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in the vortex state of chiral and helical p-wave superconductors
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Local NMR relaxation rates in the vortex state of chiral and helical p-wave superconductors are investigated
by the quasiclassical Eilenberger theory. We calculate the spatial and resonance frequency dependences of the
local NMR spin-lattice relaxation rate 7,”" and spin-spin relaxation rate 7, '. Depending on the relation between
the NMR relaxation direction and the d-vector symmetry, the local Tl_1 and Tz_l in the vortex core region
show different behaviors. When the NMR relaxation direction is parallel to the d-vector component, the local
NMR relaxation rate is anomalously suppressed by the negative coherence effect due to the spin dependence
of the odd-frequency s-wave spin-triplet Cooper pairs. The difference between the local Tl_1 and Tz_1 in the
site-selective NMR measurement is expected to be a method to examine the d-vector symmetry of candidate

materials for spin-triplet superconductors.
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I. INTRODUCTION

The spin-triplet superconductors have attracted much at-
tention since exotic states such as odd-frequency Cooper pairs
and Majorana states are expected to be induced at the vortex
core and surface regions. Although ruthenate superconductor
Sr,RuQy, heavy fermion superconductor UPt;, and other ma-
terials have been suggested as spin-triplet superconductors by
many experimental and theoretical studies [1-6], the d-vector
symmetries have not been identified. The d-vector symmetry
was discussed to explain experimental observations such as
magnetic field orientation dependences of the Knight shift
[4,5] and the Pauli-limit behavior of H. [6]. In addition to
these approaches, we need new methods to clarify the d-vector
symmetry in the spin-triplet superconductors.

In the spin-triplet chiral p-wave superconductors, the the-
oretical studies for the local NMR spin-lattice relaxation rate
T," revealed that the local 7, in the vortex core region is
anomalously suppressed [7-9]. The previous studies based on
the Eilenberger theory found the site and resonance frequency
dependences of T, 1*1, and the anomalous suppression of the
local 7,”" is derived from the negative coherence effect related
to the odd-frequency s-wave spin-triplet Cooper pairs [10].
Experimentally, the local Tfl were detected by the site-
selective NMR measurements for high-7. superconductors
[11-13] and the conventional superconductor [14]. As shown
in Fig. 1(a), the local T,_l (r) as a function of internal field B(r)
at the same position r can be observed by tuning the resonance
frequency among the resonance line shape, since the internal
field is in proportion to the resonance frequency. The spectrum
of B(r) in Srp,RuQy is observed by SR measurement [15].
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In the uniform state of three-dimensional chiral supercon-
ductors with strong spin-orbit coupling and odd-parity pairing,
significant suppression of the NMR relaxation rate is suggested
for nuclear spins polarized along the nodal direction as a
consequence of the spin-selective Majorana nature of nodal
quasiparticles [16].

At the surface of the superfluid *He B phase, the odd-
frequency s-wave spin-triplet Cooper pairs were studied in
relation to the static spin susceptibility [17], and Ising-type
spin relaxation was discussed in relation to the Majorana
state [18]. In addition, a strong relation between the Majorana
zero-energy mode and the odd-frequency Cooper pair has
been revealed [19-22]. These spin-dependent surface states
have information of the pairing symmetry, and are expected
to be studied also in the vortex core states in spin-triplet
superconductors. Since the NMR relaxation rate can prove
the direction of the conduction electrons’ spin, we expect
that the d-vector structure in the vortex state is detected by
site-selective NMR measurement with orientation control of
the NMR relaxation direction. As shown in Fig. 1(b), for
relaxation direction § M parallel (perpendicular) to the static
applied field H, we observe the NMR spin-lattice relaxation
rate 7,"' (the NMR spin-spin relaxation rate 7, ') [23-25].
When applied fields H are along the z direction, Tfl by §M ||z
comes from the xy component of dynamical spin susceptibility
Xxx + Xyy- And Tz_1 isfrom x.. + x,, if §M||x. Therefore, the
difference between Tl_' and T2_l may reflect the orientation of
the d vector in spin-triplet superconductors.

In this paper, we study the local NMR relaxation rates
T,' and T,' in the vortex state of chiral and helical p-
wave superconductors. For chiral p-wave superconductors,
we consider the two types of chiral p-wave states, d||z and
d||x, where the direction of the d vector indicates the z and x
axis, respectively. In particular, we discuss how the relaxation
rates depend on the direction of the NMR relaxation directions,
calculating the site r and internal field B dependences of T1_1

©2018 American Physical Society
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FIG. 1. (a) The Redfield pattern of the resonance line shape of
the NMR, P(B), for chiral p-wave pairing at H/H: ~ 0.023 and
T /T, = 0.5. The resonance line shape is derived from the distribution
of the internal magnetic field B(r)/ H presented in the inset. B(r)/H
is in proportion to the resonance frequency f. In the inset, an arrow
indicates radius r from the vortex center along the next-nearest-
neighbor vortex direction. For example, the intensity at the maximum
(minimum) B(r)/H comes from the vortex center (midpoint) at the
r = 0.0a, (r = 0.5a,) region, and the peak intensity corresponds to
the signal from the saddle point of the internal fields at the radius
r = 0.3a, far from the vortex center. (b) Schematic picture of the
relation between the NMR relaxation direction §M and the static
field H in the cases of T " and 7, "

and T{l. These results help us to investigate the d-vector
symmetry of chiral and helical p-wave superconductors by
site-selective NMR measurement.

This paper is organized as follows. After the introduction,
we describe our formulation of the quasiclassical Eilenberger
equation in the vortex lattice state and the calculation method
for the local NMR relaxation rates Tl_l and TZ_l in Sec. IL.
The derivations of Tfl and T[l are explained in Appendix A
based on the Eilenberger theory. In Sec. III, we investigate the
site and B dependences of local 7;"' and 7, ' in the chiral
and helical p-wave superconductors to find the relation to the
d-vector symmetry. In Sec. IV and Appendix B, to understand
the d-vector dependence, we discuss the site dependence of
the coherence terms and the odd-frequency s-wave spin-triplet
Cooper pairs around a vortex. The last section is devoted to the
summary.

II. FORMULATION

We calculate the spatial structure of vortices in the vortex
lattice state by quasiclassical Eilenberger theory. The quasi-
classical theory is valid when the atomic scale is small enough
compared to the superconducting coherence length. For many

superconductors including Sr,RuQy, the quasiclassical condi-
tion is well satisfied.

For simplicity, we consider the chiral or the helical p-wave
pairings on the two-dimensional cylindrical Fermi surface,
k = (ky,ky) = kg(cos 6, sin 6;), and the Fermi velocity vg =
vpok / kg. In the following, the hat symbol indicates the 2x2
matrix in spin space and the check symbol indicates the 4 x4
matrix in particle-hole and spin spaces.

To obtain quasiclassical Green’s functions g(i w,,r,k) in the
vortex lattice state, we solve the Riccati equation derived from
the Eilenberger equation [26,27]

—iv-Vg(iwy.r.k) = Slidnts — A k). gl w,r k)] (1)

in the clean limit, where r is the center-of-mass coordinate
of the pair, v = vg/vpgy, T3 is the Pauli matrix defined in
Eq. (A3),andi®, = iw, — v-A with Matsubara frequency w,, .
The quasiclassical Green’s functions and order parameter are
described by

S(iwy,r.k i fiwn,r.k
Blionrd) = —in| SUCrT R i Gen kg
—if(iw,,r.k) —glwy,,r,k)
< B 0 A(r.k)
A(r7k) - [—AT(r,k) O i|’ (3)
where g?> = —21. The spin spaces of § and A are, respec-

tively, defined by the matrix elements
gaa’(iwnsrsk)

z[go(iwn,r,k)i+ > gu(iwn,r,k)&u] , @

U=X,y,Z oo’

Ago(r k) = [i 3 [d,xr,k)ﬁ,t]&}} NG

H=X,Yy,2

where o,0” = 1(up-spin) or | (down-spin), and d,, is the p
component of the d vector. In addition, the matrix elements of
the order parameter are defined by

Ao (rk) = Ay 50/ (F)pp (k) + A 50/ () (k) (6)

with the order parameter Ay ,,(r) and the pairing function
¢p. (k) = k. Fik, for the p. state.

Length, temperature, and magnetic field are, respectively,
measured in units of &y, Ty, and By. Here, &y = hivpy/2mwkp T
and By = ¢/ 27153 with the flux quantum ¢g. T is the
superconducting transition temperature at a zero magnetic
field. The energy E, pair potential A, and w, are in units of
kg Ty. In the following, we set i = kg = 1. In this paper, our
calculations are performed at H/By = 0.02 and T = 0.5T.
In the chiral p-wave and helical p-wave states at T = 0.5T,
the upper critical fields H., /By =~ 0.85.

We set the magnetic field along the z axis, where the vector
potential A(r) = %H X r +a(r) in the symmetric gauge.
H = (0,0,H) is a uniform flux density, and a(r) is related
to the internal field B(r) = (0,0,B(r)) = H + V x a(r). The
unit cell of the vortex lattice is set as a square lattice [1]. From
the distribution of B(r), we calculate the resonance line shape
called the Redfield pattern given by P(B) = f S8[B — B(r)]dr
in Fig. 1.
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To determine the pair potential A(r) and the quasiclassical
Green’s functions self-consistently, we calculate the order
parameter A (r) by the gap equation

Asry=gNoT Y (50 fliwnr Ol (T)

|@n | S@eut

where (...), indicates Fermi-surface average, (gNo)~! =
InT +2T Zo<w’l<wcm w; !, and we use wey = 20kpTy. In
Eq. (7), p-wave pairing interaction is isotropic in spin space.
For the self-consistent calculation of the vector potential for
the internal field B(r), we use the current equation

2T
VX (VxA)=—" % (vIm{go ®)

O<w,

with the Ginzburg-Landau parameter k = By/mkg T /87 Ny.
In our calculations, we use k = 2.7 appropriate to Sr,RuQO4
as a candidate material for the chiral or helical p-wave
superconductor. The results of this paper are not changed
qualitatively by the choice of the Ginzburg-Landau parameter
as long as a type-II superconducting vortex state is maintained.
We iterate calculations of Egs. (1), (7), and (8) for w, until
we obtain the self-consistent results of A(r), A(r,k), and the
quasiclassical Green’s functions in the vortex lattice state.

In the chiral p-wave superconductors, we only consider the
p— state, i.e., antiparallel vortex state, since the antiparallel
vortex state is stable compared to the parallel vortex state
[28,29]. For variety of d-vector orientation, we calculate
two types of chiral p-wave states, d||z and d|x, which are,
respectively, defined by d(k) o< (ky —ik,)Z and (k, — iky)X.
In the helical p-wave superconductors, we set the d vector
asd(k) o kX + k) = ¢, (k)d_ + ¢,_(k)d in the uniform
state at zero field, with d.(k) = %(l,ii,O). Thus, when we
iterate calculations of Egs. (1), (7), and (8), as an initial value,
the d vector is set to be d(r,k) = V(r)d(k) where W(r) is the
Abrikosov vortex lattice solution.

Next, using the self-consistently obtained A(r) and A(r),
we calculate g(iwy,r,k)|iw,— £+in for real energy E by solving
Eilenberger Eq. (1) with iw, — E =% in. In this paper, we de-
fine the retarded and advanced Green’s functions g*(E,r k) =
g(iwnarak)|iw,,—>E+ir] and g’A(EJ',k) = g(iwnvrvk)|iw,,—>E—ir]a
respectively. n is a small parameter, and we use n = 0.01.
We use the components of gR(E.r.k) and g*(E,r.k) to
numerically calculate local (T, 7)~" and (7,T)~! in the vortex
lattice state.

A. NMR spin-lattice relaxation rate 7,

We consider the conventional form of the local hyperfine
fields from the conduction electrons [24]. Therefore, relaxation
rates 7, ' and 7, ' of the nuclear magnetization are affected
by the dynamical spin susceptibility of the local electronic
state, which reflects spin states of the odd-frequency s-wave
spin-triplet Cooper pairs at the atomic site in the vortex core
region, as discussed later.

The NMR spin-lattice relaxation rate Tfl by §M || z is
calculated from xy components of dynamical spin susceptibil-
ity, Xxx + Xyy & X—+, Therefore, as described in Appendix A

following Refs. [8,10], Tfl is given by

[Ts4(HT] ™ + 1 (THT] ™!

[TI(T{,‘)TC]71

[(7(T)T]™

[TI(TC)TC]71

=/ s ENEWIED g (o)
—0o  4Tcosh“(E/2T)
where
WEH(E.r) = (@] (E.r o) (ath(—E.rJ)),  (10)
W (E.r) = =@ (E.r. o))}l (—E.r ), (11)
with

1
all (E,r.k) = 5[gf,i,/<E,r,k) — g2 (E.r.hb)],

1
a’ (E,r.k) = E[gf(,/(E,r,k) - g (Err.b)], (12)

a2 (E.r.k) = %[nga,(E,r,k) — fA(E.r B
i
2
where 0,6’ = 1 (up-spin) or | (down-spin). T.(<Tg) is super-
conducting transition temperature at a finite magnetic field, and
§5(E,r k)= gR(—E,r.k).In Eq. 9), (T, T)~ " is divided into
two contributions, the density of state (DOS) term (7747T)~!
from W5# and the coherence term (7} T)~! from W

ast (E.r.) = [ fR(E.r.k)— fi(E.r.k],

B. NMR spin-spin relaxation rate 7!

From the field theory of NMR relaxation rate [24], we
derive the NMR spin-spin relaxation rate Tz_] by 6M || x
from the dynamical spin susceptibility x,, + x.., based on the
Eilenberger theory. Since y,, gives %Tl_l, T2_1 is given in the
form

T, = 3T+ 3T 13)

where %Tzzzl is the contribution from ... In the following, we
focus on Tzzzl instead of Tz_l.

As described in Appendix A, Tll is given by

1 L7 1 [mEmr] " + [Bor]

2T (THT ] 2 (T2, (THT, ]!

s /°° Wes B+ W (Er)
£ ] «  16Tcosh®(E/2T)

3

(14)

where
WE(E,r) = (a2 (E.r ) (all (~E.r )., (15

WIL(E,r) = —{a2) (E.r b)), (a2 (~E.r.b),. (16)

Syo» =1 when 0 =o', and S,;,» = —1 when oz£0’. Also
in Eq. (14), (T»,.T)~! is divided into two contributions of
the DOS term (7557)~" from WZ$, and the coherence term

(T T)" from W/,

134507-3



TANAKA, ICHIOKA, AND ONARI

PHYSICAL REVIEW B 97, 134507 (2018)

(a) 10

10

FIG. 2. r dependence of (T, T)~"! and (T»,.T)~" in (a) the chiral p-
wave d||z, (b) the chiral p-wave d||x, and (c) the helical p-wave states.
The dashed lines are for (I,T)~! = (T\T)"'/2 + (T»..T)"' /2. The
insets show the spatial distribution of (T 7)™ in each state. H/H, =~
0.023 and T/ Tp = 0.5.

In the spin-singlet pairing state and the normal state, Tl_l =
-1 -1 o g8 44 Ir
T, =T,,, since » W, =2W;° and ) W =

27227

2wl

II1. SITE AND INTERNAL FIELD DEPENDENCES
OF LOCAL NMR RELAXATION RATES

First, we study the local NMR relaxation rates [7} T,
[()T17!, and [T»..(+)T]1~! as a function of radius » on
a line between next-nearest-neighbor (NNN) vortices in the
vortex state of chiral and helical p-wave superconductors. The
results are presented in Fig. 2. At the outside of the vortex
core region r/a, > 0.25, the difference between (7,7)~! and
(T»,.T)~!is very small in all pairing cases in Fig. 2. Therefore,
we cannot obtain information about the d-vector symmetry
from the observation of (7;7)~! and (7,T)~" in the uniform
superconductivity outside of vortex cores.

On the other hand, in the vortex coreregionr/a, < 0.25, we
can see the obvious difference between (T;7) ' and (T»,, 7).
In Fig. 2(a) for the chiral p-wave d||z state, (T;T)~' shows
the anomalous suppression of the relaxation rate around the
vortex core [10], but (TZZZT)’1 shows enhancement at the

vortex core. The enhancement reflects the accumulation of
low-energy quasiparticles around the vortex core. In Fig. 2(b)
for the chiral p-wave d||x state, at the vortex core (T»,,T)"!
shows the anomalous suppression, and (7,7)~! shows the
enhancement. From the differences between Figs. 2(a)
and 2(b), we realize that the suppression of the relaxation rate
occurs when the d vector is parallel to the NMR relaxation
direction M. Therefore, we can extract information about
the d-vector orientation from comparative observation of 7,
and Tz_] at the vortex core region in the site-selective NMR
measurement.

In Fig. 2(c) for the helical p-wave state, the r dependences
of (T'T)~" and (T»..T)~' show similar enhancement at the
vortex core, but (7>, T)~!is smaller than (7, 7)~" in the vortex
core. This is because the d vector in the helical p-wave pairing
is within the xy plane, and some components of the d vector
parallel to §M (]| x) partially contribute to the suppression of
(TZZZT)71~

Next, we study the internal field B dependence of local
(TyT)~" and (T»,.T)~" in the vortex state of chiral and helical
p-wave superconductors to discuss how the difference between
T,' and T, ! for each d-vector symmetry is detected in the site-
selective NMR measurement. As presented in Fig. 3, the local
[T:(r)T]1~" is plotted as a function of B(r) at the same position
r. The signal from the higher (lower) field comes from inside
(outside) of the vortex core. In Fig. 3(a) for the chiral p-wave
d |z state, (T;T)~! shows monotonically decreasing behavior
as a function of B. (T»,.T)~' shows also decreasing behavior
in the range B<I, but in high-field ranges (7»..T)~' shows
increasing behavior towards a large value at the vortex center.
In Fig. 3(b) for the chiral p-wave d||x state, (T5,.T)~! shows
similar monotonic decreasing behavior to those of (T;T)~" in
Fig. 3(a). On the other hand, (T; 7)~" in Fig. 3(b) shows similar
enhancement at the vortex core but the magnitude is smaller,
compared to that of (T»,.T)~! in Fig. 3(a). In Fig. 3(c) for the
helical p-wave state, (7;T)~! and (T»,.T)~' show decreasing
behavior as a function of B in the range B < 1.5, but these
relaxation rates show increasing behavior in high-field ranges.
The magnitude of (7»..T)~! is about half of (T;T)~".

Therefore, the NMR relaxation rates show different behav-
ior between (7;T)~" and (7»..T)~! at the vortex core region
in chiral p-wave d ||z, chiral p-wave d||x, and helical p-wave
states. The reason for this difference is related to the negative
coherence effect and the odd-frequency spin-triplet Cooper
pairs around the vortex center, as discussed in the next section.

IV. NEGATIVE COHERENCE EFFECT
AND ODD-FREQUENCY s-WAVE SPIN-TRIPLET
COOPER PAIRS

To discuss the reason for the differences in anomalous
suppressions of the NMR relaxation rates between cases
presented in Figs. 2 and 3, we show the site dependence of
the coherence terms (7;/ T)~! and (TZZ T)~! with the DOS
term (T;%* T)~!, and the amplitudes of odd-frequency s-wave
spin-triplet Cooper pairs around the vortex core in the chiral
and helical p-wave superconductors. The results are presented
in Fig. 4 along the NNN direction, and summarized in Table I.
We note that the local NMR relaxation rate is divided into two
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FIG. 3. Points are for the B dependence of (7,7)~" and (T»,.T)™!
in (a) the chiral p-wave d||z, (b) the chiral p-wave d|/x, and (c) the
helical p-wave states, corresponding to the cases in Fig. 2. Only data
points for (7;7)~" < 1.2 are presented. H/H., ~ 0.023and T/ T,y =
0.5. In (a), (b), and (c), solid line indicates the Redfield pattern of the
resonance line shape P(B) in Fig. 1(a) for the chiral p-wave d ||z and
d||x states and helical p-wave states, respectively. These are almost
on the same line.

contributions of the DOS term and the coherence term so that
1/T1(ZZZ) = l/Tléézz) + l/Tl.gzz)

As shown by a black solid line in Fig. 4(a) for the chiral
p-wave d ||z state, the DOS term (T T)~! is enhanced with
approaching the vortex center, because (T,**T)~! reflects the
low-energy local DOS of bound states around the vortex. We
note that (7,** 7)~! is a small but finite value even at the outside,
r/a, ~ 0.2, since the bound states have small tails extending

toward the outside of the vortex core. The r dependences of
(TFT)~" and (T4T)~" show similar behavior also for the
chiral p-wave d| x state and the helical p-wave state.
Compared to (T{*T)~" and (T55T)~", contributions of the
coherence terms (Tlff 7)~! and (TZJZ T)~! in Fig. 4(a) are
negligible in the outside region of the vortex core, but become
comparative contributions with approaching the vortex center.
For the chiral p-wave d|z state, (Tlff T)~! is negative and

(TZJZ T)~!is positive. The former negative contributions are the
origin of the anomalous suppression of (7;7)~! at the vortex
core [10], and the latter further enhanqe_s (T, T)™! at.t.he vortex
core. Their magnitudes satisfy (T} T)~!| ~ |(T2’;§ )Y in
the whole range of r in Fig. 4(a). At the vortex center,
(T Ty ~ —(THT) '~ - 24.7.

For the chiral p-wave d|x state, the r dependence of
(TZ'Z T)~! is the same as (7;"/ T)~" in the chiral p-wave d||z
state. At the vortex center, (TZJZT)‘1 ~—(TET)" '~ —24.7.
Therefore, (T»,, T) ™" in the d||x state shows similar anomalous
suppression at the vortex core to those of (7,T)~! in the d|z
state. The anomalous suppression at the vortex core occurs
when the NMR relaxation direction § M ||d. On the other hand,
(Tlf f T)~' =0 in the d|x state. Since the enhancement by
(TlffT)’1 does not work, (7, T)~! in Fig. 3(b) is smaller than
(T»..T)" in Fig. 3(a). y

For the helical p-wave state with d|xy, (T{"/ T)"' =0,
and (TZ‘ZT)’1 ~ %(TziiT)’l. This is because of the similar
situation as in the chiral p-wave d|x state. However, since
only part of the d vector is parallel to §M, near the vortex
center —(TZJZ T)~! is smaller than that of the d||x state. At the
vortex center, |(T2JZ T)~'| ~ 12.3 in the helical p-wave state.

In the relations (T//T)~' ~ —(T#T)"! for the chiral
p-wave d||z state, there are small deviations between them
in our numerical calculation at finite temperature. However,
as discussed in Appendix B, in the limit 7 — 0 we expect
(T Ty - —(T#T)™" so that (T,T)~" — 0. This is also
expected for the relations (Tz‘g T)™' ~ —(TET)™" for the
chiral p-wave d| x state.

In the previous study for the local Tl_1 in the chiral p-wave
d ||z state [10], it is revealed that the negative coherence term
(Tlf f T)~!, inducing the anomalous suppression of (7;7)~!
around the vortex core, is related to the odd-frequency s-
wave spin-triplet Cooper pair F;(E = 0,r). In addition, we
foundthat[Tlff(r)T]’1 = —|F(E = O,r)|2inthelow-energy
limit at low 7 and the limit of the isolated vortex at low
fields H, and the negative coherence term [Tlf f (r)T]1~! tends
to cancel the local DOS term [T{*(r)T]1™! = N(E = 0,r)?,
where N(E = 0,r) is the local DOS. A previous study using
the Bogoliubov—de Gennes theory revealed the relation N(E =
0,r) o | F5,4,(E = 0,r)| in the chiral p-wave d||z state for
the vortex core quasiparticle states with Majorana zero-energy
mode [30].

The spin-resolved local DOS N, (E,r) is given by

No(E.r) = Re[gX (E.r.b)]),. (17

where 0 =1 or | [27]. The local DOS is defined as
2N(E,r) = N (E,r)+ N4+(E,r). And the spin-dependent
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FIG. 4. (a) r dependence of (7} T)~! and (Tzfzf T)~" in the chiral and helical p-wave states. We plot —(T;"/ )~ and (TZJZ T)~! for the chiral

TSr

p-wave d ||z state, and — (T,

T)~! for the chiral p-wave d | x state. These are on the same line. For the helical p-wave state, we plot —(ng T~

(b) r dependence of amplitude of odd-frequency s-wave spin-triplet Cooper pairs | F; oo/ (E = 0,r)|. | F 4 (E = 0,r)| = | F;, 4 (E = 0,r)| for
the chiral d||z state, | F 44 (E = 0,r)| = | Fy,  (E = 0,r)| for the chiral d|x state, and |F; 44(E = 0,r)| for the helical state show similar
r dependence. In the inset, F; ,(E = 0,r) for the helical state is suppressed in the vortex core region, compared to F; 41(E = 0,r). For
comparison, (7 T)~! and (T zgz‘iT)*l, and N, (E = 0,r), for the each state are presented by a black solid line in (a) and (b), respectively.

s-wave Cooper pair is given by
Froo(Er) = (97U [ 1 (E 1 k), (18)

with the s-wave pairing function ¢,(k) = 1[10,31]. In the chi-
ral p_-wave superconductor considered in this paper, induced
Cooper pair components around a vortex should satisfy the
condition L, + W = 0, where L, is an angular momentum for
the induced components of Cooper pairs, and W is a winding
number of the component around the vortex. The s-wave
component F ;. (E = 0,r) with L, = 0 has finite amplitude
at the vortex center without the phase winding around the
vortex (W = 0).

In Fig. 4(b), we present the r dependence of the odd-
frequency s-wave spin-triplet Cooper pairs around the vortex
core. In the chiral p-wave d||z state, (1,]) and ({,7) com-
ponents are dominant as explained above. On the other hand,
in the chiral p-wave d||x state, the dominant components are
| Fs 44 (E =0,r)| = | F;, 1 (E =0,r)|. In the helical p-wave
state, the dominant componentis F; 44 (E = 0,r). These domi-
nant components in the three states have the same r dependence
as shown in Fig. 4(b). The amplitude of F; | (E = 0,r) in the

helical p-wave state is very small at the vortex core compared
to | Fs 44+ (E = 0,r)]|, since induced Cooper pair components in
A, satisfy the different condition L, + W = 2, and the ampli-
tude of the induced s-wave component with L, = 0 vanishes at
the vortex center due to the phase winding W = 2. Therefore,
at the vortex center, |(T2'7Z T)7'| in the helical p-wave state
indicates the half value (~12.3) to |(T/ T)~!|(~24.7) in the

d||z state and |(7}"/ T)~"| in the d | x state.

The finite odd-frequency s-wave spin-triplet Cooper pairs
around a vortex core induce the coherence terms. The equal
spin components (1,1) and ({,]) contribute only to Tzzzl.

Therefore, (Tlff T)~! = 0 in the two cases of the d||x state
and the helical state. The spin components (1,{) and ({,1)

contribute to both Tl_l and Tzzzl. In the low-temperature limit,

from Eq. (B4) in Appendix B, the coherence terms of (Tlf f T)~!
and (szg T)~! are described by the zero-energy amplitude
| Fs.00'(E = 0,r)| of the odd-frequency s-wave spin-triplet
Cooper pair, as [Tlff(r)T]’1 = —|F (B = 0,r)|2, and
AT T = | Fopr(E = 0,7)> = | Foy ( (E = 0,12 +

r44

TABLE I. Relation of the coherence terms with the DOS terms, and existence of the zero-energy odd-frequency s-wave spin-triplet Cooper
pairs at the vortex center in the chiral p-wave d||z and d||x states, and the helical p-wave state. The value of [(T*7)~!| in the chiral p-wave

d ||z state is defined as C.

Main component of Coherence term

Odd-frequency s-wave spin-triplet Cooper pair

order parameter (T,ffT)fl[(SMllz] (ngT)fl[SMllx] Fioo'(E =0,r =0)
Chiral d||z ~— (T8T) '=-C ~+(T8T) =+C \Fonsl = 1 Fosr] 0
Chiral d | x =0 ~—(11) ' = —C \Foarl = | Foyul 20
Helical (d||xy) =0 ~—C/2 | Fsarl # 0, [Fs gl =0
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| Fs 4 (E = 0,r)|> + | F;, 14 (E = 0,r)|*. Therefore, (T} 1)

2zz
is positive for d ||z with finite (1,]) and ({,1). And (TZJZT)’1
is negative in the other two states, since finite components
are (1,1) and ({,]). In the cases of the d||z state, F; 44 (E =
0,r) = F5,,,(E = 0,r) = 0. In the two cases of the d||x state
and the helical state, F; 4 (E = 0,r) = F; 4(E =0,r) =0.

Since our calculations are performed at the finite tem-
perature T /T = 0.5, the results in Fig. 4 deviate from the
relations in the low-7 limit in Eq. (B4) by the contribu-
tion from finite-energy states, but they satisfy the propor-
tional relations [T*(r)T]™! o« N(E = 0,r)*, [Tlff(r)T]" 1o
—|Fs 4 (E = 0,7)%, and also equivalent equations for the
(T»,,T)~" case. Therefore, the relation between the DOS term
and the coherence term in Table I with C is satisfied. The details
of these relations are discussed later in Appendix B.

Lastly, we give some related discussions. In realistic ma-
terials such as Srp,RuQy, the Fermi surface has multiband
nature [1-3]. When multiband superconductivity is realized,
the physical quantities are given by the summation of the
contributions on the Fermi surfaces of the multibands. There-
fore, if the dominant Fermi surfaces have the pair potential
with chirality —1 of the chiral p-wave superconductivity,
similar anomalous suppression of the local NMR relaxation
rates by the negative coherence effects is expected to be
observed in the vortex core region. The mechanism that the
vortex state of the pair potential with chirality —1 induces
the odd-frequency s-wave spin-triplet Cooper pairs and the
negative coherence terms is universal, and can be applied to
the multiband superconductivity.

Among the possible pairing states of Sr,RuQy, there re-
mains a scenario of even-parity spin-singlet pairing [3,32,33].
As for the case of the spin-singlet s-wave or d-wave super-
conductors, since the odd-frequency s-wave Cooper pairs are
not induced at the vortex center, the anomalous suppression of
the NMR relaxation rates does not occur [10,34]. Therefore,
we can examine the spin components of the pairing, singlet, or
triplet, by the site-selective NMR measurements.

In this paper, we do not consider the Zeeman effect. The
Zeeman magnetic field will quantitatively affect the NMR
relaxation rates in the contribution of the relaxation process
between up- and down-spin electrons. And detailed study
belongs to future studies. However, when the orbital pair
breaking due to the vortex is dominant, the scenario for the
anomalous suppression of the NMR relaxation rates due to the
odd-frequency Cooper pairs will survive.

V. SUMMARY

We studied the site r and the internal field B dependences
of the local NMR relaxation rates 7;"' and 7, ' in the vortex
lattice state of chiral p-wave (d||z or d||x) and helical p-wave
superconductors, based on the Eilenberger theory. We focused
on how the anomalous suppression of the local Tfl and
T[l around the vortex core reflects the d-vector symmetry
of the pair potential. The anomalous suppression occurs by
the negative coherence term coming from the odd-frequency
s-wave spin-triplet Cooper pairs F; ,, . The finite spin (co”)
components of Fjy ;. reflect the d-vector orientation, and
determine in which of Tl_l and Tz_l the anomalous suppression

occurs. Since the anomalous suppression can be observed
when the NMR relaxation direction §M is parallel to the
d-vector component, we may obtain the information of the
d-vector symmetry by comparative observation of the local
T, ' and T, ' atthe vortex core region in the site-selective NMR
measurement. In the chiral p-wave d |z (d||x) state, since the
odd-frequency s-wave spin-triplet Cooper pairs F; 4 (14) and
Fi.14(,4) are induced around the vortex core, the anomalous
suppression in the local T 1*1 (T{l) occurs. In the helical p-
wave state, since the odd-frequency s-wave spin-triplet Cooper
pairs F; 44 are only induced, the difference between the local
T,”" and T, ™" is small. We hope that these theoretical results of
the local NMR relaxation rates will be examined by experiment
in spin-triplet superconductors. This observation can be also
a method to detect the spin dependence of the odd-frequency
s-wave spin-triplet Cooper pairs.

ACKNOWLEDGMENT

This work was supported by Japan Society for the Promo-
tion of Science KAKENHI Grant No. JP16J05824.

APPENDIX A: NMR RELAXATION RATES 7,”! AND 7!

We explain derivations of the NMR relaxation rates 7,
and Tz_l in the quasiclassical Eilenberger theory. In the 4 x 4
matrix form for the Green’s functions

é(x x,)_ (?(x,x/) F:'(x,x/) Al
T Fex) Gla,x)

in particle-hole and spin spaces, the spin components of G, F,
F,and G are, respectively, defined as

Goo(x.x)) = —(Te[Ye ()WL ()]),
Goo (x,x") = — (T [W} ()Y (X)),
Foor(x,x") = —(Tt[Ys (X)) Y0 (xN)]),
Foo(x,x") = —(Te [y} ), (2)]), (A2)

where x = (r,7) with the coordinate r and imaginary time
7. The brackets (---) denote the thermal average, and T;
is the time-ordering operator. In the Eilenberger theory, the
quasiclassical Green’s function is defined as § = %3 d&G,
where & = e(k) — p is the energy variable in the k space. €(k)
is the dispersion relation of electrons, and p is the chemical
potential. 73 is the Pauli matrix defined as

y |:50 0 }
T3 = | A ~ |
0 —0y

where 6y is the unit matrix. In Appendix A, we write the matrix

components of g as
g _ |:g,ll §121|
gZ] §22 ’

(A3)

(A4)

instead of the expression in Eq. (3).
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The spin-lattice relaxation rate 7,”' is obtained from the
spin-spin correlation function

X—+(x,x") = (T [S-(x)S4.(x")])
= C_?w(x,x')GM(x,x') — Fm(x,x')FN(x,x’),

(AS)
where
S_(x) = Y0P (), Si(x) = vl (). (A6)
The Fourier transformation of x_, is
B
Xt (75 iQ) = fodrelﬂmfx_+(r,r/;r) (A7)

B
:/ dte™ [G | (r,r;T)Gyy(r,r'; 7)
0

— Fip(r,r's0)Fyy(ror's 7)) (A8)

1 _
= EZ[Gw(r,r’;iwn)GM(r,r/;iszm — im,)

- FLT(r,r/;iwn)FTl(rar/;iQm —iw,)]
(A9)
with Bose-Matsubara frequency ,, and 8 = (kgT)~".
For the quasiclassical approximation as done in

Refs. [8,9,34,35], in the limit r — r’ the Green’s functions
are rewritten using the transformation

- d’k ik
A(r,r) = ;%/WA(r,k)e (A10)
~ No< / dskA(r,kF,sk>> . (Al

kg

with 7 = r — r’. In the following, for simplicity, we rewrite
the Fermi velocity kgp— k. Therefore, the quasiclassical form
of the local x_, is written as

X—+(r,r;iS2y,)
1 , . .
= N&EZugii(lwn,r,k>>k<g;‘T<1szm — iw,.r,k));
— {81 (00,7 K)) (817 (1R — iwn.r B))l. (A12)
Using the spectral representation

. 00 i k

g (iwn.r k) = / deploe @K (A13)
PSS 1w, —

and an analytic continuation i €2,, — 2 + i§, we obtain the local
spin-lattice relaxation rate 7, ' as

X—+(r7r7iQm_>Q + 15)
Q

7' (r,T)=T Jim Im

_7Ng / T
T4 J_o T cosh2(E/2T)
x [{a]} (E))laph(—E))y

— (@] (E))glat] (—E))l. (A14)

aifg, is shown in Eq. (12). Since Tl_' = JTTCNg atT =T,, we
obtain [T\(T)T]~'/[Ti(T.)T.]~" in Eq. (9).
On the other hand, we calculate the z-component Tzzg of

the spin-spin relaxation rate T{l from the dynamical spin
susceptibility .., given by

4xe(x,x") = AT [S,(x)S.(x)])
= G (x,x)Gp1(x,x") — Frp(x,x")Frp(x,x)
+ G (x,xX)Gy (x,x") = Fp (e, x)Fy(x,x")
— Gy (x,x")Gy (x,x") + Fyy(x,x")Fy (x,x")
— G4 (x,X)G p (x, X)) + Fip(x,x")Fp4(x,x")
=Y Soo[Goo (x,X)Goor(x,x)

oo’

— Foor(x,X') Fyor(x,X)], (A15)
where
28.(x) = YL@ (1) — Y] 0P, (). (Al6)
Therefore,
| S R X2z (P, 1, i2,,—Q +id)
5T (r,T) = T limIm 5 (A17)

is calculated as in the similar methods to the deriva-
tion of 7,”', and we obtain [Ts, (T)T]~"/[To.(T)T.]~"
in Eq. (14).

APPENDIX B: BEHAVIORS OF T;' AND T;!
IN THE LOW-TEMPERATURE LIMIT

In the limit of low temperature 7 — 0, Tfl in Eq. (9) and
Tz_1 in Eq. (14) are, respectively, reduced to

[(7i(r)T]™!
[T(THT 1!
[T2zz(r)T]_1
[Too(T)Te]™!

= Soo [WEAE = 0.r) + WI(E=0.1)]. (B2)

= WS (E =0,r)+ W (E=0,r), (BI)

These indicate that the zero-energy contribution is dominant
atT — 0.

Using the following relations, we obtain the relations for
the zero-energy excitations and the odd-frequency spin-triplet
Cooper pairs from Eq. (12). Between advanced and retarded
Green’s functions, there are relations g® (E) = —g2* (E)
and fR (E)= fA*(E). From the parity in the E depen-
dence of odd-frequency spin-triplet Cooper pairs, X (E) =
—fR*(—E). In addition, in the spin-triplet superconduct-
ing state without Zeeman effects, gfi(E )= ng(E ) =0 and

FE(E) = fE(E). In the limit E — 0, we obtain

1
all (E.r.k) = E[gf(,/(E,r,k) + g5 (E.r k)]

1
= 5 [85o (E.rdo) + 855 (E.r b))

— Re[ng,(E = O,r,k)]‘srra”
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1
a? (E,r.k) = E[gj;,,(E,r,k)+g}fﬁ;(}z,r,k)]

1
= 5 [20o (E.r o) + 255 (.1 b)]

— Re[gX (E = 0,r,k)]650,
a2 (Er k) = S[A(Er k) = FE(E.r k)]

- %[fURG,(E,r,k)—i—fGRU,(—E,r,k)]
— ifR (E =0,r.k),

a2l (E,r.k) = %[ffa,(E,r,k)—ff,:(E,r,k)]

i * *
5l (Er k) + £l (E.r k)]
— —iff(E =0,rk), (B3)
where 8,, =1 when 0 = ¢’ and 8, =0 when o # o’.
Therefore, in the low-energy limit, the DOS term and the
coherence term of (7;7)~" and (7»,,T)~" in the vortex core
region are, respectively, reduced to
—1
[Tf4(T)T] R
L1 71— (Re[aR (E =0)]), (Re[¢R.(E =0
o = (Rl (F = Ol (Relg (F = 0
= N, (E =0)N(E =0),

(1]

TAYACEE —fR(E = 0)* = —|Fop (E = 0))

—[(fRE = 0> = —|F 1 (E = 0),

= > s0(Re[gR (E = 0)]);

oo’

Ny(E = 0)* + N (E = 07,

- E SGU’
oo’

— " Soor Froo(E =0)1%, (B4)

oo’

g8 -1
5 [T:5(T)T]

22z

[TZZz(TC)Tc]71

[T/ (r)r]™

22z

[T2zz(Tc)Tc]71

(£ o (E =0)), [

where §R(E,r,k) = ¢®(—E,r,k), and Egs. (17) and (18) are
used.

Further, in the low-energy limit at low 7 and the limit of a
single vortex at low H, in the chiral p-wave d ||z state we have
the relations |(g%,(E))x| = [(fX(E)x| = [(FX (E))4| with
o # o’ by the Kramer-Pesch approximation for low-energy
states [36,37]. Then, we obtain the relation for the coherence
terms as

("] o]

AT ARV ATARE (B
2 - g8 -1
[TLT]  [TET] 56

[T (T, ] (HTDT

at the vortex core region, since | (£} (E = 0));| = [{f(E =
0))x|#0. In the chiral p-wave d|x state, using the

(a) (b)
30 =30
N Il
’c‘;\ 25t = 25}
I
-
= 20} 2 20}
5 £
= 15 g 151
o3 I 3 NT
= o T 10}
-t
i -
= 5] Fsatly T st [Pl
N, s
W= | SR = ) ) ) . b
05 0 o5 1 Y0 0zo040608 i

FE . H/H62

FIG. 5. (a) E dependence of |F 44(r = 0)| and |N4(r = 0)] at
the vortex center for the helical p-wave states. H/H. =~ 0.023
and T/Ty = 0.5. (b) H dependence of |F; ++(E = 0,r =0)| and
N1 (E = 0,r = 0)] at the vortex center for the helical p-wave states.
T/Tw =0.5.

relations (g2 (E)g| = [(fR (E)i| = [(FR (E))| given by
the Kramer-Pesch approximation, we obtain
-1 -1
(i) [TEDT] )
[Toro(T)TC] ! [(T(THT 1"’

since [(f5(E = 0))i| = [(f[ (E = 0));|0. These relations
for the chiral p-wave states in Eqs. (BS)—(B7) are consistent
with the calculation results of the negative coherence terms in
the vortex core region at finite temperature and magnetic field
in Fig. 4(a) and Table 1.

In addition, up-spin pairs and excitations in the helical p-
wave state satisfy the relations |(ng(E))k| = |(f¢RT(E))k| =

I fﬁ(E )| given by the Kramer-Pesch approximation, since
up-spin pairs’ order parameter A ;4 has the pairing function ¢,,_
with the chirality L, = —1 [27]. On the other hand, |{ f iRi(E =
0))x| = 0 at the vortex center. Therefore, in the helical p-wave
state,

[ (n)r]™

T = 1 EHE = Ol = [S(E = O

= —Ny(E =07 — [(f{ (E=0)
~ —Ny(E = 0)%, (B8)

since |(f fi(E = 0))4| shows a small amplitude in the vortex

core region compared to the large amplitude |( fﬁ(E = 0))gl-

From the definitions of the local DOS N,(E.r)=
(Re[gfa(E ,r,k)]); and the spin-dependent s-wave Cooper
pair Fs o0/ (E,r) = (fR (E,r,k)), the relations between the
[{gso'(E))| and |{ f5o(E))| obtained from Kramer-Pesch ap-
proximation are rewritten by N,(E,r) and |F; 0/(E,r)|. As
shown in Fig. 5(a), the relation [(g, (E))i| = [{f{5(E))l, 1e.,
| Fs,44(E,r = 0)] = |[Ny(E,r =0)|, for the helical p-wave
state is confirmed at the low |E| region, not only E = 0, by
our numerical calculations at a low field H/H,, = 0.023 and
a finite temperature 7 /T, = 0.5. The chiral p-wave cases
are also confirmed. Therefore, the relations between the DOS
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term and the coherence term for the chiral p-wave states in
Egs. (BS)—(B7) are consistent with our calculation results
in Fig. 4 and Table 1. Due to the contributions from finite
energies N, (E,r) and |F; 4. (E,r)|, the results in Fig. 4 at
finite temperature deviate from Eq. (B8) from the relations
Eq. (B4) in the low-T limit.

In addition, Fig. 5(b) shows that the condition |Ny(E =
0,r =0)| = |Fs44(E =0,r =0)| is sustained at finite H,
while small deviations from the relation appear with increasing
H. B dependences of the local Tfl in the chiral p-wave d||z
states at various applied fields are investigated in a previous
study [10].
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