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ON THE EXISTENCE OF NON-FINITE COVERINGS OF
STABLE CURVES OVER COMPLETE DISCRETE
VALUATION RINGS

YU YANG

ABSTRACT. Let R be a complete discrete valuation ring with alge-
braically residue field of characteristic p > 0 and X a stable curve over
R. In the present paper, we study the geometry of coverings of X.
Under certain assumptions, we prove that, by replacing R by a finite
extension of R, there exists a morphism of stable curves f : Y — X over
R such that the morphism f, : Y, — X, induced by f on generic fibers
is finite étale and the morphism fs : Y5 — X, induced by f on special
fibers is non-finite.

INTRODUCTION

Let R be a complete discrete valuation ring with algebraically closed
residue field k, K the quotient field of R, and K an algebraic closure of
K. We use the notation S to denote the spectrum of R. Write n,7 and s for
the generic point of S, the geometric generic point of S, and the closed point
of S corresponding to the natural morphisms Spec K — S, Spec K — S,
and Speck — 5, respectively. Let X be a stable curve over S of genus ¢gx.
Write X, X5, and X for the generic fiber of X, the geometric generic fiber
of X, and the special fiber of X, respectively. Moreover, we suppose that
X, is smooth over 7.

In the present paper, we study the geometry of coverings of X. Let
fn Y, — X, be an arbitrary Galois étale covering over 7. By replacing S
by a finite extension of S, f, extends uniquely to a stable covering f : ¥ — X
over S (cf. Definition 1.3 and Remark 1.3.1). Note that fs is not a finite
morphism in general. A closed point x of X is called a vertical point of X
if, by replacing S by a finite extension of S, there exists a stable covering
such that the fiber of x is not a finite set (cf. Definition 1.5). Write XV
for the set of the vertical points of X. We may post a question as follows:

Question 0.1. What is XVr?

If char(K) = char(k) = 0, up to composition with an inner automor-
phism, there is a natural isomorphism between the étale fundamental group
of X7 and the admissible fundamental group of X (cf. Definition 1 and [12,
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Théoreme 2.2]). Thus, for any finite étale covering of X,,, by replacing S by
a finite extension of S, the morphism of special fibers induced by the étale
covering of X, is an admissible covering. Then we obtain XV is empty.

If char(k) = p > 0, we may consider whether or not the set XV is
empty. The motivation of Question 0.1 partly comes from anabelian ge-
ometry. Question 0.1 was first considered by S. Mochizuki (cf. [2, the
proof of Theorem 9.2]). If char(K) = 0, Mochizuki proved that XV is not
empty. Then he reduced the Grothendieck conjecture for proper, hyperbolic
curves over number fields to the Grothendieck conjecture for proper, singu-
lar, stable curves over finite fields, which is then reduced to the Grothendieck
conjecture for affine curves over finite fields which had been proven by A.
Tamagawa.

In the present paper, we focus on Question 0.1 in the case where char(K) =
char(k) = p > 0. The main theorem of the present paper is as follows.

Theorem 0.2. Suppose that char(K) = char(k) = p > 0.

(1) Suppose that X is smooth over S, Xy cannot be defined over an alge-
braic closure of F),, and X, can be defined over an algebraic closure of IF),.
Then XY is not empty.

(ii) Suppose that X is an irreducible singular stable curve over s. Then
XV 4s not empty.

Remark 0.2.1. Suppose that R = F,[[t]], where ¢ = p" such that r # 0. Let
X1 and X5 be stable curves over S. Moreover, we suppose that the generic
fibers of X;, and X, are smooth over S. The Grothendieck conjecture
for curves over local fields of positive characteristic asks whether or not the
natural morphism

ISOInschemes (Xl,na X2,17) — Isom(7r1 (Xl,n)a ™ (XQ,H))/Inn(ﬂ-l (X2ﬂ7))

is a bijection. Here, the left-hand side is the set of [F-isomorphisms of curves
and the right-hand side is the set of continuous isomorphisms of profinite
groups. The difficult part for proving this conjecture is the surjectivity.
Suppose that the fundamental groups of the generic fibers of X; and X5 are
isomorphic. By applying Theorem 0.2, similar arguments to the arguments
given in the proofs of [2] imply that the special fibers of X; and Xo are
isomorphic. However, we do not know how to recover the X; and X5 from
the special fibers and the fundamental groups. At the present, no results
are known about the Grothendieck conjecture for curves over local fields of
positive characteristic.

On the other hand, Tamagawa approached the Grothendieck conjecture
for curves in positive characteristic by changing the point of view. He showed
that, the isomorphism class of a hyperbolic curve in positive characteristic
may possibly be determined by the isomorphism class of its geometric tame
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fundamental group (i.e., without Galois action). More precisely, Tamagawa
proved that (cf. [9]),

if U is a hyperbolic curve of type (0,7n) over an algebraically
closed field of characteristic p > 0, then we can detect com-
pletely whether U can be defined over Fp or not, group-
theoretically from the tame fundamental group of U; more-
over, if U is defined over Fp, then the isomorphism class of
the tame fundamental group of U determines completely the

isomorphism class of U as scheme.

Furthermore, for the case of higher genus, the following finiteness theorem
proved by M. Raynaud, F. Pop, and M. Saidi under certain conditions and
by Tamagawa in full generality (cf. [6], [3], [10]):

Let U be a hyperbolic curve over Fp, then there are only
finitely many isomorphism classes of hyperbolic curves over
Fp whose tame fundamental groups are isomorphic to the
tame fundamental group of U.

Recently, the author extended the Tamagawa’s results above to the case of
(possibly singular) pointed stable curves (cf. [14]). Furthermore, the au-
thor proved that, the set of open morphisms between the tame fundamental
groups of two curves of type (0,n) over Fp is not empty if and only if the
curves are isomorphic as schemes (cf. [15]); this result can be regarded as
a weak Hom-version Grothendieck conjecture for curves of type (0,n) over
Fp.

Remark 0.2.2. If char(K) = 0 and char(k) = p > 0, Tamagawa proved the
following result: suppose that R is a finite extension of the Witt ring W (F,,);
then XV is equal to the set of closed points of X. Moreover, by applying
Tamagawa’s idea, we extend Tamagawa’s result to the case where k is an
arbitrary algebraically closed field of characteristic p > 0 (cf. Appendix of
the present paper).

Moreover, for a given stable covering, we have the following theorem.

Theorem 0.3. Let G be a finite group, [ :Y — X a G-stable covering over
S, and fs:Ys — Xs the morphism induced by f on the special fibers.

(i) Suppose that Xs is smooth over s. Then fs is a finite morphism if and
only if fs is an étale covering.

(ii) Suppose that X is irreducible, and G is a solvable group. Then fs is
a finite morphism if and only if fs is an admissible covering.

Finally, let G be a finite p-group, f : Y — X a non-finite G-stable covering
over S, and z € XV".We mention that an explicit formula for p-rank (cf.
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Definition 1.2) of f~1(z) is given by Raynaud, Saidi, and the author (cf. [4],
(71, [13]).

1. PRELIMINARIES

In this section, we recall some definitions and results which will be used
in the present paper.

Definition 1.1. Let C and Cs be stable curves over an algebraically closed
field [ and ¢ : Cy — (i a morphism of stable curves over Spec!.

We shall call ¢ a Galois admissible covering over Specl (or Galois
admissible covering for short) if the following conditions hold: (i) there
exists a finite group G C Autg(Cs) such that Co/G = C1, and ¢ is equal to
the quotient morphism Cy — Cy/G; (ii) for each co € C5™, ¢ is étale at co,
where (—)*™ denotes the smooth locus of (—); (iii) for any ¢y € C5"%, the
image ¢(cy) is contained in C7"%, where (—)%" denotes the singular locus

of (—); (iv) for each o € C’;ing, the local morphism between two nodes (cf.
(iii)) induced by ¢ may be described as follows:

Ocy ben) ZU[u,v]]/wv — Ocy e, 21[s,1]] /st
U — s™
v — t",

where (n,char(l)) = 1 if char(l) = p > 0; moreover, write D., C G for the
decomposition group of c; then 7(s) = (xp,, s and 7(t) = C;eq for each
T € De,, where (4p,, s a primitive #Dc,-th root of unit.

We shall call ¢ an admissible covering if there exists a morphism of
stable curves ¢ : C), — Cy over Specl such that the composite morphism
po¢ :Cl— Cyis a Galois admissible covering over Specl.

Let Z be the disjoint union of finitely many stable curves over Specl!.
We shall call a morphism Z — (' over Spec/ multi-admissible if the
restriction of Z — (] to each connected component of Z is admissible.
We define a category Cov®¥™(C}) as follows: (i) the objects of Cov®d™(C})
are the empty object and the multi-admissible coverings of Cy; (ii) for any
A, B € Cov®™(C}), Hom(A, B) consists of all the morphisms whose restric-
tion to each connected component of B is a multi-admissible covering. It is
well-known that Covadm(Cl) is a Galois category. Thus, by choosing a base
point ¢; € Cy, we obtain a fundamental group 734™(Cy, ¢1) which is called
the admissible fundamental group of (. For simplicity, we omit the
base point and denote the admissible fundamental group by 7™ (Cy).

For more details on admissible coverings and the fundamental groups for
(pointed) stable curves, see [1], [2].
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Remark 1.1.1. If (' is a smooth projective curve over Specl, then every
admissible covering of Cj is étale. Thus, we have 729" (Cy) = m1(C}), where

m1(—) denotes the étale fundamental group of (—).

Remark 1.1.2. Let ﬂg,n be the moduli stack of pointed stable curves of
type (g,n) over SpecZ and My the open substack of Mg,n parametrizing
pointed smooth curves. Write ﬂ;o’i for the log stack obtained by equipping
M, , with the natural log structure associated to the divisor with normal
crossings Mg, \ My, C M, , relative to SpecZ.

Let C; be a stable curve over an algebraically closed field [ of genus g.
Then C; — Specl induces a morphism Specl — Mg,o. Write slgf’ for the
log scheme whose underlying scheme is Specl, and whose log structure is
the pulling-back log structure induced by the morphism Specl — ﬂg,o.

) : —og . .
We obtain a natural morphism slcof - M gcj% induced by the morphism

. -1
Specl — M, and a stable log curve C)°% := slglg X s M, over slglg whose
underlying scheme is C;. Then the admissible fundamental group w34 (Cy)
of (1 is naturally isomorphic to the geometric log étale fundamental group

of Ciog (i.e., KeI'(Tl'l(CiOg) — 71'1(31005’))).

Definition 1.2. Let C' be a stable curve over an algebraically closed field
of characteristic p > 0. We define the p-rank o(C) of C to be

o(C) := dimg, H{ (C,F,).

From now on, we fix some notations. Let R be a complete discrete valua-
tion ring with algebraically closed residue field k of characteristic p > 0, K
the quotient field of R, and K an algebraic closure of K. We use the nota-
tion S to denote the spectrum of R. Write n,7 and s for the generic point of
S, the geometric generic point of S, and the closed point of S corresponding
to the natural morphisms Spec K — S, Spec K — S, and Speck — S, re-
spectively. Let X be a stable curve over S of genus gx. Write X, := X xgn
for the generic fiber of X, X5 := X x g7 for the geometric generic fiber of
X, and X, := X Xg s for the special fiber of X, respectively. Moreover, we
suppose that X, is smooth over . Write I'y, for the dual graph of X, and
v(I'x,) for the set of vertices of I'x,.

Definition 1.3. Let f : Y — X a morphism of stable curves over S, and G
a finite group. We shall call f a G-stable covering over S if the morphism
fn Yy — X, over n induced by f on generic fibers is a Galois étale covering
whose Galois group is isomorphic to G.

Remark 1.3.1. Let W, — X, be any geometrically connected Galois étale
covering over 1 whose Galois group is isomorphic to G. By replacing S by
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a finite extension of S, W, admits a stable model W over S. Moreover,
the action of G' on W,, induces an action of G on W. Then [4, Appendice
Corollaire] implies that W/G is a semi-stable curve over S. Since X is a
stable curve over S, we have a natural morphism W/G — X over S. Thus,
the morphism W, — X, may extend to a G-stable covering over S.

On the other hand, we would like to mention that Definition 1.3 is a special
case of [13, Definition 3.3]. For more details on semi-stable coverings and
the existence of semi-stable coverings, see [13, Definition 3.3 and Proposition
3.4].

Remark 1.3.2. Let f : Y — X be a G-stable covering over S, and | y any
closed point of Y. Then f induces a morphism f, : Spec Oyy — Spec O X.f@W)
over S. Suppose that fs: Yy — X, over s on special fibers induced by f is
generically étale.

If y is a smooth point, then f(y) € X is a smooth point too. Then
Zariski-Nagata purity implies that the morphism f, is étale.

If y is a singular point, then f(y) € X is a singular point too. Then
Zariski-Nagata purity and [11, Lemma 2.1 (iii)] imply that the morphism
of local rings 6X$, fly) = 6ys’y induced by f, satisfies the condition (iv) of
Definition 1.1.

Thus, we have that fs is an admissible covering over s if and only if f; is
generically étale.

The following highly non-trivial result was proved by Tamagawa (cf. [10,
Theorem 8.1], [10, Corollary 3.11]).

Proposition 1.4. Let
sp @ m (Xq) — 739 (X,)

be the spectalization map.

(1) Suppose that X is smooth over S, Xy cannot be defined over an alge-
braic closure field of F,,, and X, can be defined over an algebraically closed
field of F,. Then there exists a finite étale covering f :' Y — X over S
such that Y :=Y x, 7 and Yy are connected, and o(Yy) — o(Ys) > 0. In
particular, sp is not an isomorphism.

(ii) Suppose that X is a singular curve. Then there exists a finite group
G, and, by replacing S by a finite extension of S, there exists a G-stable
covering f :Y — X over S such that fs: Yy — X is an admissible covering
and o(Yy) —o(Ys) > 0. In particular, sp is not an isomorphism.

Remark 1.4.1. Let f : Y — X be a G-stable covering over S. Proposition
1.4 implies that the morphism fs : Yy — X, on special fibers induced by f
is not an admissible covering in general.
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Definition 1.5. Let x be a closed point of X. We shall call = a vertical
point of X if there exists a finite group GG, and, after replacing S by a finite
extension of S, there exists a G-stable covering f : Y — X over S such that
dim(f~%(z)) = 1. We use the notation X' to denote the set of vertical
points of X.

There is a criterion for the existence of vertical points of G-stable coverings
proved by Tamagawa (cf. [11, Proposition 4.3 (ii) (WRamS2) = (Vert)_]).

Proposition 1.6. Let x € X be a closed point and f :Y — X a G-stable
covering over S. Suppose that for each irreducible component Z = @ of
Spec @Xs,x; and for each point w of the fiber Y X x z, the natural morphism
from the integral closure W* of Z in k(w)® to Z is wildly ramified, where
k(w)® denotes the maximal separable subextension of k(w) in k(z). Then x
18 a vertical point of X.

2. GEOMETRY OF COVERINGS OF CURVES
We maintain the notations introduced in Section 1.

Lemma 2.1. Let f : Y — X be a finite G-stable covering over S and y a
closed point of Y. If y is a node (resp. smooth point) of the special fiber Yy
of Y, then f(y) is a node (resp. smooth point) of Xs.

Proof. Write I, C G for the inertia group of y. Consider the quotient
morphism ¢r, : Y — Y/I,. Note that [4, Appendice Corollaire] implies
that Y/, is a semi-stable curve over S. The morphism f induces a natural
morphism dj, : Y/I, — X such that f = dr, o qr,- Then dp, is étale at
q1,(y). Thus, to verify the lemma, we may assume that I, = G.

Suppose that y is a smooth point of Y. Then x is a smooth point (cf. [4,
Proposition 5]).

Suppose that y is a node of Y;. Let Y; and Y5 be the irreducible com-
ponents (which may be equal) of Yy which contain y. Write Dy, C G and
Dy, C G for the decomposition groups of Y7 and Y5, respectively. The proof
of [4, Proposition 5] implies that one of the following statements holds: (i)
if Dy, and Dy, are not equal to G, then f(y) is a smooth point; (ii) if
Dy, = Dy, = G, then f(y) is a node.

Next, we prove that the case (i) does not happen. If Dy, and Dy, are not
equal to G, then, for each 7 € G\ Dy, (resp. 7 € G\ Dy,), 7(Y1) = Y and
7(Y2) = Y1. Thus, we obtain that D := Dy = Ds. Moreover, D is a normal
subgroup of G. By replacing I,, by I,,/D and Y by Y/D and applying the case
(ii), we may assume that D is trivial. Then fs is étale at the generic points
of Y1 and Y2. Consider the local morphism f, : Spec Oy, — SpecOx ()
induced by f. Since f, is étale at all the points of Spec Oy, corresponding
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to the prime ideals of Oy, of height 1, the Zariski-Nagata purity theorem
implies that f, is étale. This means that if f(y) is a smooth point, y is a
smooth point too. This is a contradiction. We complete the proof of the
lemma. [

Remark 2.1.1. The lemma also has been treated by Raynaud (cf. [5,
Lemme 6.3.5]).

Definition 2.2. Let f : Y — X be a Z/pZ-stable covering over S, v an
element of v(I'x,), and X, the irreducible component of X corresponding
to v. Write Bx, for the generic point of X,, and k(fSx,) for the residue field of
Bx,. We shall call f a v-wildly ramified covering if there exists a point
By, € f:1(Bx,) such that the extension of residue fields k(By,)/k(Bx,)
induced by f is purely inseparable. We shall call f a wildly ramified
covering if there exists an element v € v(I'x,) such that f is a v-wildly
ramified covering.

Next, we prove our main theorem.

Theorem 2.3. Suppose that char(K) = char(k) = p > 0.

(1) Suppose that X is smooth over S, Xy cannot be defined over an alge-
braic closure of Fy,, and X can be defined over an algebraic closure of .
Then XV is not empty.

(ii) Suppose that X is an irreducible singular stable curve over s. Then
XV 15 not empty.

Proof. First, let us prove (i). Proposition 1.4 (i) implies that, by replacing
X by a finite étale covering of X, we may assume that o(X5) — o(Xs) > 0.

For any geometrically connected Galois étale covering V;, — X, whose
Galois group is isomorphic to Z/pZ, by replacing S by a finite extension of S,
we may assume that V,, admits a stable model V' over S. Suppose that XV
is empty. Then the Z/pZ-stable covering V' — X over S induced by V;, = X,
is a finite morphism, and Lemma 2.1 implies that the special fiber Vs of V' is
a smooth curve over s. Write 5y, for the generic point of Vs and Iy, C Z/pZ
for the inertia group of fy,. By applying [4, Proposition 5], we obtain
that the quotient V/Iy, is a smooth curve over S. Since [y, is the inertia
group of By,, the quotient morphism Vs — V; /Iy, is a radical morphism.
Moreover, since the natural morphism Vs/Iy, — (V/Iy,)s := V/Iy, Xg s is
a radical morphism, the natural morphism of special fibers Vy — (V/Iy,)s
induced by the quotient V' — V/Iy, is a radical morphism. Then we have
9v. = 9V > Gvi/Iy, = 9vi/Iy, = 9vi» Where gy denotes the genus of (—).
We obtain that Iy, is trivial. Thus, Vy is an étale covering over X;. This
means that o(X5) — o(Xs) = 0. This is a contradiction. We complete the
proof of (i).
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Next, we start to prove (ii). By replacing S by a finite extension of S,
there exist a finite group G and a G-stable covering d : X' — X over S such
that (i) the morphism ds : X, — X induced by d on the special fibers is an
admissible covering; (ii) each irreducible component of X/ is smooth over s;
(iii) o(X7) — (X)) > 0 (cf. Proposition 1.4 (ii)), where X7 := X' xg7. In
order to prove (ii), from now on, we suppose that X = ().

By replacing S by a finite extension of S again, we may assume that
each Galois étale covering of X; := X' xgn over 7, whose Galois group is
isomorphic to Z/pZ, admits a stable model over S.

Claim 1: There exists a Z/pZ-stable covering of f : Y — X’
such that f is a wildly ramified covering.

Let us prove Claim 1. If Claim 1 is not true, by Definition
6, we have that, for any Z/pZ-stable covering Z — X', the
morphism of the special fibers Z; — X/ induced by Z — X’
is generically étale. Then Remark 1.3.2 implies that Z; — X
is an admissible covering. This means that o(X}) = o(X;).
Thus, we obtain a contradiction. This completes the proof
of Claim 1.

Since gy, > gx:, we obtain that f, : Y, — X{ is not a radicial morphism.
Write 'y for the dual graph of X, v(I'x;) for the set of the vertices of I'x/,
and e(I'yx:) for the set of the edges of I'xs. Thus, there exist two vertices
wy and wy of v(I'y,) which are linked by an edge e € e(I'x:) such that f
18 a wy-wildly ramified covering, and f is not a we-wildly ramified covering.
Moreover, we have the following claim.

Claim 2: There exists a Z/pZ-stable covering g : Z — X’
over S such that g is a we-wildly ramified covering, and g is
not a wi-wildly ramified covering.

Let us prove Claim 2. Let v,v" € v(I'x;) be two vertices
which are linked by an edge of I'xs. Set v ~» o' if each
v-wildly ramified coverings is a v’-wildly ramified coverings.
We define a subgraph I', of I'x/ associated to v € v(I'x:)
to be the maximal subgraph of I'x; such that the following
conditions hold: (i) A vertex v" € v(I'y;) is a vertex of T,
if there is a path voep1vi€1,2. .. Vn—1€n-1,nvs in I'xr, where
vi €v(l'xs) and e; ;41 € e(I'xr) for i = 0,...,n—1, such that
(a) vo = v and v, = v"; (b) v; and v;41 are linked by €;1+1;
(c) vo ~ V1,...,Vp—1 ~ Vp; (ii) for any edge e € e(I'xr),
write v{ and v§ for the vertices of I'x; which are abutted by
e; an edge e € e(I'y) is an edge of I', if vf and v§ are vertices
of I',. If Claim 2 is not true, by the definition of I';,,, we
have w; € I'y,. Then we obtain I'y,, C I'y,. On the other
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hand, since the v(I'x/) is transitive under the action of G,
we have I'y,, = I'y,. In particular, we have vy ~» v9. This
contradicts Claim 1, so Claim 2 follows.

Write Y, (resp. Y, Z,, Zs) for the generic fiber of Y (resp. the special
fiber Y, the generic fiber of Z, the special fiber of Z). By replacing S by
a finite extension of S, we may assume that W, =Y, x X} Zn admits a
stable model W over S. Write Wy for the special fiber W. Then the natural
projections W, — Y, and W, — Z,, over X{7 induce two morphisms of stable
curves W — Y and W — Z over X', respectively. Write T for the fiber
product Y xx+ Z, T,, (resp. Ts) for the generic fiber of T" (resp. the special
fiber of T'). Then we obtain a natural morphism n : W — T over X’ induced
by the morphisms W — Y and W — Z. Write h for the morphism W — X’
induced by the natural morphism W, — X{7 and A’ for the natural morphism
T — X'. Note that we have h = h' on. Since we assume that XV = (), h
is a finite morphism. Thus, n is a finite morphism too. This means that W
is equal to the normalization of T.

Write X, (resp. X}, ) for the irreducible component of X corresponding
to wy (resp. ws), Y1 (resp. Y3) for the closed subscheme Y xx/ X, C Y,
(resp. Y xx/ X, C YY), Z; (resp. Z3) for the closed subscheme Z x x
X, C Zs (resp. Z xx1 X, C Zs), T} (resp. T>) for the closed subscheme
T xxr X, CTs (resp. T xx» X, CTy), and Wy (resp. W») for the closed
subscheme W x x» X, C W (resp. W x x» X;,, C W;). By the construction
of Y and Z, we have T' — Y is étale at the generic point of Y, and T' — Z
is étale at the generic point of Zs. Thus, OTﬁTl and OT,BT2 are normal,
where 87, and 7, denote the respective generic points of 71 and 75. Then
nlw, : W1 — T1 and n|w, : Wo — T are birational. Moreover, since 77 and
T, are smooth over s, W; and Wy are smooth over s too. Then n|y, and
n|w, are isomorphisms.

Write z. € X, N X, for the node corresponding to e and u. for the

unique closed point of W such that h(ue) = x.. Write )A({Ul = {3 Xivl} and

)?;2 = {B\ X{uQ} for the irreducible components of Spec O X!z, Tespectively,

where [ X1, and (3 X1, denote the generic points of Spec Ox ;... Note that
since X, and X, are smooth over s, Og, and Oy, are discrete valuation
wq w

rings. Write IZS for the morphism Spec @Ws,ue — Spec @X;,a:e induced by h,
B\Wl = (hAS)_l(BX{}Jl) and By, 1= (l@)_l(BX{%) for the generic points of the

irreducible components of Spec @Ws,ue, k‘(BW ) and k(B\W2) for the residue

—

fields of B\Wl and EWQ, respectively. Write W7 and WQ"’ for the respective
integral closures of X;, and X/ in k(Bw,)* and k(Bw,)*, where k(8w )* and
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kJ(B\Wg)S denote the respective maximal separable subextension of k‘(g X{”)
and k(BXIwQ) in k:(BWI) and k(EW2). Note that O, and O, are discrete
1 2

valuation rings.

Claim 3: The morphism (9)?1,1}1 — (’)Wls (resp. (9)?{02 —

OW§)

W5 — X,,) is a wildly ramified extension.

Let us prove Claim 3. Write BX{UI (resp. BX{%) for the

induced by the natural morphism Wf — X{Ul (resp.

generic point of the irreducible component X, (resp. X, ).
Write t. € T1NT; (resp. Bry, Br,) for n(u.) (resp. the generic
point of T7, the generic point of T). We have

T, — T} —>X{U1

and
Ty —Ts — X|

w2

where 77 and T denote the smooth projective curves over s
whose function fields are the maximal separable subexten-
sions of k(BTl)/k(/BX,{Ul) and k:(BTQ)/k:(BX@Q), respectively.
Then by the construction of 7', we have T} and T3 are
isomorphic to Z; and Y3, respectively. Thus, T} — X,
and T5 — X, are wildly ramified at the closed points
(Th — T7)(te) and (Tn — T3)(t.), respectively. Since n|w,
and n|y, are isomorphisms, we have Wf = Spec @Tlsﬂge and
W; = Spec (57157,56. Then Claim 3 follows.

Then Proposition 1.6 and Claim 3 imply that z. is a vertical point. Thus,
X7 is not empty. This is a contradiction. Then we complete the proof of
the theorem. ]

Remark 2.3.1. Suppose that char(K) = 0. If k is an algebraic closure of
F,, A. Tamagawa proved that XV is equal to the set of closed points of X.
If k is an arbitrary algebraically closed field of characteristic p, we may prove
that XV is dense in X and contains all the nodes of X (see Appendix of
the present paper).

Theorem 2.4. Let G be a finite group, f:Y — X a G-stable covering over
S, and fs:Ys — Xs the morphism induced by f on the special fibers.

(i) Suppose that Xs is smooth over s. Then fs is a finite morphism if and
only if fs is an étale covering.

(ii) Suppose that Xy is irreducible, and that G is a solvable group. Then
fs is a finite morphism if and only if fs is an admissible covering.
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Proof. First, let us prove (i). We only need to prove that, if fs is a finite
morphism, then f is an étale covering. By Lemma 2.1, we obtain that Y is
smooth over S. Write Iy, for the inertia group of the special fiber Y. Thus,
the finite morphism Y/Iy, — X is étale. Since Y = Y;/Iy, — (Y/Iy,)s :=
Y/Iy, Xg s is a radicial morphism, thus the genus of Y and (Y/Iy,)s are
equal. On the other hand, the genus of (Y/Iy,) xXg 1 is equal to the genus
of (Y/Iy,)s, and the genus of Y}, is larger than (Y/Iy,) xgn. Thus, we have
Iy, = {1}. Then fs is étale.

Next, let us prove (ii). We only need to prove that, if fs is a finite
morphism, then fs is an admissible covering.

If (#G,p) = 1, where #(—) denotes the cardinality of (—), then the
specialization theorem of prime to p admissible fundamental groups (cf. [12,
Théoreme 2.2]) implies that fs is an admissible covering. Thus, we may
assume that p|#G.

Suppose that #G = p. For each irreducible component Y, of special fiber
Y, write Iy, C G for the inertia group of Y,,. Since (G is abelian, and X is
irreducible, we obtain that Iy, does not depend on the choices of Y,. Then
we use the notation I to denote Iy,. Similar arguments to the arguments
given in the proof of (i) imply that gy, = gy, = 9v/1 = Gy, We have
I = {1}. Then Remark 1.3.2 implies that f, is an admissible covering.

Suppose that #G > p. Let

(lcA=GMcgmVc...cqg

be the derived series of G. Write A, for the Sylow p-subgroup of A and G’
for G/A,. Then we obtain a A,-stable covering fAr Y — Y /A, over S and
a G'-stable covering f¢ : Y/A, — X over S such that f = G o fA». By
induction, we obtain that ff " is an admissible covering. Let us prove that
fsA ? is an admissible covering.

Let Y, C Y, be an irreducible component and Iy, C A, the inertia group
of Y. For each irreducible component Y,y C Y, write Iy, C A, for the
inertia group of Y,/. Since X is irreducible, we have #ly , = #ly,. If Iy, is
trivial, then Remark 1.3.2 implies that fSA P is an admissible covering. Thus,
we may assume that [y, is not trivial. Moreover, we have the following
Claim.

Claim: For each irreducible component Y, C Y;, we have
Iy, = Iy,.

Let us prove the claim. Write A;, for the quotient group
A,/Iy,. Consider the quotient of Y by Iy,, we obtain two
morphisms of stable curves f™ : Y — Y/Iy, and A
Y /Iy, — Y/A, such that f4 = f4 o fivu.
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If Yy is irreducible, then Claim is trivial. Thus, we may
assume that Yy is not irreducible. Let Y, (# Y,) be an ir-
reducible component such that Y, NY,, # 0, Iy, C A, the
inertia subgroup of Y,,, and y € Y, NY,, a node of Y. Write

Y, (resp. Yu{YU, Yy, s quAp, Yuflp, ya,) for fH(Y,) (resp.
% (Yo), f%(y), f4(Y), f4%(Yw), f*%(y)). By the con-
struction, we obtain that stY” ly, is radicial, and fsA b |YIY” is
generically étale. b

If Iy, # Iy,,, then f;‘ b |YIYU is not generically étale. Thus,

the local morphism O_ 4, - O 1y is a wildly ram-
Yv 7yAp Y’U v ’yIYU

ified extension. Write K (Y, )*P for the separable closure of
function field K (YLAP ) in the function field K (Y,). Note that

K(Y,)%%P is the function field of Y, Thus, the morphism

) : sep
of C’)YvAp’yAp to the integral closure of OYUAp’yAp in K(Yy,)

is a wildly ramified extension.
On the other hand, write K(Y,,)*P for the separable clo-

sure of function field K (YwA ") in the function field K(Y2,).
Similar arguments to the arguments given above imply that

the morphism of (’)Ylfp’yAp to the integral closure of Oylﬁxp’yAp

in K(Y,)*P is a wildly ramified extension. By Proposition
1.6, we have that ya, is a vertical point. This contradict to
the assumption that fs is finite. Thus, we have Iy, = Iy, .
Moreover, since Yy is connected, similar arguments to the
arguments given above imply that, for any irreducible com-
ponent Yy, the inertia subgroup Iy, is equal to Iy,.

We use the notation I to denote [y,. Similar arguments to the arguments
given in the proof of (i) imply that gy, = gy, /1 = 9vy/1 < gy~ This is a
contradiction. Then [ is trivial. Then Remark 1.3.2 implies that fs is an
admissible covering.

O]

3. APPENDIX

In this subsection, we assume that char(K) = 0 and char(k) = p > 0.
Let M, . be the coarse moduli space of Mg, Xgspecz Speck. For any
point x € M, i, write T for a geometric point above = and (Cgz, Dz) for a
pointed smooth curve corresponding to the point Z (well-defined up to iso-
morphism). Then the isomorphism type of the geometric tame fundamental
group 7i™M¢((Cg, Dz)) is independent of the choice of 7 and (Cz, Dz) (and
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the implicit base point on (Cz, Dz) used to define 7t*™¢((Cz, Dz)). We have
the following result proved by Saidi and Tamagawa.

Proposition 3.1. Let U C M, 1 a subvariety of positive dimension. Then
the geometric tame fundamental group TH™e 4s not constant on U.

Proof. See [8, Theorem 3.12]. O

By using the idea of the proof of Tamagawa’s result (cf. [11, Theorem 0.2
(v)]), we have the following theorem.

Theorem 3.2. The set of vertical points XV contains all the nodes of X,
and the closure of XV in X s equal to Xs.

Proof. By applying [2, Lemma 2.9], we may assume that each irreducible
component of Xy is smooth over s, and the genus is > 2.

Let 598 be a log regular scheme whose underlying scheme is S, and whose
log structure is determined by the closed point of S. Then there is a natural

morphism S8 — M .0 determined by X — S. Thus, we obtain a stable
log curve X108 := /\/llog

g9x,1 XM“’; 0

Let x be a closed point of X;. Write X, for an irreducible component
which contains . We define a pointed smooth curve U$ of type (gy,7,) to
be (Xy, X, N X5™8), where X M€ denotes the set of nodes of X,. Then we

determined by U; — s and a stable log

S8 whose underlying scheme is X.

obtain a morphism s — A

log “log
curve X = Mgv,m+1 Xmlog

gv,Tv

gu,Tv
s over s whose underlying scheme is X,.

——log

Moreover, we consider the 2™ log configuration space Y'1°8 := M x,2 X qlo8

gx,0

i :
5198 (resp. W8 := Mo vo Xos ) associated to X — S (resp. Uy —

gu,Tv

s). Note that there is a natural morphism Y'°& — X8 (resp I/V10g — X8)

induced by the natural morphism of log stacks ./\/l 2 = ./\/ng 1 (resp.

ﬂgzg’rv Lo — M;gT +1) given by forgetting the last marked point. Write

Y (resp. W,) for the underlying scheme of Y18 (resp. W,.°%). Write 8x
(resp. By, 3 X, ﬁv) for the generic point of X (resp. the generic point of X,
the generic point of Spec (/9\)(”3”, the generic point of Spec O Xy.z)-

Write Bll,og for the log scheme whose underlying scheme is 3,, and whose
log structure is the pulling-back log structure of X8 Via the natural mor-
phism B, — X. Since the restricting log structure of X on the generic
point 3, is trivial, we have a natural morphism 3, — X, log Write (Z/)°8
for W8 x xlog Bu. Write (Z!")°ge for the stable log curve whose underlying
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scheme is W), X x, By, and whose log structure is the pulling-back log struc-
ture of Y18 x y105 B9 yia the natural morphism W, X x, By — Y18 X yio Blog.
Let (—) be a point (resp. a log point). We use the notation (—) (resp.

(—)) to denote a geometric point (resp. log geometric point) associated to
(—). By the specialization theorem of log étale fundamental groups (cf.
[12, Théoréme 2.2]), we obtain the following commutative diagram of fun-
damental groups. Moreover, all seven rows in the commutative diagram are
exact.

1 7T1(Y XXgX) —_— 7T1(Y XxXn) —_— 7T1(Xn)
alT blT ClT

1 —— T (Y xx By) — m (Y Xx Bx) — m(Bx)
CLQT B sz C2T

1 —— (Y xx 3)() — m(Y Xx BX) E— Wl(BX)
as bs Csl

1] —— 7T1(Y10g X xlog "})og) —_— 7T1(Ylog X xlog Bquog> — 7Tl( 11)0g)

aq ba ‘ ‘

1] —— Wl(Wqug X(le]/)log B})()g) e Wl(Wq{og X(Z{]/)]og /Br})og) e 7Tl( quog)

as bs Cs5
1 —— m((Z2) xp, B,) —— ™1 ((Z,)"%) — m(By)
ae bg C6

A~

1 —— m(Z) x5 B) —— m((Z)8 x5, B)) — m(By)

Note that the definition of geometric (log) étale fundamental groups im-
plies that aj, a9, as, and ag are isomorphisms (resp. by, be, b5, c1, co, c3, and
c5 are surjections, bo, bg, o, and cg are injections). Since there is a natural
morphism Spec O x,3, — X, we obtain a log scheme T'°¢ whose underlying
scheme is Spec O X,8,» and whose log structure is the pulling-back log struc-
ture of X8, Then by considering Y'°8 x yi0; T'°% and the specialization
theorem of log étale fundamental groups, we obtain that as, b3 are surjec-
tions. Moreover, [11, Proposition 2.5] and [11, Example 2.10] imply that a4
is an injection. Then we obtain b4 is an injection too.
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For each i = 1,...,7, write 1 — A; — II; — G; — 1 for the i*" row of the
above commutative diagram, p; : G; — Out(A;) for the outer representation,
and Im; for the image of p;. Then by [11, Remark 2.3], we obtain

Im1 = Img — Img — Im4 — Im5 = Im6 — Im7.
Moreover, [11, Lemma 5.2] implies that Img — Imy is a surjection. Write
DEX for the image of ¢ o ¢y, I, for the kernel of ¢5 o c3, and I, for m(83,).

Then we obtain a morphism 7 (BX)/Iﬁv — Img. On the other hand, since
Im; < Img, we have that p3(7r1(BX)) = pl(DBX)' Thus, we obtain a mor-
phism Dz /c1 0 ca(l,) — Img. Furthermore, we have a commutative dia-
gram as follows:

Wl(BX) s DBX/01002(16U) — Img

| |

771(61}) _ 771(61)) —_— Im6
Ix EE— Im7.

Write E® for the log scheme whose underlying scheme is Spec @XU@,

and whose log structure is the pulling-back log structure of Xrtl,Og induced

by the natural morphism Spec O X,z — Xyp. Write 21982 for the log scheme

obtained by restricting E®8 to the closed point & € Spec @Xv,x, and 7'°8

for1 a geometric log point associated to z'°%. Consider a stable log curve
og

1 1 1 ) o
0’ X xlog E;® — E°® over E;®. Then we obtain the specialization map

$py @ w1 (W8 X xloa By8) — w1 (W08 XX

log ."EIOg) .
v

Suppose that sp, is not an isomorphism. Thus, by applying [11, Proposition
4.1 (ii)], we have the image of wild inertia subgroup I}V in Dj. Jc10ca(lp,)
is infinite. Then by Proposition 1.6, we have z € XV

If z is a node of X, then the underlying scheme of Wy x X
singular curve. Then Proposition 1.4 implies that sp, is not an isomorphism.
This means that XV contains all the nodes of X,. If x is a smooth closed
point of X, then the underlying scheme of W08 x log Z1°% is a smooth curve
over x. By applying Proposition 3.1, we obtain that the closure of XV in
X is equal to X. This completes the proof of the theorem. [

log ZEIOg iS a
v

Remark 3.2.1. Note that since the geometric étale fundamental group of
X, is topologically finitely generated, there are only countably many étale
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coverings that each may contribute at most finitely many points to X V.
Thus, XV is countable.
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