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ABSTRACT

An order parameter is proposed to classify the local structures of liquid and solid water. The order parameter, which is calculated from the
O–O–O–O dihedral angles, can distinguish ice Ih, ice Ic, high density, and low density liquid water. Three coloring schemes are proposed to
visualize each of the coexisting phases in a system using the order parameter on the basis of Bayesian decision theory. The schemes are applied
to a molecular dynamics trajectory in which ice nucleation occurs following spontaneous liquid-liquid separation in the deeply supercooled
region as a demonstration.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5096556

INTRODUCTION
Properties of water have been investigated both experimentally
and theoretically.1 Molecular dynamic (MD) simulations of water,
which were founded by Rahman and Stillinger, brought us vast
knowledge on microscopic characters of water as well as simulation and analysis methods that are applicable to other molecules.2
Modern sophisticated interaction models of water can reproduce
the complicated phase diagram in wide ranges of temperature and
pressure and even enable us to predict new phases prior to experiments.3–10
It has been anticipated that water exhibits polyamorphism, i.e.,
existence of multiple noncrystalline condensed phases.11–14 While
it is very difficult to observe spontaneous liquid-liquid separation
in bulk water by experiments, molecular dynamics (MD) simulations have succeeded in doing so.15,16 Although the polyamorphic
transition occurs between the metastable liquid phases under deeply
supercooled conditions, the critical fluctuations associated with it
are considered to affect properties of stable phases of water under
ambient conditions. Water is known to have a lot of anomalous
properties.1,17 Nearly half of the 74 anomalous properties of water
listed by Chaplin are related to the polyamorphism, and they play
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remarkably important roles in various processes of the Earth.17
Exploration of the water anomalies is therefore important for many
research fields of science.
When two phases coexist, the chemical potential of one phase
is the same as that of the other phase, but the potential energies
are different from each other. One of the two phases must be more
disordered than the other to compensate for the higher potential
energy. In the case of the liquid-liquid phase transition of water
models, the low-density liquid (LDL) and high-density liquid (HDL)
phases correspond to the ordered and disordered ones, respectively.
Although LDL does not possess any crystalline order, almost all
water molecules are four-coordinated and its tetrahedral local structure is quite similar to ice. The structure of LDL is therefore often
referred to as “icelike”. This is, however, misleading. Topological analyses of the hydrogen bond network demonstrate that the
intermediate-range order of ice is completely different from that of
LDL.18,19
The distribution of the dihedral angle formed by four hydrogen
bonding water molecules can be adopted to distinguish the difference between ice and supercooled liquid water. The angle can be
defined in the same way as alkanes because both sp3 carbon and
water prefer tetrahedral network structures. Nguyen and Molinero
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introduced a local order parameter, named CHILL+, to identify several ices that are stable under ambient pressures based on the tetrahedrality of the local structure.20 Matsumoto et al. showed that there
is a distinct difference in the dihedral distribution between ice and
supercooled liquid water.21
In this paper, we propose a simple order parameter for water
and ice named “twist” focusing on the dihedral angle. The twist
order parameter is an extended version of the bond twist order
parameter given in our previous work.21 The twist parameter can
distinguish LDL from HDL as well as ice Ic from Ih. The new order
parameter is convenient, especially when two or more of the four
phases coexist in a simulation box. Fine tunings of variables and criteria are not necessary for classification of water molecules because
of the use of Bayesian decision theory.
DEFINITION OF TWIST
The atomic configuration around a water molecule is considered in most order parameters for water.22–26 Our new order parameter, “twist”, is not defined for each molecule but for each pair of
water molecules forming a hydrogen bond, i and j, as
χij =

M−1 N−1
1
∑ ∑ exp(3iθkijl )
(M − 1)(N − 1) k=1 l=1

(1)

(χ ∈ C, ∣χ∣ ≤ 1),
where k and l are water molecules that are hydrogen-bonded to
molecules i and j, respectively, and M and N are the numbers of
hydrogen bonds of water i and j. Typically, both M and N are 4 in
ice. θkijl is the dihedral angle formed by four water molecules, k, i, j,
and l, in sequence. A sample Python implementation is available in a
GitHub repository.27 We discussed how to define hydrogen bonds in
water appropriately in a previous paper.28 Properties on the hydrogen bond network including χ do not depend strongly on the structural parameters (e.g., O–O distance, O–H distance, and O–O–H
angle) and the threshold values to determine a hydrogen bond when
they are properly chosen. In this study, two water molecules are
defined to be hydrogen-bonded when the shortest intermolecular
O–H distance between them is less than 2.45 Å.28
In the diamond structure of ice Ic, any dihedral angle is either
π/3, π, or 5π/3 because of the staggered conformation, and so we
obtain χ = −1 (Fig. 1). In ice Ih, the dihedral angle for a hydrogen
bond that is parallel to the c axis is either 0, 2π/3, or 4π/3 because
of the eclipsed conformation. Thus, its twist value is 1 for any of
the above angles. The imaginary part of χ is nonzero except for
those special conformations. The twist parameter can be close to a
purely imaginary number. We call conformations with χ = i and −i
the R-twisted and L-twisted conformations, respectively. In a previous study, we observed that clusters of the R-twisted configurations
and those of the L-twisted configurations form in supercooled water
because of the structural mismatch between the two types of twisted
configurations.21 In ambient conditions, such clusters do not form
because the hydrogen bond network is flexible and distorted due
to the thermal energy. The numbers of hydrogen bonds, M and N,
are not always four for a water molecule, and there is structural
incoherence in terms of the twist (i.e., the torsional angles for a
hydrogen bond, θkijl , are not always twisted in the same direction).
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FIG. 1. Typical conformations shown in the Newman projection29 and the corresponding values in the complex plane. The domain of the parameter χ is shown
by the gray area.

As a result, both the real and imaginary parts of χ become close to
zero.
The probability distributions of the twist χ for liquid water, ice
Ih, and ice Ic are shown in Fig. 2. The TIP4P/2005 water model5
is employed, and molecular dynamics (MD) simulations are performed at 1 bar using the GROMACS 4.6 package to generate molecular configurations in equilibrium states.30,31 The initial structures
of ice Ic and ice Ih are prepared using the GenIce tool.32 They are
relaxed at the target temperature and pressure. The temperature of
an ice structure is elevated to 400 K with the volume fixed to melt
it, and then it is annealed at a constant pressure, 1 bar, to obtain
the liquid structures of target temperatures. The melting point of
TIP4P/2005 water is 250 K.33 The distributions for liquid water at
the melting point, T m , is similar to that at T m + 30 K: there is a peak
at χ′ = 0 and χ′′ = 0, where χ′ and χ′′ are the real and imaginary parts
of χ, respectively. This peak, however, becomes less pronounced in
supercooled water at T m − 30 K and T m − 60 K. There are two
peaks in the distribution for ice Ih. The peak at χ′ = −1 arises from
the hydrogen bonds forming 6-membered rings with the chair conformation, and the peak at χ′ = 1 is due to the hydrogen bonds
that are parallel to the c-axis. There is only one peak in the distribution for ice Ic, reflecting that all hydrogen bonds in this ice are
equivalent.
It is often possible to distinguish two phases even with the
projection of χ on either the real or imaginary axis. For example,
the difference between ice Ih [Fig. 2(e)] and LDL-like water34 at
T m − 60 K [Fig. 2(a)] is obviously seen in the projection on the
imaginary axis.21 The difference between ice Ic [Fig. 2(f)] and Ih
[Fig. 2(e)] is evident when the projections on the real axis are compared because of the eclipsed conformation that exists only in ice
Ih.35 The projection on the real axis for LDL-like water is asymmetric, as shown in Fig. 2(a). This tendency is found for the continuous
random network that is a model of tetravalent network-forming

150, 214504-2

The Journal
of Chemical Physics

ARTICLE

scitation.org/journal/jcp

FIG. 2. Distributions of the twist parameter for liquid water and ices at ambient
pressure. [(a)–(d)] Liquid water at 190 K
(LDL-like), 220 K, 250 K, and 280 K
(HDL-like). [(e) and (f)] Ices Ih and Ic
at the melting point of the TIP4P/2005
water model, 250 K. Every 2D distribution accompanies two 1D functions each
of which is the projection on the real and
imaginary axes, respectively.

materials such as amorphous silicon and germanium,36 suggesting
that it would be a common geometric characteristic for this type of
network.18,19,37
The distribution of liquid water at 220 K [Fig. 2(b)] can be represented by a linear combination of that at 250 K [Fig. 2(c)] and that
at 190 K [Fig. 2(a)]. This implies that old “two-state” models of water
that hypothesize liquid water as a mixture of two different types of
molecules are a good description in terms of the twist.38–40
LIKELIHOOD ESTIMATED USING BAYESIAN THEORY
We assign a hydrogen bond to one of the four possible phases
using the twist value. Bayes statistics provides us a useful framework
for this.
Here, we assume that there are N different possible phases, {F 1 ,
F 2 , . . ., F N }. We have the probability density function of the twist χ
for any single phase system out of all N phases (Fig. 2). The distribution function for the ith phase is expressed as p(χ|F i ). What we
would like to know is the likelihood for a hydrogen bond in a target
system with a value of the twist, χ, to be classified as one in phase
F i , i.e., p(F i |χ), without any a priori knowledge on the target system
except for phases that can exist in the system. The two probabilities
can be connected using Bayes’ theorem41
p(Fi ∣χ) =

p(χ∣Fi ) ⋅ p(Fi )
,
p(χ)

(2)

where p(F i ) is the marginal probability for a randomly chosen
hydrogen bond to be classified to a bond in phase F i in the target
system and p(χ) is the marginal probability density of χ in the target
system. We assume that there are one or more domains in the target system, each of which corresponds to one of the possible phases.
In this case, the twist distribution p(χ) can be expressed by a linear
combination of p(χ|F i ) with p(F i ) via the law of total probability
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N

p(χ) = ∑ p(χ∣Fi )p(Fi ).

(3)

i

The weight p(F i ) is obtained from p(χ) and p(χ|F i ) using linear
regression. When the target system is nonstationary, p(F i |χ) can be
dependent on time as a result of the changes in p(χ) and p(F i ) with
evolving times.
There are several limitations to this method: (1) Equation (3)
is valid when the local structure in a domain of the ith phase in the
target system is similar to that in the corresponding single phase system; (2) the weight p(F i ) is obtained by linear regression, but this
may be incorrect when the volume of the interfacial regions is not
negligible; and (3) this method is applicable only when all possible
phases are known in advance.
We apply the analysis protocol to an MD trajectory in which
the four phases, ice Ih, ice Ic, HDL, and LDL, coexist. In a previous paper, we performed isothermal-isochoric (NVT) MD simulations of ST2 water and found that liquid water separates into HDL
and LDL spontaneously and quickly at temperatures lower than the
liquid-liquid critical point.15 Ice nucleation inside the LDL domain
occurred after the liquid-liquid separation in five simulations. We
choose one of the five simulations as the target system. The simulation was performed at 0.98 g cm–3 . Liquid water was equilibrated
at 300 K, and then the temperature was dropped to 235 K. The time
of the temperature change was defined as t = 0. Here, we employ
the ST2 water model instead of TIP4P/2005, although the latter is a
better model to reproduce the thermodynamic properties of water
because the ice nucleation rate of the ST2 model is fast enough to
observe the formation of ice in LDL that coexists with HDL in MD
simulations and, therefore, it is suitable for demonstration of the
ability of the order parameter.
The twist distribution function p(χ|F i ) required for the linear regression is calculated from a single-phase MD simulation at the same temperature as the target system. The twist
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small until t = 500 ns at which an ice nucleus reaches the critical
size. The ice nucleus is not a single crystal but a complex of ice Ih
and Ic fragments. An ice Ic fragment begins to grow very quickly
at t = 800 ns because its size exceeds the shortest dimension of the
simulation box.
Comparison with various local structure indices (tetrahedrality, qtet ,42 distance to the 5th nearest neighbor, g 5 ,25 and the gap
between the 1st and the 2nd shells, ζ26 ) are given in Fig. S1 of the
supplementary material. These order parameters are less sensitive to
the emergence of ice nuclei in liquid.
VISUALIZATION WITH THREE COLORING SCHEMES
We obtain four likelihood values for a χ value, i.e., p(Ih|χ),
p(Ic|χ), p(HDL|χ), and p(LDL|χ), using Eq. (2). Plotting them separately on four complex planes is not informative. We plot the four
likelihood functions in one complex plane assigning a color to each
phase. We ignore the difference between ices Ih and Ic for simplicity
and define the probability for ice I as
FIG. 3. The twist distributions of pure systems, p(χ|F i ), for the ST2 water model at
235 K. (a) LDL at 0.88 g cm−3 , (b) HDL at 1.04 g cm−3 , (c) ice Ih at 1 bar, and (d)
ice Ic at 1 bar.

distributions for HDL and LDL, p(χ|HDL) and p(χ|LDL), are calculated at 1.04 g cm−3 and 0.88 g cm−3 , respectively, and those for
ices Ic and Ih, p(χ|Ic) and p(χ|Ih), are calculated at 1 bar. These
distributions are shown in Fig. 3.
Figure 4 shows the time evolution of the weight of the target
system, p(F i ), obtained by linear regression using Eq. (3). Liquid
water under ambient conditions is HDL-like. The fraction of these
types of hydrogen bonds, p(HDL), decreases, while that of LDL,
p(LDL), increases immediately after the temperature drop at t = 0,
indicating that liquid-liquid phase separation occurs very quickly.
This fast separation is caused by the absence of mass transfer that
is necessary for usual liquid-liquid separation processes such as
oil-water separation. The number of icelike hydrogen bonds is very

FIG. 4. Time evolution of the fraction of each phase, p(F i ), for the target MD trajectory in which liquid-liquid separation and ice nucleation occur. The curves for Ic
and Ih are vertically magnified for clarity.
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p(Ice∣χ) = p(Ic∣χ) + p(Ih∣χ).

(4)

The assigned colors to ice I, HDL, and LDL are red, green, and blue,
respectively. The color for a value of χ is made by mixing the three
colors, considering the probabilities p(F i |χ). For example, if we have
p(Ice|χ) = 0.5, p(HDL|χ) = 0.0, and p(LDL|χ) = 0.5, the color for this
χ value is dark purple which is a mixed color of red and blue. We
call this scheme the color mixing (CM) scheme. Figure 5(a) shows
the likelihood calculated from the target MD trajectory for a time
window ranging from 750 ns to 780 ns during which ice I, LDL, and
HDL coexist in the simulation box. The color of the region between
red (ice) and blue (LDL) is dark purple.
The χ value is calculated for every hydrogen bond. Therefore,
we can draw snapshots of the MD trajectory in which the likelihood of a bond is represented by a mixed color. Such snapshots are
shown in the top panels of Fig. 6. Most hydrogen bonds are HDLlike at t = 0. The system is divided into an HDL domain and an LDL
domain at t = 10 ns. There is an ice nucleus in the LDL domain at
t = 600 ns, and it grows as time evolves.
The use of mixed colors may not be helpful in actual applications. We reduce colors by representing a χ value with the color
of the most likely phase. The likelihood p(F i |χ) can be small even

FIG. 5. Likelihood calculated from the target MD trajectory for a time window ranging from 750 ns to 780 ns plotted with the (a) CM scheme, (b) DB scheme, and
(c) SB scheme. A hydrogen bond with a χ value in the red, green, and blue areas
in the figure is more likely to be in the ice, HDL, and LDL domains in the target
system.
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boundaries between LDL (blue) and ice (red) in Fig. 5(c) are approximated by vertical lines at χ′ = 0.85 and −0.85, ignoring the white
regions, and the boundary between LDL (blue) and HDL (green)
is approximated by a circle with a radius of 0.65 [Fig. 5(c)]. The
snapshots colored with this scheme, which we call the simplified
boundary (SB) scheme, are shown in the bottom panels of Fig. 6.
Each domain is more distinctive for the SB scheme than for the CM
scheme.
CONCLUSION

FIG. 6. Hydrogen bond network of water at t = 0, 10, 600, and 700 ns colored with
the (top) CM scheme, (middle) DB scheme, and (bottom) SB scheme. Red, green,
and blue bonds represent hydrogen bonds in ice I, HDL, and LDL, respectively. A
rectangular simulation box is employed so that the liquid-liquid interface formed in
the box becomes perpendicular to the longest axis to minimize the surface area.15

We introduce a minimalistic order parameter for water named
twist to distinguish ice Ih, ice Ic, LDL, and HDL. The values of this
parameter fall in the unit circle centered at the origin in the complex plane. The likelihood for a hydrogen bond in a target system
with a value of the twist to be classified as a bond in one of the
possible phases is estimated according to Bayes’ theorem. Three coloring schemes are proposed for visualization of MD trajectories on
the basis of the likelihood. Domains of different phases are clearly
distinguished by the present method for a MD trajectory in which
ice nucleation occurs after liquid-liquid separation in the deeply
supercooled condition.
The twist parameter will be useful to screen the local structures
of water that appear in confined systems and near material surfaces.
The twist parameter is also useful to detect the chiral heterogeneity in the local structure that is remarkable in supercooled liquid
water.21
One can design more complicated order parameters for more
exquisite classification of local structures of water. The twist order
parameter distinguishes ices Ic and Ih in a probabilistic manner
because it is defined for a single bond. It would be possible to find
a new order parameter that allows us to distinguish the two or more
ice phases as well as clathrate hydrates in a more deterministic way
considering the correlation between the twist values of the neighboring hydrogen bonding pair. The Bayesian approach would also be
a powerful tool to classify local structures with such a complicated
order parameter and to evaluate its performance.
The use of the torsional angle is not very suitable for classification of high-pressure ice phases, such as ice III and VI, because their
hydrogen bond networks are highly distorted. Analyses based on
topological structures such as rings and polyhedra would be better
to identify the intermediate-range order in the high-pressure phases
of water.19
SUPPLEMENTARY MATERIAL

for the most likely phase for χ values that are possible in many
phases. We assign white to χ values at which the largest p(F i |χ) is
less than 0.5. Figure 5(b) is the map based on this scheme. The decision boundaries (DB) are shown in this map. The dark purple region
in Fig. 5(a) is now left blank because the most likely phase is undecidable. We call this scheme the DB coloring scheme. The middle
panels of Fig. 6 show snapshots colored with the DB scheme.
It is possible to classify hydrogen bonds of a different trajectory using Fig. 5(b) when its thermodynamic condition is not so
different from that of the MD trajectory used to obtain Fig. 5(b).
For such an application, it may be more useful when the DBs
are represented by smooth curves in the complex plane. The
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See supplementary material for analyses using various conventional local structure indices.
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