1 is
one of the following forms:

A= k<x7y7z>/(fl7f27f3)

where f; are homogeneous polynomials of degree 2 (the quadratic case), or

A =k(z,y)/(91,92)

where g; are homogeneous polynomials of degree 3 (the cubic case) (see
[1, Theorem 1.5]). Our main focus of this paper is to study 3-dimensional
quadratic AS-regular algebras.

Theorem 2.11 ([2]). Ewvery 3-dimensional quadratic AS-reqular algebra A
is geometric. Moreover, the point scheme E of A is either P? or a cubic
divisor in P?.
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Remark 2.12. In the above theorem, E C P? could be a non-reduced cubic
divisor in P2. See [12, Definition 4.3] for the definition of a geometric algebra
in the case that E is non-reduced.

We call a geometric pair (E,o) regular if (E,0) = P(A) for some 3-
dimensional quadratic AS-regular algebra A. The above theorem shows that
the classification of 3-dimensional quadratic AS-regular algebras reduces to
the classification of regular geometric pairs.

The types of regular geometric pairs are defined in [14] which are slightly
modified from the original types defined in [1] and [2]. We extend the types
defined in [14] as follows (since Aut,P"~! = PGL,(k), we often identify
o € AutiP"~! with the representing matrix o € PGL,(k)):

(1) Type P: E is P2, and o € Aut,P? = PGL3(k) (Type P is divided
into Type P; (i = 1,2,3) in terms of the Jordan canonical form of
o).

(2-1) Type S1: E is a triangle, and o stabilizes each component.

(2-2) Type So: E is a triangle, and o interchanges two of its compo-
nents.

(2-3) Type Ss: E is a triangle, and o circulates three components.

(3-1) Type S): FE is a union of a line and a conic meeting at two points,
and o stabilizes each component and two intersection points.

(3-2) Type S5: E'is a union of a line and a conic meeting at two points,
and o stabilizes each component and interchanges two intersection
points.

(4-1) Type Ty: E is a union of three lines meeting at one point, and o
stabilizes each component.

(4-2) Type Ty: E is a union of three lines meeting at one point, and o
interchanges two of its components.

(4-3) Type T3: E is a union of three lines meeting at one point, and o
circulates three components.

(5) Type T’: E is a union of a line and a conic meeting at one point,
and o stabilizes each component.

(6) Type CC: E is a cuspidal cubic curve.

(7) Type NC: E is a nodal cubic curve (Type NC is divided into Type
NC; (i =1,2)).

(8) Type WL: E is a union of a double line and a line (Type WL is
divided into Type WL; (i = 1,2,3)).

(9) Type TL: E is a triple line (Type TL is divided into Type TL;
(i=1,2,3,4)).

(10) Type EC: FE is an elliptic curve.
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Example 2.13 ([12, Example 4.10]). 3-dimensional quadratic AS-regular
algebras A = A(F, o) of Type S; are classified by the following steps.

Step 0: Since F is a union of three lines making a triangle, F is projectively
equivalent to V(zyz) = V(z) U V(y) U V(z), so we may assume that F =
V(zyz) = V() UV(y) UV(z) by Theorem 2.8.

Step 1: Since o € Aut,FE stabilizes each component, o € AutiFE is given by
oly@E)(0:b:c)=(0:b:ac),
olygyla:0:c)=(Ba:0:c),
oy (a:b:0) = (a:vb:0),

where o, 3,7 € k and afvy # 0, 1.

Step 2: By using (G2) condition in Definition 2.5, we can compute the defin-
ing relation of A = A(E,0) as

Yz —azy, zx — Brz, xY — YYT.

Let A’ be another algebra of Type S; with the defining relations
yz —'zy, zx — ez, vy — 'y,

where o, 8,7 € k and o'’y # 0, 1.
Step 3: By Theorem 2.8, we can show that A = A’ as graded k-algebras if
and only if

/ / AN (O[,ﬁ,’}/), (57770{)7 (’Yaa/aﬁ)a
)= {<a1,w,51>, (51,0757, (v, 871 a7,

Step 4: By Theorem 2.9, we can show that GrModA = GrModA’ if and only
if o/ 8y = (afy)*L.
The purpose of this paper is to expand the above example to the remaining
types.

3. DEFINING RELATIONS FOR NON TYPE EC ALGEBRAS

The following theorem lists all possible defining relations of algebras in
each type up to isomorphism except for Type EC.

Theorem 3.1 ([5, 9, 10, 11, 17]). Let A = A(FE,0) be a 3-dimensional qua-
dratic AS-regqular algebra. For each type except for Type EC, the following
table describes
(I): the defining relations of A, and
(IT): the conditions to be isomorphic as graded algebras in terms of
their defining relations. (see Example 2.13.)



DEF. REL. OF 3-DIM. QUAD. AS-REGULAR ALGEBRAS

69

In the following table, if X # Y or i # j, then Type X; algebra is not

isomorphic to any Type Y; algebra.

Type |  (I) defining relations (IT) condition to be
(o, 8,7 € k) graded algebra isomorphic
/. /. /
o — Ay, TV L
a:B:7), (a:v:8),
Py | Byz —vzy, (aBy #0)
o s =< (B:a:9),(B:y:a), inP?
) (via:B),(v:B:a)
(2y —yx + 97,
Py | 22 — azx + azy, o =«
| yz —azy (o #0)
(2y — yz + 9% — 2z,
P3 Sz +yz — 2z,
L2y —yz — 22
/ / /
2o o B
O{7 7’}/ Y ,)/7
S1 zx — Brz, (afy #0,1) "1 g
x’y—"yyaj - (’Y’ 7/8)7( 7/-}/ 17/8 1)7
) B Loty ) (e
(22 — ayz,
S0 | {ez-pe @BA0) | @) =(a:p)inP
(2% + aBy?
( 2
yr — az®,
Ss | {2y — B (afy#0,1) | o8y =aby
(22 — yy°
(zy — Byz,
ST | (% +yr—azy, (o, 8) = (a, ), (a1, B7)
| 2z — Baz (aB? #0,1)
(2y — 2,
S, | yx — z2,
2.2 .2
(7" +y tz
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b

2y — ya,
Tz — z2x — fr?
+(B + )y,
yz — zy — ay?
+(a+7)zy

\

(@ 8 )

in P2

L

9+6+7#®

22 — 2,
xz — 2y — Bry

+(B+ 1y,
Yz — 2T — Qyx

+(o + )2

&+6+7#®

(@ +8:9)=(a+pf:7) inP!

(2% —zy + 9%,
Tz + 2y,
(YT — Yz + 20 — 2y

T/

(ax? + Bla+ B)xy — z2
+ze — (o + B)zy,
vy —yr — By?,

| 2Bzy — B2y +yz — 2y
a+28#0)

(o :8") = (a:p)in P!

CC

F—
~

—3a2% — 20y 4+ 22 — 2x
422y,

\ 2
—xy +yz + Y7,

\3x2—|—y2—|—yz—zy

NC,

b

(1y — ayz,

a’ —1 9
e+ azy — Yz,

ad —1

e

a(a® —1) #0)

y2 +arz — zx

NCa

(22 — 2y + 2y,
zx — 2xy +yz,

\y2 +£U2
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(azy — yz,
{ arz —yyxr — zx I
WL, ’ (@) = (,7)
L2y —yz+ (1 +7)y?
(a #0,1)
(2y — yx,
WLy| € 22 — yyx — zx, v =
L2y —yz + (1 +79)y°
(2y — yz,
2
rz —x° — yyr — 2x,
WL3| ¢ ~ =~
Ty + 2y —yz
k +(1+9)y°
(xy—ozya;,
—1
TL, Tz — oz, o = ol
\oz_lzy — oYz + z?
(o # 0)
vy — yr — fa’,
TLg | § 2z — zx — yz, B =+£p8
\zy—yz—ﬁxz—l—x2+y2
(acy-i—ya:,
TL3 | § 2z + zx — yx,
\zy—yz—xz—yz
(2y + yz,
TLy <:Uz—zx—x2,
\zy—yz—i—xy—k:ﬂ

The following theorem lists all possible defining relations of algebras in
each type up to graded Morita equivalence except for Type EC.

Theorem 3.2 ([5, 9, 10, 11, 17]). Let A = A(FE, o) be a 3-dimensional qua-
dratic AS-regular algebra. For each type except for Type EC, the following
table describes

(I): the defining relations of A, and
(III): the conditions to be graded Morita equivalent in terms of their
defining relations. (see Example 2.13. )

In the following table, if X # Y, then Type X algebra is not graded Morita
equivalent to any Type Y algebra.
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Type |  (I) defining relations (ITT) condition to be graded
(o, 8,7 € k) Morita equivalence
(2y — ya,
P {yz — 2y,
(22 — 22
(y2 — azy,
S zx —faz, (afy #0,1)| /B = (apy)*!
|2y — Yy
(
Ty — Py,
g/ ) 72 +yz — azy, O/ﬁ/Q _ (0452)11
| zx — Bz (aB? #0,1)
(2y — ya,
T S xz— 2z — :cz,
Yz — 2y —
(22 — 22 + zx — zvy,

T | € 2y —ya,

(yz — 2y
(322 — 22y + 22 — 2T
2
—rYy +yr +y°,
(327 + 4% +yz — 2y
(1y — oy,
ad—1 2,
T4+ azy — yz,
NC Nel Y o = aF?
a’—1,
Y+ axrz — zx
DY
(a(a® —1) #0)
(
Ty + yx,
WL rz + 2z,
L2y —yz +
(zy — ya,
TL | § xz — zx,
2
(Y —yz+

Remark 3.3. Since GrMod A = GrMod A’ if and only if A = A’ as Z-algebras
where A := D, ;5 Aj—i by [18], the above table agrees with [4, Table 1].
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If E is reduced, then Theorem 3.1 and Theorem 3.2 are proved by the
following five steps (see Example 2.13):

Step 0: Fix a defining relation of E.

Step 1: Find all automorphisms o of E.

Step 2: Find the defining relations of A(FE, o) for each o € AutpE by
using (G2) condition in Definition 2.5.

Step 3: Classify them up to isomorphism of graded algebras in terms
of their defining relations by using Theorem 2.8.

Step 4: Classify them up to graded Morita equivalence in terms of their
defining relations by using Theorem 2.9.

For Type P; (i = 1,2,3), Type S; (i = 1,2,3), Type S} (i = 1,2), Type
T; (i =1,2,3) and Type T’, the above five steps were completed in [11] and
[10]. For Type CC and Type NC; (i = 1,2), Step 1 was completed in [17],
and Step 2, Step 3 and Step 4 were completed in [5].

We briefly explain the method in [17]. Let E be an irreducible variety
and 7: E — F a normalization of E. Then, for any o € AutiFE, there exists
a unique & € Auty E such that o0 o m = 70 &, i.e., the following diagram
commutes:

E "+ F
E "+ F

In fact, the assignment o — & is an injective group homomorphism from
AutipE to AutiE.

For example, let A = A(F,0) be a Type NC algebra.
Step 0: Since E is a nodal cubic curve, we may assume that £ = V(2® +
y3 + 1yz).
Step 1: A normalization 7: P! = E —» E is given by

m(a: b) = (a®b: ab®: —a> —b?).
Since o fixes the singular point (0:0:1) € E and 77 1((0:0: 1))
0),(0: 1)} C P, either & fixes both (1:0) and (0 : 1) so that & =

{(1:
0

> for

for 0 # a € k, or & switches (1 : 0) and (0 : 1) so that 6 = ( g
0 # 8 € k. In each case, the corresponding o is given as
oi(z:y: 2) = (axy: o?y?: (& —1)z? + Pyz2) (a® #0,1)

or
oa(x: y: 2) = (By*: fPay: (1—F)2® +y2) (B°#0,1).
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Remark 3.4. We call the above A(FE, 0;) Type NC; algebras (i = 1,2). Type
NC; algebras are isomorphic to algebras given in [16, Theorem 2.2], however,
Type NCy algebras are not isomorphic to any algebra in [16, Theorem 2.2].
In fact, the above o7 was in [16], but o2 was overlooked in [16].

To prove Theorem 3.1 and Theorem 3.2 when E is a non-reduced cubic
in P2, we use the following key lemma.

Lemma 3.5 ([3, Theorem 8.16 (iii)]). (1) If A is a 3-dimensional quadratic
AS-reqular algebra of Type W L, then there exists p € GrAutp A such that

AY =2 By = k(x,y,2)/(vy — yx,x2 — zx, 2y — yz + x2), Or
A? = By = k(z,y, 2)/(xy — yz, 02 — 22,2y — yz + y°).

(2) If A is a 3-dimensional quadratic AS-reqular algebra of Type TL, then
there exists ¢ € GrAuty A such that

A¥ = B3 = k(z,y,2)/(zy — yx, 22 — 22, 2 — yz + 22).

Since B = A¥ if and only if A = B by [19, Proposition 2.5 (2)], for
Type WL algebras and Type TL algebras, Theorem 3.1 and Theorem 3.2
are proved by the following four steps:

Step 1: Find all graded algebra automorphisms o1 of B; (i = 1,2,3)
in Lemma 3.5. »

Step 2: Find the defining relations of BY by using Definition 2.2.

Step 3: Classify them up to isomorphism of graded algebras in terms
of their defining relations by using Lemma 2.1.

Step 4: Classify them up to graded Morita equivalence in terms of their
defining relations by using Theorem 2.3.

Step 1 and Step 2 were completed in [9] and, Step 3 and Step 4 were com-
pleted in [5].

4. DEFINING RELATIONS FOR TYPE EC ALGEBRAS

Throughout this section, let £ be an elliptic curve in P2. Our aim in this
section is to find Auty E' and to compute the defining relations of A(FE, o)
where o € Auty F.

It is well-known that the j-invariant j(E) classifies elliptic curves up to
projective equivalence.

Theorem 4.1 ([7, Theorem IV 4.1 (b)]). Let E and E’ be two elliptic curves
inP2. Then E and E' are projectively equivalent if and only if j(E) = j(E').

Let X be a scheme and Y a subscheme of X. We define
Auty (X,Y) := {¢p € Auty X | ¢y € Aut, Y}
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We view an element of Auty (X,Y) in two ways, that is, as an automorphism
of X which restricts to an automorphism of Y and as an automorphism of
Y which extends to an automorphism of X. In particular, if Y = {p}, then
we write Autg (X,Y) = Autg (X, p).

Theorem 4.2 ([7, Corollary IV 4.7]). Let E be an elliptic curve in P?. For
every p € I,

2 if j(E) #0,12°,
|Auty(E,p)| = 4 6 if §(E) =0,
4 if j(B) = 123.

For each point 0o € E, we can define an addition on E so that F is an
abelian group with the identity element o and, for p € E, the map o, defined
by o,(q) == p+ ¢ is a scheme automorphism of E, called the translation by
a point p. We write (F,0) when we view E as an abelian group with the
identity element o € E.

In this paper, we use the Hesse form Ey := V(23 +y3 + 23 — 3\zyz) where
A\ € k. Tt is known that Fy is an elliptic curve in P? if and only if A3 # 1.
The j-invariant of Ey is given by the formula

27TA3(\? + 8)?
(A3 —1)3

J(Ey) =

([6, Proposition 2.16]).
Every elliptic curve in P? is projectively equivalent to Ey for some \ with
A3 £ 1 ([6, Corollary 2.18]).

Theorem 4.3 ([6, Theorem 2.11]). Let Ey be an elliptic curve of the Hesse
form in P? and oy := (1 : —1:0) € Ey. The group structure on (Ey,0y) is
given as follows : forp=(a:b:c) and q= (a: B :7) € Ej,

(acB? — b*ary : bea? — a?Bry : aby? — 2aB) if p #q,

p+qi=
(@b —bc? : ac® — ab® : b3c — a3c) if p=gq.
Throughout this paper, we fix the above group structure on E)\ with the

identity oy := (1: —1:0) € E).

4.1. Automorphism groups.

Lemma 4.4 ([7, Lemma IV 4.9]). Let (F,0) and (E',0’) be two elliptic
curves in P2, If ¢ : E — E' is a morphism of schemes sending o to o, then
@ is also a group homomorphism.

We set the following notations:
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(i) T :={op € Auty E|p € E} and T\ := {0, € Auty E\ |p € E\}.
(ii) G := Auti(F,0) and Gy := Auti(E),o0)).

For 0, € T and 7 € G, it is easy to see that 7,71 =0, € T.

Proposition 4.5 (cf. [4, Section 6]). Suppose that (E,0) is an elliptic
curve in P2. If ® : G — AuwtT is the group homomorphism defined by
- (0p) = 0rp) for T € G and oy € T, then Auty E =T x4 G.

Theorem 4.6. Let Ey be an elliptic curve in P?. A generator T\ of Gy is

given by
(m\(a:b:¢c):=0b:a:c) if j(Ey) # 0,123,
< ™a:b:c):=(b:a:ce) if A=20 (so that j(Ey) = 0),

m™a:b:c):=(ac® +bs+c:ac+b? +c:a+b+c)
\ if A\ =1+/3 (s0 that j(E)) = 12%),

where € 18 a primitive 3rd root of unity. In particular, G is the subgroup of
Autk(IPQ, E)\).

Proof. (i) If j(E)) # 0,123, then |Gy| = 2 by Theorem 4.2. Let 7\ =

i)

10

0 0| € PGL3(k) = Autp P2 If p = (a : b: ¢) € E), then
0 1

0
1
0
m(p) = (b:a:c) € By, so 1\ € Auty, (P2, E\). Since 7y(0y) = 0y, we
have 7y € G. By calculations, |7)\| = 2, so G\ = (7).
(ii) If A = 0 so that E\ = V(23 + y3 + 23), then j(E)) = 0, so |G)| = 6
010
by Theorem 4.2. Let 7 = [1 0 0| € PGL3(k) = Auty P?, where
0 0 ¢
e is a primitive 3rd root of unity. If p = (a : b : ¢) € E), then
™(p) = (b:a:ce) € Ey, so T\ € Auty(P?, E)). Since 7)(0y) = 0y, we
have 7y € G. By calculations, |7)\| = 6, so G\ = (7).

(iii) If A = 1 + V3 so that E\ = V(z® + 3> + 23 — 3(1 + V/3)zyz), then
2

et e 1
J(Ey\) = 123, 50 |G| = 4 by Theorem 4.2. Let 7y, = [ ¢ &% 1] ¢
1 1 1

PGL3(k) =2 Aut, P2 Ifp = (a:b: c) € E), then 7,(p) = (ac? +be+c:
ag +bs? +c:a+b+c). Since

(ag® + be +¢)® + (ac +be* + ¢)* + (a + b+ ¢)?
—3(1 + V3)(ag® 4 be + ¢)(ae + be® + ¢)(a + b+ ¢)
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= 3(a® 4+ b + ) + 18abc — 3(1 + V3)(a® + b + ¢ — 3abe)
= —3v3(a® + 0> + ) + 9V3(1 + V/3)abe

= —3V3(a® + v® + ¢ — 3(1 + V3)abe)
= (),

we have 7y(p) € Ey, so 7y € Auti(IP?, E)). Since 7y(0)) = 0y, we have
T € G. By calculations, |7\| =4, so G\ = (7).
]

We fix the above generator 7, of GG) for the rest of the paper.
4.2. Defining Relations.

Lemma 4.7. Every 3-dimensional quadratic AS-regular algebra A = A(E, o)
of Type EC is isomorphic to A(Ey,0,75) where A € k with A3 # 1, p € E)
and 1 € 7. .

Proof. By Theorem 4.1, there exists A € k such that E and E) are projec-
tively equivalent. If we set o’ := ¢pop~!' € Auty, Ey where ¢ : E — E) is a
projective equivalence, then the diagram

E—2E,

l ¢ |-

EF——F)

commutes, so A(E,0) = A(Ej,0') by [14, Lemma 2.6 (1)]. By Proposition
4.5 and Theorem 4.6, there exist p € E\ and i € Z such that ¢/ = 0,7}
where (1)) = G\ = Autg(E\,0)), so A = A(E,\,Jpr\'). O

We can compute the defining relations of 3-dimensional quadratic AS-
regular algebras of Type EC by using the defining relations of a 3-dimensional
Sklyanin algebra

A(E,0p) = k(z,y, 2)/(ayz + bzy + cx?, azx + brz + cy?, axy + byz + c2?)
where p = (a : b : ¢) € P2, We say that a geometric algebra A is of Type EC

if the point scheme of A is an elliptic curve.

Lemma 4.8. Let E) be an elliptic curve in P2 where \> # 1, p=(a:b:
c) € Ex and i € Z. Then A(Ey,o0pTy) is a geometric algebra of Type EC if
and only if abc # 0.

Proof. If abe # 0, then ((a® + b% + ¢3)/3abc)® = X3 # 1, that is, (a® + b3 +
)3 # (3abe)3, so A(Ey, 0p) is a 3-dimensional quadratic AS-regular algebra
of Type EC by [2, Section 1]. Since A(E), o)) is a geometric algebra of Type
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EC, A(E),0,7}) is also a geometric algebra of Type EC by Proposition 2.6
(3). If abc = 0, then the point scheme of A(E),0,) is P? by [2, Section 1],
so A(Ey, 0,7}) is not of Type EC by Proposition 2.6 (2). O

Theorem 4.9. FEvery 3-dimensional quadratic AS-regular algebra A(E, o)
of Type EC is isomorphic to one of the following algebras k{x,y, z) /(f1, f2, [3):

(1) If j(E) # 0,123, then

fi = ayz + bzy + cx?,
fo = azx + bxz + cy?,
fs = axy + byx + cz>.

f1=axz+ bzy + cyx,
fo =azx + byz + cry,
fs = ay?® + bx? + c22.

where (a:b: c) € Ey with j(Ey\) = j(F) such that abc # 0.

(2) If j(E) =0, then

rfl = ayz + bzy + ca?,
 fo = azx + bxz + cy?,

_ 2
| f3 = axy + byx + cz*.

.

fi = ayz + be?zy + ca?,
q f2

_ 2,2
| f3 = axy + by + ce”27.

.

ac?zx + bxrz + cy?,

fi1 = ayz + bezy + cx?,
{ fo = aczx + brz + cy?,

_ 2
| f3 = ary + by + cez”.

(fl = axz + bezy + cyzx,

fo = agzx + byz + cxy,
a2 2 2

[ f3 = ay” + ba” + ce2”.

.

f1=axz+ bzy + cyx,
fo =azx + byz + cxy,

— 02 2 2
| f3 = ay” + bx” + c2”.

(fl = axz + be’zy + cyz,
fo = ag’zx + byz + cxy,

[ f3 = ay® + bx? 4 222,

where (a : b: c) € Ey such that abc # 0 and € is a primitive 3rd root of

unity.

(3) If j(E) = 123, then

f1 = ayz + bzy + ca?,
fo = azx + brz + cy?, 4
fs = azy + byx + c2°.

\

(fl:a(éa:+52y+z)z—l—b(x+y—|—z)y

+c(e2x + ey + 2)x,

fo=a(x+y+2)x+be®r+ey+2)z

+e(ex + €%y + 2)y,

fs =a(e?z +ey + 2)y + blex + %y + 2)x

+e(z+y+ 2)z.
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(

fi=a(E®ztey+2)z+blx+y+2)y
+c(ex + ey + 2)x,
fo=a(x+y+2)r+blex + %y + 2)2
+e(e®x + ey + 2)y,
fs =alex + ey + 2)y + b(e®x + ey + 2)x
+e(x +y+ 2)z.

f1 =axz+ bzy + cyz,
fo=azx +byz + cry, <
fs = ay® + bx? + c22.

\

where (a :b:c) € By, sz such that abc # 0 and € is a primitive 3rd root
of unity.
Proof. Let A be a 3-dimensional quadratic AS-regular algebra of Type EC.
By Lemma 4.7 and Proposition 2.6 (1), there exist A\ € k with \3 # 1,
p=(a:b:c) € E) and i € Z such that A~ A(E),0,7}) = A(EA,apng_jz) =
.A(E/\,ap)‘f’ix where ¢, € GL3(k) is given by

p

0 1
10 if j(E\) # 0,123,
\0 0
(0 1

0

0

=191 it A=0,

nh O O = O O

1
e €2 1 if A=1++3.
\1 11

By Lemma 4.8, abc # 0 and, by the definition of a twisted algebra (see
Definition 2.2), the defining relations of A(Ey,0,)%* are given by

agh (y)z + bpi\(2)y + cdi (2)z,
ag(2)x + bo) ()2 + cd (),
adh(2)y + bo)(y)x + cdi(2)2.
Thus A is isomorphic to one of the listed algebras in the statement. O

Remark 4.10. Unfortunately, not every algebra listed in Theorem 4.9 is
AS-regular, so Theorem 4.9 does not give a complete list of 3-dimensional
AS-regular algebras of Type EC, but a complete list of geometric algebras
of Type EC. In a subsequent paper [8], we give a geometric characterization
of AS-regularity of algebras listed in Theorem 4.9.
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4.3. Classification up to graded algebra isomorphism. By [6, Corol-
lary 2.18], for every E, there exists A € k with A\? # 1 such that E) and E
are projectively equivalent. If ¢ : Ey — E is a projective equivalence, then
U : Auty E\ — Auty E defined by ¥(o) := op~! is a group isomorphism.
If 0 := (o)), then ¢ : (Ey,0)) — (F,0) is a group isomorphism by Lemma
4.4, and ¥(o,) = Yopp~! = oyp) €T for o, € Ty. For the rest paper, we
fix

(a) a projective equivalence ¢ : Ey — F,

(b) the group isomorphism ¥ : Auty E)\ — Auty F defined by

V(o) = yop,
(c) the identity element o := 1 (0)) of E, and
(d) the generator 7 := ¥(7y) of G = Auti(E, o).
We set the following notations:
(i) B3] :={p € E'|3p=o} and E5[3] := {p € E\ |3p=or}.
(ii) T[3] :={0c € T|0® =idg} = {0, € T'|p € E[3]} and
T)\[g] = {0’ e 1) | o3 = idE/\} = {Up e T |p S E)\[B]}
(iii) d:= |G| and dy := |G,|.
(iv) F;:={p—71'(p) € E|p € E[3]} for i € Zq and
Fyi;:={p—7i(p) € Ex|p € E\[3]} for i € Zg,.
It is easy to check the following lemma.

Lemma 4.11. The following hold.

(1) E3] = (EN3]).

(2) Fi =¢(Fy)-

<3) Autk(P2,E) = \I/(Autk(P2,E)\)).
(4) G =¥(Gy).

(5) T =VU(T}).

(6) T[3] = W(Tx[3]).

Theorem 4.12. The following hold.
(1) Autp(P2, EYNT =TI3].

(2) G < Autk(IP’z,E).

(3) Autk(IP’2,E) ~ T3] x G.

Proof. (1) See [12, Lemma 5.3].

(2) Since G < Auty,(P?, E)) by Theorem 4.6, G = ¥(G,) < ¥(Aut,(P?, E)))
= Auty(P? E) by Lemma 4.11 (3) and (4).

(3) Since Auty E =2 T x G by Proposition 4.5 and G < Aut,(P?, E) by (2),
for o,7° € Auty E, 0,7° € Auty(P?, E) if and only if 0, € Autg(P?, ) if
and only if o, € T[3] by (1), so Auty(P?, E) 2 T[3] x G.

L]
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Remark 4.13. Theorem 4.12 (2) depends of the special choice of the identity
element o € E. In fact, if we choose an arbitrary point p € F, then it is
hardly the case that Auty(FE,p) < Aut,(P?, E).

Lemma 4.14. Let E be an elliptic curve in P2, pe E and i € Z. Then
A(E,o,7") is a geometric algebra of Type EC if and only if p € E\ E[3].

Proof. For ¢ = (a :b:c) € Ey, g € Ex\ E)\[3] if and only if abc # 0 if and
only if A(E)y,0,7y) is a geometric algebra of Type EC by Lemma 4.8, so

A(E, O'pTi) = A(E,, \I/_l(apTi))
= A(E\, O (op) ¥ (1))
— .A(E)\,Jw—l(p)Tg\)

is a geometric algebra of Type EC if and only if = (p) € Ey \ E)[3] if and
only if p € E'\ E[3]. O

We use the following two formulas.

Lemma 4.15. For o,7% 0,77 and o,mh € Auty, E,

(41) (Oqu)(UTTl)(JPTi)_l - 0q+Tj (T)—Tl'*‘j_i(p)Tl—’—j_ia

and

(4'2) (Oqu)_l(aTTl)(o-pTi) = Or=i(—q+r+r! (P))Tl—H'_j'

Proof. By calculations. [

By Proposition 4.5, for 0,7%,0,77 € Auty E =T x G, 0,7" = 0,77 if and
only if p=¢qin F and ¢ = j in Zj4,

Theorem 4.16. Let E be an elliptic curve in P2, pqc E\E[3] and i,j €
Zq. Then A(E,o,m") = A(E,0,m) if and only if i = j and ¢ = 7'(p) +r
where r € F; and | € Z4.

Proof. Since A(E,0,7") and A(E,0,77) are geometric algebras of Type EC

by Lemma 4.14, A(E, 0,7%) = A(E,0,77) if and only if there is p = o,7! €
Auty(P? E) where s € E[3] and | € Z4 such that the diagram

E-Y>E
| o
E—+FE
commutes by Theorem 2.8, that is,

(aqu) (O’STZ) (O'pTi)_l = g,7!.
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By Lemma 4.15 (4.1), (0,77)(0s7) (0,771 = O'q_l_Tj(S)_Tl+j—i(p)7_l+j_i, SO we
have g +717(s) — 7497 (p) = s and [+ j —i = [, that is, ¢ = 7'(p) + 5 — 7(s)
and i = j. By the definition of F;, s—7%(s) € F}, so A(E,0,7") & A(E,0,77)
if and only if i = j and ¢ = 7!(p) 4+ r where r € F; and [ € Zg. O

By [6], we label the elements of F)[3] by
poi=oy:=(1:-1:0), pr:=(1:—:0), py:=(1:—-€2:0),
p3i=(1:0:=1), ps:=(1:0:—¢), ps:=(1:0:—¢),
pe:=(0:1:=1), pr:=(0:1:—¢), pg:=(0:1:—¢€).
We calculate Fy; = {p; — 7i(p1) € Ex|0 <1< 8} for each i € Zg, .
Lemma 4.17. (1) If j(Ey) # 0,123, then
i) i
’ E\[3] otherwise.
(2) If A =0, then

F)\,i — <p1> - {p07p17p2} it ¢ = 2747
E\[3] otherwise.

(3) If \ =14 /3, then
F)\i: {{pO} if l:()a

’ E\[3] otherwise.

Proof. By calculations. O

Example 4.18. Fix A\ € k such that A3 # 1 and j(FE)y) # 0,123 and let
p=1(a:b:c) e Ey=V>+y>+ 2% - 3\zyz) such that abec # 0. If
A = A(Ey,0p), then

A = k{x,y,2)/(ayz + bzy + cx?, azx + brz + cy?, axy + byx + c2?),

and A is a 3-dimensional Sklyanin algebra. If A’ = A(E\,0_,) where —p =
(b:a:c), then

A =klx,y, 2)/(byz + azy + cx?, bz + axz + cy?, bry + ayz + c22),
and A’ is also a 3-dimensional Sklyanin algebra. If A” = A(E),0,7y), then
A" = kx,y, 2)/(axz + b2y + cyz, azz + byz + cxy, ay® + ba* + c2?).

If A" = A(E\, 0pt+psTa) Where p3 := (1:0: —1) € E)[3], then
A" = k(x,y, 2)/(bxz + czy + ayz, bzx + cyz + axy, by? + cx® + az?).



DEF. REL. OF 3-DIM. QUAD. AS-REGULAR ALGEBRAS 83

By Theorem 4.16, since —p = 7)(p) and p3 € E)\[3] = F\1, A = A’ and
A" = A" but no other pairs are isomorphic.

4.4. Classification up to graded Morita equivalence. We recall that
o = (o)) and 7 := ¥(1)) € G = Autg(F,0). Since 7 is also a group
automorphism of (F,o0), it follows that 7(F[3]) = E[3].

Lemma 4.19. Forp € E andl € Z, if p—7'(p) € E[3], then p—7™(p) € E[3]
for any n € Z.

Proof. If n =0, then p — 7" (p) =p —p =0 € E[3].
For any n > 1, we can write

n—1
p—7"(p)=> -7
1=0

Since p —7'(p) € E[3], 7 (p—7'(p)) € E[3] for 1 <i <n—1,s0 p—7"(p) €
EI3].

If n < —1, then p — 7%(p) = —7"(p — 77™(p)). Since —n > 1 and
p—1"(p) € E[3], it follows that p — 7™ (p) € E[3] for any n < —1. u

Theorem 4.20. Letp,q € E\E[3] andi,j € Zq. Then GrMod A(E, o,7") =
GrMod A(E,o,77) if and only if p— 77 ""(p) € E[3] and there exist r € E[3]
and | € Zg such that ¢ = 7'(p) +r.

Proof. Suppose that GrMod A(E, 0,7%) & GrMod A(E, 0,77). Since A(E,0,7%)
and A(F, O'qu ) are geometric algebras of Type EC by Lemma 4.14, there
exists a sequence {¢, }nez of Auty (P2, E) such that the diagram

BB

i )
opT oqT?

Ont1

F——F

commutes for n € Z by Theorem 2.9. By Theorem 4.12 (3), there exist
r € E[3] and | € Zg such that ¢ = o,7'. Since the diagrams

ol ES B
apTil laqu UpTii laqu
l
ES". B E-" B

commute,
¢—1 = (0477) " (ov7")(0pT")

_ , I+i—j
= Or=i(—gq+r+7i(p)T
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and

¢1 = (Uqu)(UrTl)(UpTi)_l
= 0q+rj(r)—Tl+j’i(p)Tl+j_i
by Lemma 4.15. Since ¢_1,¢1 € Auty(P?, E), we have
T (—q+r+7(p) € B3],
g+7(r) =77 (p) € E[3],
that is,
s=—q+r+7(p) =1 (I (—qg+r+7(p)) € E[3],
t:=q+7(r)— 7" (p) € E[3].

By the first condition, we have ¢ = 7! (p) +r — s where r — s € F[3]. Since
s+t=r+7(r)+7(p) — 77 (p) € E[3], we have

' (p) — 77 (p))
s+t—r—71/(r)) € E[3].

p—"p) =77
Y

Conversely, suppose that p — 777 (p) € E[3] and ¢ = 7'(p) + r where
r € F[3] and | € Z4. By Theorem 4.16, we have

A(E,0477) = A(E, 0.1()4,7) = A(E, 01 (pr1() T ) = A(E, 01y T).
To show

GrMod A(E, o,7") = GrMod A(E, o,77),
it is enough to show

GrMod A(E, 0,7") = GrMod A(E, 01 s77)

where s = 77!(r) € E[3]. Since p € E\ E[3], p+s € E\ E[3], so A(E, o,7%)
and A(FE, 0,4s77) are geometric algebras of Type EC by Lemma 4.14. We
construct a sequence of automorphisms {¢, }nez of Auty (P?, E). We set
¢o :=idg. For each n > 1, we define ¢,, inductively as

L n(j—1
¢n = 0y, T G )7

where r, := p — "0 (p) + s + 77 (rn_1) and ro := o. For any n > 0, if
rn € E[3], then rpyq = p — 7DD (p) + 5 + 77(r,,) € E[3] by Lemma
4.19.

Next, for n < —1, we construct automorphisms ¢, € Auty(P?, E). For
each n > 1, we define ¢_,, inductively as

L —n(j—1
¢—n = 0r_,T U )7
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where r_, := 7= Di=n (p — 7 (r=DGE=0) (p) 4 7 (=G (—5 4 T_(n-1))) and
ro = 0. For any n > 0, if r_,, € E[3], then r_, ) 1= =)= () —
0= (p) + 70~ (—s47r_,)) € E[3] by Lemma 4.19. By this construction,
we have the sequence of automorphisms {¢, }nez of Auty(P?, E) such that
the diagram

B2 F
apTil OptsT?
¢n+1
EF——F
commutes for each n € Z, so GrMod A(E,0,7%) = GrMod A(E, 0,.s77) by
Theorem 2.9. O

Example 4.21. We use the same graded algebras A and A” as in Exam-
ple 4.18 so that A % A”. Tt follows from Theorem 4.20 that GrMod A =
GrMod A” if and only if 2p = p — 7\(p) € E\[3] if and only if p € E,[6].
From [6], we see that |Ey[6]| = 36, so A and A” = A®* are rarely graded
Morita equivalent (see Remark 2.4).
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