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A.2 Symmetry of ǧ, and â, b̂ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

B NMR relaxation rates in the low temperature limit 65

C Kramer-Pesch approximation 68
C.1 Analytic solution of the Riccati equation . . . . . . . . . . . . . . . . . . . . . . 68
C.2 Zeroth-order Riccati equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
C.3 First-order Riccati equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
C.4 Quasiclassical Green’s functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
C.5 NMR relaxation rate around the vortex center in the low T limit . . . . . . . . 72

Bibliography 74



Abstract

Anomalous properties of local electronic states around vortex cores are theoretically investigated
in chiral p-wave and helical p-wave pairing states of spin-triplet superconductors, in order to find
phenomena tightly relating to the chirality of the orbital component and the d-vector symmetry of
the spin component for the spin-triplet Cooper pairs. So far, the d-vector symmetry has not been
clarified, even by many experimental and theoretical previous studies for the candidate materials
for the spin-triplet superconductors, Sr2RuO4 and UPt3. In this study, by numerical calculations
of selfconsistent Eilenberger theory, after the spatial structures of multiple order parameters and
internal magnetic fields are quantitatively determined in the vortex lattice state, behaviors of the
local nuclear magnetic resonance (NMR) relaxation rates and the spin-polarized local density of
states (LDOS) are revealed.

In the study of the local NMR spin-lattice relaxation rates T−1
1 , difference of T−1

1 behavior between
two chiralities Lz = ±1 is quantitatively estimated in the site- and resonance frequency-dependences
of the site-selective NMR measurement. There, the local T−1

1 around the vortex core shows anoma-
lous suppression around the vortex core by the contribution of negative coherence terms due to the
odd-frequency Cooper pairs with Majorana states. Next, from the comparative study of T−1

1 with
spin-spin relaxation rate T−1

2 in the vortex lattice state of two-type chiral p-wave states (d∥z or
d∥x) and a helical p-wave state, it is found that difference between T−1

1 and T−1
2 occurs depending

on the relative orientations of the d-vector and the NMR pulsed field.
In the study of the LDOS in the vortex lattice state of a helical p-wave superconductor, the instabil-

ity of the helical p-wave state at high magnetic fields and the appearance of the spin-polarized LDOS
around the vortex core are confirmed. In addition, the site-, magnetic field-, and energy-dependences
of the spin-polarized LDOS are clarified to investigate the spin-polarized LDOS behaviors in the
spin-polarized scanning tunneling microscopy and spectroscopy (STM/STS) measurements. The
zero-energy spin-polarized LDOS induced around the vortex core shows stronger value compared
to the normal state DOS. This zero-energy state is related to the Majorana states. Moreover, the
energy-dependence of the spin-polarized LDOS at the vortex center shows the sign change behaviors.
These results will stimulate future studies of unconventional superconductors, providing a possible

new method to identify the d-vector of the pairing symmetry of candidate materials for spin-triplet
superconductors, and detect information of anomalous electronic states due to the odd-frequency
Cooper pairs and Majorana states around the vortex core.
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Chapter 1

Introduction

1.1 Background
In 1911, the superconductivity was discovered by Kamerlingh Onnes [1]. After decades, mechanism
of the superconductivity so-called conventional superconductivity with the isotropic s-wave pairing
state was explained by phenomenological Ginzburg-Landau theory [2] and microscopic Bardeen-
Cooper-Schrieffer theory [3]. In the conventional superconductivity, Cooper pairs are formed as
bound states of two electrons in the momentum space by the electron-phonon interaction.

Since the discovery of the heavy-fermion superconductors CeCu2Si2 in 1979 [4] and the high-
Tc cuprate superconductors in 1986 [5], various unconventional superconductivities based on non-
phonon mechanisms have been discovered. Reflecting the non-phonon mechanism such as spin-
fluctuations, the superconductivity is realized by spin-singlet d-wave pairings in the high-Tc cuprates
and heavy-fermion CeCoIn5. On the other hand, spin-triplet pairing superconductivity is also sug-
gested in a ruthenate superconductor Sr2RuO4 [6–8], a heavy fermion superconductor UPt3 [9–11],
and a doped topological insulator CuxBi2Se3 [12, 13]. These spin-triplet superconductors have also
attracted much attention as topological superconductors since exotic quantum states such as odd-
frequency Cooper pairs and Majorana states are expected in the vortex core and surface regions.
However, the pairing symmetries of these candidate materials have been still discussed. For exam-
ple, although Sr2RuO4 is the leading candidate material for the chiral p-wave superconductor, the
helical p-wave state also has been suggested as another scenario of Sr2RuO4, as explained in Chap. 2.
The definitions of chiral and helical p-wave pairings are also noted in Chap. 2. For UPt3, it is also
not settled whether the possible pairing symmetry is chiral or helical states. The properties of the
possible spin-triplet pairings are listed in Table 1.1.

On the other hand, the first unconventional pairing of superconductivity did turn out not in a
superconductor, but in a superfluid 3He. And, it is found that there are two-type superfluid phases.
The main phase is the so-called B-phase, and first described theoretically by Balian and Werthamer
in 1963 [14]. The pairing symmetry of the B-phase is represented by the helical p-wave-like. In
a narrow region of temperature and pressure phase diagram, another phase known as the A-phase
exists. This phase was first theoretically described by Anderson and Morel in 1961 [15, 16]. The
A-phase is represented by the chiral p-wave pairing. Under a magnetic field, the spin-polarized state
so-called A1-phase also appears. The orbital symmetry in A1-phase is the same as that in the A-
phase [17]. Therefore the various pairing states realize in the superfluidity of 3He. In the study for
the vortex and surface states of superfluid 3He, the exotic states such as odd-frequency Cooper pairs
and Majorana states also have been investigated.
Therefore, understanding the mechanism of the unconventional superconductivity is important

to realize and control the exotic superconductivity such as high-Tc superconductivity and topolog-
ical superconductivity. However, the pairing symmetry of the candidate materials for spin-triplet
superconductors has been still under debate. It is necessary that we investigate unique behaviors
of physical quantities depending on the spin-triplet pairing symmetry to distinguish the pairing
symmetry of the candidate materials.
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Material Time-reversal symmetry Possible pairing state
Sr2RuO4 Broken Chiral p-wave

(Two scenarios) Preserved Helical p-wave
UPt3 B-phase Broken Chiral f -wave
(Two scenarios) Preserved Helical f -wave

3He A-phase Broken Chiral p-wave
3He B-phase Preserved Helical p-wave-like
3He A1-phase Broken Spin-polarized p-wave
AxBi2Se3 Preserved p- or f -wave

A = Cu, Sr, Nb, Tl

Table 1.1 The possible pairing and time-reversal symmetry of the candidate materials of spin-
triplet superconductors. The possible spin-triplet pairing symmetries of Sr2RuO4 and UPt3
B-phase are suggested in two scenarios, chiral or helical states.

1.2 Purpose of this thesis
To identify the d-vector symmetry of the candidate materials for the spin-triplet superconductors,
I focus on and investigate the behaviors of the local NMR relaxation rates and the spin-resolved
LDOS in the vortex lattice states, reflecting the chirality of the pairing state and the direction of
the d-vector. These physical quantities are expected to be measured by the site-selective NMR and
the spin-polarized STM/STS measurements. In addition, I study the relation between the physical
quantities and the anomalous electronic states induced around the vortex core such as odd-frequency
Cooper pairs and Majorana states. I would like to provide a possible new method to identify the
d-vector symmetry of the candidate materials for the spin-triplet superconductors, and detect the
anomalous electronic states.

1.3 Outline of this thesis
In this thesis, the vortex states of the spin-triplet chiral and helical p-wave superconductors are
investigated by the quasiclassical Eilenberger theory. This thesis consists of two subjects; the local
NMR relaxation rates and the spin-polarized LDOS. In the vortex state of the chiral and helical
p-wave states, the sub-components of order-parameter are induced around the vortex core by the
interaction between the vorticity and the chirality. We focus on the behaviors of the local NMR
relaxation rate and the spin-resolved LDOS reflecting the induced sub-components. In addition, we
discuss the relation between the sub-components and odd-frequency Cooper pairs with Majorana
states.

In Chap. 2, I review briefly the symmetry and properties of spin-triplet superconductors in vortex
state. To understand calculation results of the local NMR relaxation rates in this thesis, we ex-
plain the NMR measurement for bulk superconductors as introduction to the spatial resolved NMR
measurement in the vortex state called site-selective NMR measurement. In addition, I discuss
the properties of the vortex states of spin-triplet pairing superconductors such as chiral and helical
p-wave states. The last of this chapter is devoted to the explanation of odd-frequency Cooper pairs.

In Chap. 3, I introduce the quasiclassical Eilenberger equation from the BCS Hamiltonian, and also
consider the self-energy for non-magnetic impurity effects by the t-matrix approximation. Moreover,
we show the general formulation of the local NMR spin-lattice relaxation rate T−1

1 and the spin-spin
relaxation rate T−1

2 based on the quasiclassical Eilenberger theory. The selfconsistent calculation
method of the quasiclassical Eilenberger theory in the vortex lattice state is also described.

In Chap. 4, I calculate the local NMR spin-lattice relaxation rate T−1
1 in the vortex state of chiral
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p-wave superconductors to investigate the chirality dependence of the local T−1
1 . To obtain the

estimations for the local the local T−1
1 in the site-selective NMR measurement, I calculate the site-

and resonance frequency-dependences of the local T−1
1 in the vortex lattice state, and this study

can obtain valid results at arbitrary magnetic fields. I also investigate the impurity effects on the
resonance frequency-dependences of the local T−1

1 . I show that the local T−1
1 around the vortex core

is anomalously suppressed by the negative coherence effect. This anomalous behavior is related to
the odd-frequency Cooper pairs with Majorana states.

In Chap. 5, I investigate the local NMR spin-spin relaxation rate T−1
2 in the vortex state of chiral

and helical p-wave superconductors, focusing the dependence of the d-vector orientation, From the
comparative study of the local T−1

1 with the spin-spin relaxation rate T−1
2 in the vortex states of two-

type chiral p-wave states (d∥z or d∥x) and the helical p-wave state, I show that the difference between
the local T−1

1 and T−1
2 , depending on the relation between the orientations of the d-vector and the

NMR pulsed field. I show that the local T−1
2 around the vortex core is anomalously suppressed by

the negative coherence effect. This anomalous behavior is related to the spin-polaried odd-frequency
Cooper pairs with Majorana states.
In Chap. 6, I show that the spin-polarized LDOS appears in the vortex state of a helical p-wave

superconductor, and confirm the instability of the helical state at high magnetic fields. The spin-
polarization and the instability are induced by the vorticity coupling to the chirality of up-spin or
down-spin pairs of the helical state. To investigate the behavior of these phenomena, we calculate
the site-, magnetic field-, and energy-dependences of the spin-polarized LDOS. The zero-energy spin-
polarized LDOS induced around the vortex core is related to the Majorana zero-energy state. I also
study the impurity effects on the energy-dependence of the spin-polarized LDOS at the vortex center.
The last chapter is devoted to the summary and prospective views of future studies.
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Chapter 2

Symmetry and property of spin-triplet

superconductors in the vortex states

2.1 Unconventional superconductors
The pairing symmetry in a bulk superconductor is classified as

G = G×SU(2)×K×U(1)

where G is symmetry group of the crystal lattice, SU(2) is symmetry group of the spin rotation, K is
time-reversal symmetry, and U(1) is global gauge symmetry. Since the phase of the superconducting
wave function is locked in a certain value, the gauge symmetry of U(1) has to be broken.

The superconductivity protecting the pairing symmetry except for U(1) is called conventional
superconductivity, which represents in isotropic s-wave pairing on the Fermi surface, spin-singlet,
and time-reversal invariance. The conventional superconductivity is described by the BCS theory
with electron-phonon pairing interaction. On the other hand, the superconductivity breaking other
symmetry in addition to U(1) is called unconventional superconductivity. For example, the orbital
(spin) symmetry in anisotropic G (in broken SU(2)) system represents non s-wave states such as
d-wave states (in spin-triplet states), and provides the orbital (spin) degree of freedom. If chirality
of Cooper pairs in the orbital or spin symmetry exists owing to the degree of freedom, time-reversal
symmetry of superconductivity is broken. Therefore, in the study for unconventional superconduc-
tors, it is most important issue to distinguish the pairing symmetry since it is tightly related to the
mechanism of the unconventional superconductivity.

2.2 Spin-triplet chiral and helical p-wave states
Many experiments and theories have investigated the fermion superfluid of 3He, and supported
that spin-triplet chiral (helical-like) p-wave state is realized in the Anderson-Brinkman-Morel phase
(Balian-Werthamer phase). As shown in Fig. 2.1, the order-parameter of the spin-triplet p-wave
pairing state is described as 3×3 degree of freedom where the orbital and spin angular momentum
of Cooper pair is, respectively, Lz = −1, 0,+1 and Sz = −1, 0,+1. The possible symmetry is listed
in Table 2.1. In this study, pz component has not been taken into account since I consider the
cylindrical two dimensional Fermi surface for simplicity. In the chiral p-wave state, the pairing state
has finite chirality, i.e., angular momentum Lz = ±1 for p± = px±ipy wave pairing. Owing to the
chirality of pairing state, the time-reversal symmetry is broken.

The spin-components of order-parameters are described as 2×2 matrix

∆̂(k) =

(
∆↑↑ ∆↑↓
∆↓↑ ∆↓↓

)
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In the spin-singlet pairing symmetry, ∆↑↑ = ∆↓↓ = 0 and ∆↑↓ = −∆↓↑ = ∆s, while for the spin-
triplet case, ∆↑↓ = ∆↓↑. Here, k is a wave vector in the momentum space.

For the spin-singlet pairing, the order-parameter can be written as

∆̂(k) =

(
0 ∆s

−∆s 0

)
.

For the spin-triplet pairing, the order-parameter in the spin space can be represented in terms of
a three-component complex vector so-called d-vector d(k) = [dx(k), dy(k), dz(k)]. The d-vector is
defined as

∆σσ′(k) = [i
∑

µ=x,y,z

(dµ(k)·σ̂µ)σ̂y]σσ′ ,

where σ, σ′ = ↑(up-spin) or ↓(down-spin), and ∆σσ′ denotes (σ, σ′) spin component of the order-

parameter ∆̂. And, σ̂µ is the Pauli matrix defined as

σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 −1

)
.

Therefore,

∆̂(k) =

(
∆↑↑ ∆↑↓
∆↓↑ ∆↓↓

)
=

(
−dx + idy dz

dz dx + idy

)
Using the d-vector formalism, the chiral p±-wave state is described as d(k) = (kx±iky)n (∀n∈Z3).

And, the amplitude of order-parameter shows the full-gap state where |∆| = (k2x+k
2
y)

1/2 in Table 2.1.

Since the phase of the order-parameter is written as ∆(k) = |∆(k)|e±iLzθk where θk = tan−1(ky/kx),
the time-reversal symmetry of pairing state is broken.
On the other hand, in the helical p-wave state, the time-reversal-invariant pairing state appears

since Lz = ±1 are quenched with the degeneracy between up-spin and down-spin pairs. As shown
in Fig. 2.1, The up-spin (down-spin) pair’s order-parameter ∆↑↑(↓↓) characterized by Sz = +1(−1)
has chirality Lz = −1(+1) so that the bulk condition is Lz +Sz = 0 [18]. The d-vector of the helical
p-wave state is described as d(k) = kxx+ kyy = [(kx − iky)(x+ iy) + (kx + iky)(x− iy)]/2, where
x = (1, 0, 0),y = (0, 1, 0). And, the other-type helical p-wave state where Lz + Sz = +2 or −2 is
represented in Table 2.1. These helical p-wave states form the full-gap state on the Fermi surface,
|∆| = (k2x + k2y)

1/2.

From the 2×2 matrix equation ∆̂(k) = i[d(k)·σ̂]σy, the amplitude of the order-parameter |∆̂| can
be represented as

|∆(k)|2 = ∆̂(k)∆̂†(k)

= |d(k)|2σ0 + i[d(k)×d∗(k)]·σ̂

where the Pauli matrix in the vector form σ̂ = (σ̂x, σ̂y, σ̂z). If |d×d∗| = 0, |d(k)|2 corresponds to
the amplitude of order-parameter |∆(k)|2. The chiral and helical p-wave states satisfy the unitary
condition |d×d∗| = 0. As shown in Fig. 2.2 in the unitary condition |d×d∗| = 0, the spins of the
Cooper pair lie in the basal plane as d⊥S. For the unitary state, all the electrons form the pairing
state. On the other hand, in the non-unitary state where |d×d∗|̸=0, it has two energy gaps and
some electrons do not form the pairing state even at the absolute zero temperature. If the d-vector
is lying in the xy-plane, the spin-polarization and the two energy gaps in the non-unitary pairing
state appear where |∆↑↑(k)|2 − |∆↓↓(k)|2 = 2i[d(k)×d∗(k)]z ̸=0.
From many experimental and theoretical studies, ruthenate superconductor Sr2RuO4, heavy

fermion superconductor UPt3, and other materials such as CuxBi2Se3 are suggested as spin-triplet
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Fig. 2.1 The schematic figure for the d-vector of chiral and helical p-wave states.

d-vector symmetry Spin-components of Time-reversal Analogy to

[direction] order-parameter ∆̂(k) symmetry 3He

Chiral (kx±iky)x |∆↑↑(↓↓)| =
√
k2x + k2y Broken A-phase

[d∥n] (kx±iky)y |∆↑↑(↓↓)| =
√
k2x + k2y Broken A-phase

n = x,y, z (kx±iky)z |∆↑↓(↓↑)| =
√
k2x + k2y Broken A-phase

Helical kxx±kyy |∆↑↑(↓↓)| =
√
k2x + k2y Preserved B-phase

[d∥xy] kxy±kyx |∆↑↑(↓↓)| =
√
k2x + k2y Preserved B-phase

Others (kx±ky)z |∆↑↓(↓↑)| = |kx±ky| [line node] Preserved
[d∥z] kxz |∆↑↓(↓↑)| = |kx| [line node] Preserved

Non-unitary kxx±ikyy |∆↑↑(↓↓)| = |kx±(∓)ky| Broken
kxy±ikyx |∆↑↑(↓↓)| = |kx∓(±)ky| Broken

[d∥xy] (x±iy)(kx±ky) |∆↑↑| = 2|kx±ky| [line node] Broken

(x±iy)(kx±iky) |∆↑↑| = 2
√
k2x + k2y Broken A1-phase

Table 2.1 The possible symmetry of the spin-triplet p-wave pairing state on a cylindrical
Fermi surface [7]. The d-vector representations and the spin-components of order-parameter
are described, classified into the preserved or broken time-reversal symmetry. Reference to
3He are for the analogous three-dimensional states. The pairing state in the B-phase of 3He is
represented by the helical p-wave-like d = (kx, ky, kz).
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(a)

(b)

(c)

Helical p-wave 

Chiral p-wave 

Chiral p-wave in an applied field

Lz d

Sz

Applied field

Fig. 2.2 The schematic figures for S and d of the Cooper pair in the spin-triplet (a) helical
p-wave and (b) chiral p-wave pairing states, and (c) chiral p-wave state as d⊥H.

superconductors. For Sr2RuO4 and UPt3, the triplet pairing state is investigated by the Knight
shift measurement [19–22] and the broken time-reversal symmetry owing to chirality is supported
by µSR [23,24] and polar Kerr effect measurements [25,26]. These experimental evidence have sup-
ported that Sr2RuO4 and UPt3 realize the chiral spin-triplet superconductivity. However, in these
materials, the possible pairing symmetry has been discussed other than the chiral p-wave state. For
example, the helical p-wave state also has been suggested as another scenario of the superconductivity
in Sr2RuO4 [18, 27, 28] to explain the measurements such as magnetic field orientation dependence
of the Knight shift [19, 20] and Pauli-limit behavior of upper critical field [29]. The details of the
previous studies are explained in the next section.

2.3 Characteristics and mysteries of a superconductor Sr2RuO4

The ruthenate superconductor Sr2RuO4 is a candidate material for the spin-triplet chiral p-wave su-
perconductor. Sr2RuO4 has the perovskite crystal structure of the cuprate superconductor La2CuO4,
represented by the space group I4/mmm [30]. The primitive cell is tetragonal body centered as shown
in Fig. 2.3. The electronic structure of Sr2RuO4 has been measured by several experiments such as
de Haas-van Alphen [31], Shubnikov-de Haas [32], angle-resolved photoemission spectroscopy [33,34],
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Sr

Ru
O1

O2

c

a

b

Z

kz

kx

ky

Fig. 2.3 (Left figure) Crystal structure of Sr2RuO4. The lattice constants a = b = 3.87Å and
c = 12.74Å. Ru and Sr are located at (0, 0, 0) and (0, 0, 0.353), and the two type oxygens O1
and O2 are located at (1/2, 0, 0) and (0, 0, 0.1615) respectively. (Right figure) The Fermi surface
of Sr2RuO4. Calculation is performed by the code WIEN2K [45] and using the structural data
from Ref. [30].

and Compton scattering measurement [35]. In theoretically, the Fermi surface of Sr2RuO4 has been
investigated by the first-principle calculations [36–38]. As shown in Fig. 2.4, the Fermi surface of
Sr2RuO4 consists three sheets, labeled as α, β, and γ [36–38]. The α- and β-sheets are (γ-sheet
is) formed by the quasi-one-dimensional bands (quasi-two-dimensional band) derived from the dxz-
and dyz-orbitals (dxy-orbital). These first-principles calculation results agree with the experimental
observations. From the first-principles calculations, the tight binding model for the band structure
of Sr2RuO4 was obtained [38]. Using the multi orbital model, the mechanisms of superconductivity
of Sr2RuO4 have been theoretically investigated [39–44]. From the investigations [39–42,44], it has
been proposed that the mechanisms of the spin-triplet superconductivity are derived mainly from two
dimensional dxy band. In addition, the three-orbital Hubbard model for Sr2RuO4 has been investi-
gated using a quasi-two-dimensional renormalization group method, and the p-wave pairing state is
realized on the Fermi surface of the γ-sheet [40]. The self-consistent vertex-correction method has
proposed by using the multi-orbital and -band model for Sr2RuO4 with 4d spin-orbital interaction
that the orbital and spin fluctuation-mediated triplet superconductivity is realized in Sr2RuO4, and
the chiral p-wave state is expected to be realize below the superconducting transition temperature
Tc [44]. From this theoretical study, it has been also shown that the difference of condensation energy
between chiral p-wave and helical p-wave states in Sr2RuO4 is very small compared with Tc.

In Table 2.2, the basic superconducting parameters for Sr2RuO4 are summarized. The critical
temperature Tc is 1.5(K) at a zero magnetic field for single crystals. The upper critical fieldsHc2(T =
0) at the zero temperature have been studied by angle-dependent experiments for H∥c and H∥ab.
The upper critical fields µ0Hc2∥c(0) = 0.075(T) and µ0Hc2∥ab(0) = 1.50(T). The superconductivity
of Sr2RuO4 is characterized as a highly anisotropic superconductor with the anisotropy ratio of
20(= Hc2∥ab(0)/Hc2∥c(0)), reflecting the quasi-two-dimensional Fermi surface. From the observations

of Hc2, the parameters of the coherence length ξab and ξc by ξab = (Φ0/2πµ0Hc2∥c(0))
0.5 and

ξc = Φ0/2πξabµ0Hc2∥c(0) where Φ0 is the flux quantum. In addition, the thermodynamic critical
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Fig. 2.4 (Left figure) The Fermi surface of Sr2RuO4. Calculation is performed by the code
WIEN2K [45] and using the structural data from Ref. [30]. The Fermi surface of Sr2RuO4

consists three sheets, labeled as α, β, and γ. (Right figure) The schematic figure of the left
figure. The α- and β-sheets are (γ-sheet is) formed by the quasi-one-dimensional bands (quasi-
two-dimensional band) derived from the dxz- and dyz-orbitals (dxy-orbital).

field µ0Hc(0) has been estimated from the specific heat measurement [46] by the thermodynamic
relation between µ0Hc(0) and ∆C [47]. ∆C is the value of specific heat jump at Tc. From the relation

Hc2∥c(ab)(0) =
√
2κab(c)Hc(0), we can obtain the Ginzburg-Landau parameters κab and κc. Then,

κab = λab/ξab and κc = (λabλc/ξabξc)
1/2. λab(c) is the penetration depth of magnetic field when

the screening currents flow in the ab-plane. On the other hand, from the observation of the square
vortex lattice by the small-angle neutron scattering measurements for Sr2RuO4, the penetration
depth was observed as λ = 1900(Å) [48,49]. The square vortex lattice state of Sr2RuO4 at magnetic
fields applied c-axis was also supported by the muon spin rotation (µSR) measurements [23, 50].
This square arrangement is different from the Abrikosov triangular vortex lattice [51]. In highly
anisotropic superconductivities, transverse magnetic fields appear in the vortex state when the field
orientation is tilted from the ab plane [52]. It is detected by the spin-flip scattering of the small angle
neutron scattering in the vortex states for Sr2RuO4 [57]. The theoretical studies for the neutron
scattering measurement and the extended measurement in a wider field range, higher temperatures
and with the field applied close to the two-type plane directions were performed [54–56] to investigate
the highly anisotropic superconductivity of Sr2RuO4.

The experimental evidences for the unconventional superconducting state were observed by many
measurements in Sr2RuO4. As shown in Table 2.1, in the possible symmetry of the spin-triplet p-
wave pairing state on a cylindrical Fermi surface, it is important whether the time-reversal symmetry
of pairing state is preserved or broken. The time-reversal symmetry can be investigated by the
µSR measurement observing the spontaneous magnetic moment in superconductors. The first µSR
measurement for Sr2RuO4 in the Meissner state was performed by Luke et. al., in 1998 [58], and
the measurement have supported the broken time-reversal superconductivity of Sr2RuO4. The polar
Kerr effect measurement also conclude that the time-reversal symmetry of Sr2RuO4 below Tc is
broken [25]. Therefore, the angular momentum of Cooper pairs, i.e., Lz in Sr2RuO4 has a finite
value. For example, the broken time-reversal pairing state is derive from the orbital part of pairing
state such as |Lz| = 1 (chiral p-wave), |Lz| = 2 (chiral d-wave), |Lz| = 3 (chiral f -wave), or even
higher order states. However, any experiment to identify the direction of the chirality, i.e., Lz = +1
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Parameter ab c
Tc 1.5(K)

µ0Hc2(0) 1.50(T) 0.075(T)
µ0Hc(0) 0.023(T)

ξ 660(Å) 33 (Å)

λ 1520(Å) 3.0×104(Å)
(Riseman et.al.,) 1900(Å)

κ 2.3 46

Table 2.2 The superconducting parameters for Sr2RuO4. Tc is the critical temperature, µ0Hc2

is the upper critical magnetic field, µ0Hc is the thermodynamical critical magnetic field, ξ is
the coherence length, λ is the penetration depth, and κ is the Ginzburg-Landau parameter.
The anisotropy ab and c are presented in the ab-plane and the c-axis of Sr2RuO4.

or Lz = −1 in Sr2RuO4 is not yet performed. The µSR and polar Kerr effect measurements can
only detect the existence of chirality (Lz = 0 or ̸=0).

The spin part of the pairing symmetry of Sr2RuO4 is discussed by observing the spin suscep-
tibility of the conduction electrons in the NMR Knight shift, and the local magnetization in the
polarized neutron scattering measurements. Ishida et al., have measured Knight shift at the 99Ru
and 17Ru sites of Sr2RuO4 with the applied magnetic field parallel to the basal ab-plane by NMR
measurement [19]. From this measurement, we can see the T -independent behavior of Knight shift
even below Tc. This constant behavior is evidence for the spin-triplet superconductivity, and the
d-vector lying the vertical plane to the ab-plane of Sr2RuO4. When magnetic fields are perpendicular
(parallel) to the direction of d-vector, the Knight shift is unchanged (decreases), depending on the
superconducting gap. The details of the relation between the superconducting gap and the Knight
shift behaviors as T -dependence of the spin susceptibility of conduction electrons such as Yoshida
function [60, 132], as discussed in Sec. 2.4. The polarized neutron scattering measurement also can
detect the spin susceptibility in superconductors. The measurement for the magnetic field is parallel
to the ab-plane by Duffy et al. observed the temperature independent behavior of spin susceptibility
in Sr2RuO4 as spin-triplet pairing state, and the s-wave exponential behavior in V3Si [61]. In addi-
tion, the Knight shift measurements for the magnetic field applied to the c-axis at 90 mT as small
as 20 mT and the ab-plane at 44mT of Sr2RuO4 at the 101Ru have been performed to determine the
direction of d-vector in a zero magnetic field, and these Knight shifts as a function of temperature do
not change even below Tc [20]. Therefore, it has been supported that the d-vector is perpendicular
to the small applied magnetic field as d⊥H. In these opinions, the d-vector symmetry of Sr2RuO4

expected to be the spin-triplet chiral p-wave superconductor where the d-vector is perpendicular to
the small applied magnetic field as d⊥H.
On the other hand, from the field dependence of the low temperature specific heat measurement,

the paramagnetic effect related to the spin part of the pairing states at high fields for parallel to the
ab-plane in Sr2RuO4 is observed [62]. The paramagnetic effect works for spin-singlet pairing or spin-
triplet pairing with the direction of d-vector locked along to the direction of the magnetic field. In
addition, the oriental dependence of the upper critical field Hc2 of Sr2RuO4 is strongly anisotropic,
reflecting the quasi-two-dimensional Fermi surface [29]. In the two- and three-dimensional supercon-
ductors, the main pair-breaking effect is due to the orbital effect with screening currents, but the
observations can not be described by the orbital effect. Therefore, these experimental results [29,62]
inconsistent with the magnetic field orientation dependence of the Knight shift [19, 20]. Thus, to
explain the behaviors of Hc2, we need an additional pair-braking mechanism such as Pauli param-
agnetic pair-braking effects. For example, to explain the mystery of the pair-braking mechanism,
the helical p-wave state has been suggested as another scenario of the superconductivity in Sr2RuO4

[18, 27,28].
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Two significant mysteries of the superconductor Sr2RuO4 such as the chirality of the pairing
state as Lz, and the inconsistent between the magnetic field orientation dependence of the Knight
shift [19,20] and the low temperature specific heat measurement or the Pauli-limit behavior of upper
critical field [29] have still been uncleared. Therefore, we need another method to distinguish the
d-vector symmetry experimentally to solve the mysteries. Then, as the possible methods of the super-
conductor Sr2RuO4, I propose the site-selective nuclear magnetic resonance (NMR) measurement,
and the spin-polarized scanning tunneling microscopy and spectroscopy (STM/STS) measurements.
The details of these measurements are written in chapters 4 and 6. In the latter part of this
chapter, we explain the NMR measurement in superconductors and the property of vortex states
of spin-triplet superconductors as introduction to the spatial resolved NMR measurement called
site-selective NMR measurement, and the spin-polarized STM/STS measurements.

2.4 NMR relaxation rate measurement for superconductors
This section devoted to the introduction of the measurement of the Knight shift and the NMR
relaxation rate in the superconducting state.

First, the properties of the Knight shift in superconducting state are explained. The effective
internal magnetic field for the nuclear spin is given by Beff(r) = B(r) + AhfMpara(r), where B(r)
is the spatial distribution of the internal magnetic field, Mpara(r) the paramagnetic moment of
conduction electrons, and Ahf is a hyperfine coupling constant depending on species of the nuclear
spins [64–68]. The resonance line shape of NMR is given as

P (ω) =

∫
δ(ω −Beff(r))dr, (2.1)

where P (ω) is the intensity at each resonance frequency ω comes from the volume satisfying ω =
Beff(r) in a real space unit cell. When the contribution of Ahf is dominant, the NMR signal se-
lectively detects Mpara(r). In this resonance line shape derived from Mpara(r), the Mparain the
peak position of P (Mpara) is called Knight shift and the weighted center of P (Mpara) comes from
the spin susceptibility of conduction electron. In most cases, the Knight shift corresponds to the
spin susceptibility of conduction electron since the peak position of and the weighted center of the
resonance line have a same value. On the other hand, if the negligible Ahf , the NMR signal is derived
from B(r). The resonance line shape in the vortex lattice state is called Redfield pattern. In the
NMR measurement for Sr2RuO4 at the 99Ru site [69], the hyperfine coupling constant has the large
value as Ahf = −25[T/µB ], where µB is the Bohr magneton.

The Knight shift measurement corresponds to the spin susceptibility in the superconducting state,
reflecting the orbital- and spin-symmetry of pairs. The spin susceptibility of the BCS superconduc-
tors is predicted by the BCS theory [132]. After the author name, the spin susceptibility as a function
of T is so-called Yosida function. The behavior as Yosida function is confirmed by the Knight shift
measurement for the clean aluminum films as the s-wave superconductor [60]. From the Yosida
theory, the spin susceptibility in superconductors is given as

χ

χN
= − 2

N0

∫ ∞

0

N(E)
∂f(E)

∂E
dE, (2.2)

where N(E) is the electronic density of state (DOS), f(E) the Fermi distribution function, and χN

and N0 the spin susceptibility and the DOS at the normal state, respectively. In the spin-singlet
state, the spin susceptibility shows the decreasing behavior, and it is dependent gap anisotropy, as
shown in Fig. 2.5. For example, in the s- (d-) wave state, we can see the exponential (power-low)
behavior since it is fully gaped (formed the anisotropic gap with line node) on the Fermi surface. The
power-low behavior was observed by the NMR Knight shift measurement for YBa2Cu3O7−δ [63].
On the other hand, the χ/χN in the spin-triplet state does not change as a function of temperature
even below Tc if d-vector is perpendicular to the magnetic field where the Cooper pairs in the plane
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Fig. 2.5 T -dependence of spin susceptibility in the s-, d-, and p-wave states at a zero magnetic
field. I consider the two types chiral p-wave states d⊥H and d∥H. Considering two dimensional
cylindrical Fermi surface, the s- and chiral p-wave states are fully gaped, and the d-wave state
with line nodes gap are realized.

of magnetic field consist of equal spin pairs, as shown in Fig. 2.2(c). Since the N(E) within the
energy gap have no value when the Cooper pairs consist of equal spin pairs, χ/χN = 1, avoiding the
Pauli paramagnetic pair breaking effect. When d∥H(∥z), assuming triplet state with Sz = 0, the
T -dependence of spin susceptibility shows the increasing behavior as a function of T . In particular, in
chiral p-wave state, it shows the exponential behavior as Yosida function in a s-wave state, reflecting
the full gap state |ϕ| = |kx + iky| = 1.

Next, the properties of NMR relaxation rate (T1T )
−1 in superconducting states are explained. The

NMR relaxation rate (T1T )
−1 in superconducting state is decomposed by density of state (DOS)

term (T gg
1 T )−1 and superconducting coherence term (T ff

1 T )−1. It means that

(T1T )
−1 = (T gg

1 T )−1 + (T ff
1 T )−1.

Since the DOS term is derived from the quasiparticle excitations, temperature T -dependence of
the NMR relaxation rate is reflected by the anisotropy of the orbital symmetry of pairs on the
Fermi surface. At low T , the T -dependence of the NMR relaxation rate in the isotropic s-wave
state shows exponential behavior since low energy states do not appear within the gap. In the
d-wave state with line nodes of the pairing function, it shows power law T -dependence. In the
coherence term, Fermi surface average of the order-parameter is an important factor where ⟨∆(k)⟩k.
In the bulk s-wave pairing state, since ⟨∆(k)⟩k has a finite value where ⟨∆(k)⟩k = ⟨∆0⟩k ̸=0 with
a constant ∆0, T dependence of the NMR relaxation rate shows a Hebel-Slichter peak below the
critical temperature Tc. In d- and chiral p-wave pairing states, the coherence term vanishes since the
Fermi surface average of the pairing function vanishes due to the sign change of the pairing function
where ⟨∆(k)⟩k = ⟨(k2x − k2y)∆0⟩k = 0 and ⟨∆(k)⟩k = ⟨eiLz ⟩k = 0 with |Lz| = 1, respectively.
Therefore, the power law T -behavior and the existence of the coherence peak are the important
factor to distinguish between s-wave and non s-wave pairing states.

By the NMR and NQR measurement for the single crystal of Sr2RuO4 (Tc=1.48K) [70], the
absence of coherence peak and the power-law T 3 behavior of the NMR spin-lattice relaxation rate
T−1
1 were measured, This is evidence for the unconventional non s-wave superconductor. In the

impure sample Sr2RuO4 (Tc=0.7K) [71], T -dependence of T−1
1 shows the linear T behavior. The

T−1
1 of Sr2RuO4 is changed sensitively by the impurity effect.
On the other hand, the spin part of the pairing states can be observed by the comparative mea-

surement of NMR relaxation rates T−1
1 and T−1

2 since the rates are sensitive to the direction of
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Fig. 2.6 (a) T -dependence of (T1T )
−1 in s-wave state at a zero magnetic field. (b) The same

as (a), but in d-wave state.

T1
-1 (Spin-lattice) T2

-1 (Spin-spin)

Fig. 2.7 Schematic picture of the relation between the NMR pulsed field δH and the static
field H in the case of T−1

1 and T−1
2 .

magnetization vector. As shown in Fig. 2.7, using pulsed fields δH parallel (perpendicular) to the
static applied field H, we observe the NMR spin-lattice relaxation rate T−1

1 (the NMR spin-spin
relaxation rate T−1

2 ). When applied fields H are along the z direction, T−1
1 comes from xy compo-

nent of dynamical spin susceptibility χxx + χyy. And T−1
2 is from χzz + χyy if δH∥x. Therefore,

difference between T−1
1 and T−1

2 reflects the orientation of magnetization vector. In this thesis, we
will examine whether this idea can be applied to the identification of the d-vector in spin-triplet
superconductors.

2.5 Vortex states of spin-triplet pairing superconductors
In a type-II superconductor, meaning the ratio of penetration depth to coherence length λ/ξ >

1/
√
2, quantized flux of magnetic field can partially penetrate in the superconductors as in Fig. 2.8.

Screening currents flow around a center of the quantized flux, In the vortex state of the type-
II superconductor, phase winding 2π of the superconducting order-parameter so-called vorticity is
induced around the vortex center as shown in Fig. 2.9, and amplitude of the order-parameter has
to be zero at the vortex center as the singular point of vorticity. This vortex lattice state was
theoretically predicted by Abrikosov in 1957 [51]. For a range of applied field from lower critical
field to upper critical field (Hc1 < H < Hc2), the equilibrium state consists of the vortex lattice by
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Fig. 2.8 Schematic figures of a quantized magnetic field penetrating in a supercondutor (left
figure) and vortex lattice structure by the periodic penetration of quantized fields (right figure).
Brighter region is vortex core.
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Fig. 2.9 Schematic figure of phase winding around a vortex.

the mutually repelling of vorticies in Fig. 2.8. Since the magnetic field in the type-II superconductor
is quantized, the density of vortex becomes high with increasing magnetic field. At H < Hc1, a
perfect diamagnetic Meissner state is sustained. At H > Hc2, superconducting state changes to a
normal state.

In vortex states of type-II superconductors, a kind of Andreev bound state is formed around the
vortex core. The bound state has informative objects in the spatial and the energy dependencies
since the local electronic states at the vortex core are different from simple normal states. The
structures of the bound state are sensitive to properties of superconductors, such as the pairing
symmetry, Fermi surface anisotropy, and multi-band superconductivity. Therefore, we can know
these properties by the observation of physical quantities reflecting the local electronic structures in
the vortex states. Among many experimental methods for the purpose, STM is a powerful method
to directly observe the local quasiparticle excitations.

Hess et. al., performed the observation of site- and energy-dependences of the local quasipar-
ticle excitations in the vortex lattice state by the STM/STS measurements for a conventional su-
perconductor NbSe2 [72]. The STM/STS measurements in unconventional superconductors are
reviewed in Ref. [73]. Recently, the STM/STS measurement in the vortex state of topological insula-
tor/superconductor Bi2Te3/NbSe2 heterostructure has been performed [74], and theoretical studies
for the measurement have supported the existence of Majorana zero-energy modes in the vortex core
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[75, 76]. Moreover, spin polarization of Majorana zero-energy modes was investigated by the spin-
polarized STM/STS measurement, which can selectively detect the spin-dependent conductance [77].
The spin polarization in the vortex state of a topological superconductor CuxBi2Si3 was also the-
oretically studied in Ref. [78]. This spin-polarization is related to our calculation results for the
spin-polarized LDOS in the vortex state of helical p-wave superconductors, as discussed later.

In the bulk state of chiral p-wave superconductors, the chiral p±-states are degenerate in free
energy. In the vortex state, the free energy of the p− state is lower than the p+ state in all temperature
and magnetic field range except for the bulk state.
Local quasiparticle excitations in the vortex states of chiral p-wave superconductors were also

studied theoretically [80, 89, 91, 100, 101]. From these previous studies, it is suggested that the
impurity effects on the LDOS and the local NMR relaxation rate T−1

1 show different behaviors
between p+ and p－ states. In the vortex state of chiral p-wave superconductors, it is significant
to consider interaction between the angular momentum Lz of Cooper pair and the vorticity W of
the phase winding around a vortex, shown in Fig. 2.10. The chirality-dependence discussed later is
caused by the interaction between the chirality and the vorticity, depending on whether the chirality
Lz(= ±1) is parallel or anti-parallel to the vorticity W (= 1) in the vortex state of chiral p-wave
superconductors [80,124,126,150].

An#-‐parallel	  Parallel	  

P+	  wave	 P-‐	  wave	
vor#city	

chirality	

Fig. 2.10 Left figure is for the parallel vortex state (Chirality Lz = +1 is parallel to vorticity
W = +1). Right figure is for the anti-parallel vortex state (Chirality Lz = −1 is anti-parallel
to vorticity W = +1). In this study, we define that the superconducting state with chirality
Lz = ±1 is p±-state.

On the other hand, in the bulk state of helical p-wave superconductors, the time-reversal-invariant
superconductivity appears since Lz = ±1 are quenched with the degeneracy between up-spin and
down-spin pairs. The up-spin (down-spin) pair’s order-parameter ∆↑↑(∆↓↓) characterized by Sz =
+1(−1) has chirality Lz = −1(+1) so that the bulk condition Lz + Sz = 0 [18]. Therefore, in
the vortex state of helical p-wave superconductor, spin states of low-energy excitations may show a
unique behavior, reflecting the vorticity coupling to the chirality of ∆↑↑(Lz = −1) or ∆↓↓(Lz = +1).
This vortex state induces the spin-polarized Majorana state, as discussed later.
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Frequency Spin Orbital Total
ETO Even Triplet(Even) Odd
ESE Even Singlet(Odd) Even Anti-
OSO Odd Singlet(Odd) Odd commutation
OTE Odd Triplet(Even) Even

Table 2.3 The frequency, spin, and orbital symmetry of pairing states. The total parity
satisfies the anti-commutation of fermions.

2.6 Odd-frequency Cooper pairs
From the previous section, the vortex states of chiral p-wave superconductors are classified as parallel
or anti-parallel vortex states. In this research field, the odd-frequency Cooper pair in the anti-parallel
vortex state has been also investigated theoretically [80–82].

As shown in Table 2.3, the pairing symmetry is categorized to the four types when the inversion
symmetry is preserved. Two of them are even-frequency spin-singlet even-parity (ESE) and even-
frequency spin-triplet odd-parity (ETO) pairings, which do not change the sign of Cooper pair wave
function by the exchange of times of paired Fermions. Conventional spin-singlet s-wave pairing
belongs to ESE. The spin-triplet p-wave pairings discussed in this thesis belong to ETO.

There still remain two possibilities of Cooper pair symmetries, odd-frequency spin-singlet odd-
parity (OSO) and spin-triplet even-parity (OTE) pairs. Since a Cooper pair is composed of inter-
acting two electrons, the exchange between the particles forming the Cooper pair should satisfy the
anti-commutation relation. From this anti-commutation relation, the symmetry of Matsubara fre-
quency in the spin-triplet p-wave superconductor is represented by even parity as shown in Table 2.3.
Although conclusive evidence of odd-frequency pairing in bulk materials has not been observed ex-
perimentally. OSO and OTE pair amplitudes emerge ubiquitously in spatially nonuniform systems
through the Andreev bound states and the anomalous proximity effect.

The induction origin of odd-frequency Cooper pair in the anti-parallel vortex state is explained in
later chapters, and significantly contributes to anomalous suppression of the NMR relaxation rates.
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Chapter 3

Formulation

3.1 Quasiclassical theory
In this section 3, I explain our formulation of the quasiclassical Eilenberger theory. After we ex-
plain the derivation of the Eilenberger equation in the clean limit, we introduce the Eilenberger
equation including the non-magnetic impurity term, The impurity term is introduced by t-matrix
approximation, treating both cases of the Born limit and unitary limit.

Eilenberger equation is used when we quantitatively calculate the spatial variation in the length
scale of the coherence length in superconductors, after integrating out the spatial variation in the
scale of atomic distance.

3.1.1 Gor’kov theory

First, we introduce the Gor’Kov equation leading from the Dyson equation, and finally obtain the
Eilenberger equation. In the following, we deal with the field operator as a Fermion since the target
of this study is conductivity of electrons.

The Dyson equation form of the Gor’kov equation is given as∫
dr3{iωnδ(r1 − r3)1̌− Ȟ(r1, r3)}Ǧ(r3, r2; iωn) = δ(r1 − r2)1̌, (3.1)

where we consider BCS Hamiltonian Ȟ(r1, r2) [3] as

Ȟ(r, r′) =

(
δ(r − r′)Ĥ(r′) ∆̂(r, r′)

∆̂∗(r′, r) −δ(r − r′)Ĥ∗(r′)

)
(3.2)

Ĥ = − 1

2m
(∇+

is

c
A)2 − µ, ∆̂(r, r′) = gF̂ (r, r′)δ(r − r′)

This equation is Gor’kov equation. The symbol of hat indicates the 2×2 matrix in spin space
and the symbol of check indicates the 4×4 matrix in particle-hole and spin spaces. s is defined
by charge q as s = 1 (q = |e| > 0), s = −1 (q = −|e| < 0). A is the vector potential, µ

the chemical potential, g the pairing constant, F the anomalous Green’s function, ∆̂ the order-
parameter of the superconducting state in the spin space. The matrix components of ∆̂ are defined
as ∆σσ′(r,k) = [i

∑
µ=x,y,z(dµ(r,k)·σ̂µ)σ̂y]σσ′ where σ, σ′ = ↑(up-spin) or ↓(down-spin) and dµ is

µ-component of d-vector.
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Here, Matsubara Green’s function is defined as

Ǧ(r, r′; iωn) =

(
Ĝ(r, r′; iωn) F̂ (r, r′; iωn)

F̂ †(r, r′; iωn)
¯̂
G(r, r′; iωn)

)
, (3.3)

and components of Ĝ are

Gαβ(r, r
′; iωn) = −

∫ ℏβ
0
dτ̄exp(−iωnτ̄)⟨Tτ [ψα(r, τ)ψ

†
β(r

′, τ ′)]⟩

Fαβ(r, r
′; iωn) = −

∫ ℏβ
0
dτ̄exp(−iωτ̄)⟨Tτ [ψα(r, τ)ψβ(r

′, τ ′)]⟩

F †
αβ(r, r

′; iωn) = −
∫ ℏβ
0
dτ̄exp(−iωτ̄)⟨Tτ [ψ†

α(r, τ)ψ
†
β(r

′, τ ′)]⟩

Ḡαβ(r, r
′; iωn) = −

∫ ℏβ
0
dτ̄exp(−iωnτ̄)⟨Tτ [ψ†

α(r, τ)ψβ(r
′, τ ′)]⟩ = Gβα(r

′, r;−iωn)

(3.4)

(3.5)

for the Mastubara frequency ωn = (2n+1)π/ℏβ with in n∈Z, and Imaginary time τ̄ = τ−τ ′ = i(t−t′).
Here, ⟨Ô⟩ =

∑
i⟨i|Ô|i⟩e−β(Ei−µNi)/Ξ with the grand partition function Ξ, Tτ is the time (τ) ordering

operator.

3.1.2 Wigner representation and Moyal product

By performing the quasiclassical approximation for the Gor’kov equation, we derive the Eilenberger
equation by using the Wigner representation and the Moyal product [83]. When the atomic scale is
small enough compared to the superconducting coherence length, the quasi-classical approximation
is valid. For many superconductors, the quasiclassical condition is well satisfied.

We consider the Fourier transformation about the relative coordinate r = r1 − r2 as

Ǎ(R,k)≡
∫
drǍ(R+

r

2
,R− r

2
)e−ikr (3.6)

Ǎ(r1, r2)≡
∫
dkǍ(R,k)eikr (3.7)

where R = r1+r2

2 is the center-of-mass coordinate.

Next, we introduce the Wigner representation for the product Č of the Green function’s and the
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Hamiltonian

Č(r1, r2) =

∫
dr3Ǎ(r1, r3)B̌(r3, r2) (3.8)

=

∫
dr3dkdk

′Ǎ(
r1 + r3

2
,k)eik·(r1−r3)B̌(

r3 + r2
2

,k′)eik
′·(r3−r2) (3.9)

=

∫
dr3dkdk

′
∞∑

n=0

∞∑
m=0

1

n!

1

m!

∂nǍ(R,k)

∂Rn
(
1

2i
)n

∂n

∂k′n [e
ik′·(r3−r2)]

·∂
mB̌(R,k′)

∂Rm
(− 1

2i
)m

∂m

∂km
[eik·(r1−r3)] (3.10)

=

∫
dr3dkdk

′
∞∑

n=0

∞∑
m=0

1

n!

1

m!

∂n∂mǍ(R,k)

∂Rn∂k′m (
1

2i
)n
∂m∂nB̌(R,k′)

∂Rm∂kn
(− 1

2i
)m

·eik
′·(r3−r2)eik·(r1−r3) (3.11)

=

∫
dkdk′

∞∑
n=0

∞∑
m=0

1

n!

1

m!

∂n∂mǍ(R,k)

∂Rn∂k′m (
1

2i
)n
∂m∂nB̌(R,k′)

∂Rm∂kn
(− 1

2i
)m

·δ(k − k′)e−ik′·r2eik·r1 (3.12)

=

∫
dkeik·(r1−r2)exp[

i

2
(
∂

∂R

∂

∂k′ −
∂

∂R′
∂

∂k
)]Ǎ(R,k)B̌(R′,k′)|

R=R′,k=k′ (3.13)

≡
∫
dkeik·(r1−r2)Ǎ(R,k)⋆B̌(R,k). (3.14)

Here, the product ⋆ is defined as the above expression. This ⋆ is called the Moyal product.
Using the Moyal product, the Eq.(3.1) can be rewrote as

(iωn − Ȟ(R,k))⋆Ǧ(R,k; iωn) = 1̌ (3.15)

From the property of the BCS Hamiltonian(3.3) Ȟ(r, r′) = Ȟ†(r′, r), the another type Gor’kov
equation is given as

Ǧ(R,k; iωn)⋆(iωn − Ȟ(R,k)) = 1̌, (3.16)

exchanging the coordinates r, r′ and performing the Hermit conjugate.
In the following, we perform the quasiclassical approximation for two Gor’kov equations (3.15)

and (3.16).

3.1.3 Quasiclassical approximation for Gor’kov equations

In this subsection, we introduce the Eilenberger equation by performing the quasiclassical approxi-
mation to Gor’kov equations (3.15) and (3.16). This method is called Left-Right trick. In this thesis,
we describe the quasiclassical approximation to the left type equation(3.15) in detail. The right type
equation Eq.(3.16) is also performed in a similar manner to a quasiclassical approximation for the
left type equation.

Considering the condition that the scale of center-of-mass coordinate R is very small compared
to Fermi velocity, Moyal product is approximated as low-level of Taylor series.

Ǎ(R,k)⋆B̌(R,k) ∼ Ǎ(R,k)·B̌(R,k) +
i

2
(
∂Ǎ(R,k)

∂R
·∂B̌(R,k)

∂k
− ∂Ǎ(R,k)

∂k
·∂B̌(R,k)

∂R
). (3.17)
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When Ǎ(R,k) = H(R,k), B̌(R,k) = G(R,k; iω),

Ȟ(R,k)⋆Ǧ(R,k; iω) = (Ȟp(R) + Ȟd(k) + ∆̌(R,k))⋆Ǧ(R,k; iω)

∼ (Ȟp(R) + Ȟd(k) + ∆̌(R,k))·Ǧ(R,k; iω)

+
i

2
(
∂Ȟp(R)

∂R
·∂Ǧ(R,k)

∂k
− ∂Ȟd(k)

∂k
·∂Ǧ(R,k)

∂R
)

+ ∆̌(R,k)·Ǧ(R,k) + i

2
(
∂∆̌(R,k)

∂R
·∂Ǧ(R,k)

∂k
− ∂∆̌(R,k)

∂k
·∂Ǧ(R,k)

∂R
).

(3.18)

Here, we use the relation H = Hp +Hd + ∆̌(R,k) (Hp is site-dependent normal state Hamiltonian
such as potential, Hd is dispersion term of normal state Hamiltonian.) The superconducting term
of H is only ∆̌(R,k).

In the week coupling limit ∆≪EF ,
∂∆
∂k is independent to velocity k. And, dispersion term Hd is

rewrote as Hd(k) = ξ(k)τ̌3 (ξ(k) : dispersion, τ̌3 : z-component of Pauli matrix). Therefore,

∂∆

∂k
= 0,

∂Hd(k)

∂k
= v(k)τ̌3. (3.19)

From the Eq.(3.15),

(iω̃n − Ȟp(R)− Ȟd(k)− ∆̌(R,k))·Ǧ(R,k; iω)

− i

2
(
∂Ȟp(R)

∂R
·∂Ǧ(R,k; iωn)

∂k
− v(k)τ̌3·

∂Ǧ(R,k; iωn)

∂R
+
∂∆̌(R,k)

∂R
·∂Ǧ(R,k; iωn)

∂k
) = 1̌.

(3.20)

On the other hand, we perform the quasiclassical approximation to Eq.(3.16) in a similar way.

Ǧ(R,k; iω)·(iω̃n − Ȟp(R)− Ȟd(k)− ∆̌(R,k))

+
i

2
(
∂Ǧ(R,k; iωn)

∂k
·∂Ȟp(R)

∂R
− ∂Ǧ(R,k; iωn)

∂R
·v(k)τ̌3 +

∂Ǧ(R,k; iωn)

∂k
·∂∆̌(R,k)

∂R
) = 1̌

(3.21)

Then, we consider the remainder (3.20)-(3.21), and commutation relation [A,B]± = AB±BA.

[iω̃n − Ȟp(R)− ∆̌(R,k), Ǧ(R,k; iω)]− − i

2
[(
∂Ȟp(R)

∂R
+
∂∆̌(R,k)

∂R
),
∂Ǧ(R,k; iωn)

∂k
]+

+ iv(k)τ̌3·
∂Ǧ(R,k; iωn)

∂R
= 0̌ (3.22)

When the velocity-space k is decomposed by radius part ξ and solid angle Ω, ∂
∂k ∝ ∂

∂ξ(Ω) . Then,

we obtain the Eilenberger equation by ξ-integration of the Eq.(3.22)

[iω̃nτ̌3 − ∆̌(R,k)− Ȟp(R), ǧ(R,kF ; iωn)]− + iv(kF )∇·ǧ(R,kF ; iωn) = 0̌. (3.23)

where we change the notations as

Ȟp·τ̌3→Ȟp, ∆̌·τ̌3→∆̌ =

(
0̂ ∆̂

−∆̂∗ 0̂

)
,

∂

∂R
→∇, iω̃n = iωn +

πℏ
ϕ0

vF ·A− µBB (3.24)
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The quasiclassical Green function ǧ is defined as ǧ≡τ̌3
∮
dξǦ. And, in the weak coupling limit, the

parameter of quasiclassical Green function is Fermi velocity kF since Green function around the
Fermi energy show excessively large value compared to a value of G(ξ(k ̸=kF )).

If we introduce the impurity effect in the Eilenberger theory, we add the self-energy term to Hp(R)
as a perturbation. In the next subsection, we discuss the impurity effect in the Eilenberger theory.

When we consider ǧ as a solution of the Eilenberger equation(3.1.3), ǧ·ǧ is also solution of the
Eilenberger equation. And, since the Eilenberger equation is linear differential equation for ǧ, ǧ·ǧ
can be represented by the linear combination of ǧ. Thereby,

ǧ(R,kF ; iωn)·ǧ(R,kF ; iωn) = A1̌ +Bǧ(R,kF ; iωn), (3.25)

where A and B are arbitrary constants. On the other hand, in the bulk state,

ǧ(R,kF ; iωn)·ǧ(R,kF ; iωn) = 1̌. (3.26)

Therefore, if target system includes a partially bulk state, the normalization condition ǧ·ǧ = 1̌ is

always satisfied, where the matrix components ĝ2 − f̂ f̂† = 1̂. Here, ˆ̄g = ĝ.

3.1.4 t-matrix approximation

To calculate the impurity effects on the superconductors, t-matrix approximation in the quasiclas-
sical Eilenberger theory is considered [84]. In this thesis, the non-magnetic impurity scattering is
represented by the isotropic s-wave potential. The impurity self-energy is defined as the selfconsist
impurity scattering t-matrix,

Σ̌(R,kF ; iωn) = nsť(R,kF ,kF ; iωn), (3.27)

where ns is the impurity density and ť(R,kF ,kF ; iωn) is the selfconsistent t-matrix in the forward
scattering limit. This t-matrix describes multiple impurity scattering of quasiparticles and pairs in
the superconductor, and defined as

ť(R,kF ,k
′
F ; iωn) = ǔ(kF ,k

′
F ; iωn) +NFΣk′′

F
ǔ(kF ,k

′′
F ; iωn)ǧ(R,k

′′
F ; iωn)ť(R,k

′′
F ,k

′
F ; iωn). (3.28)

The Feynman diagram of t-matrix is represented by Fig. 3.1. In the Born limit,

ť(R,kF ,k
′
F ; iωn) = ǔ(kF ,k

′
F ; iωn) +NFΣk′′

F
ǔ(kF ,k

′′
F ; iωn)ǧ(R,k

′′
F ; iωn)ť(R,k

′′
F ,k

′
F ; iωn). (3.29)

When the non-magnetic impurity scattering is represented by the isotropic s-wave potential,
ť(R,kF ,k

′
F ; iωn) is written as

ť(R; iωn) = ǔ+NF ǔ⟨ǧ(R,kF ; iωn)⟩FSť(R; iωn), (3.30)

where the impurity potential is a constant as ǔ = u01̌, and ⟨· · ·⟩FS is the average of kF on the Fermi
surface. Therefore, we obtain

ť(R; iωn) = [1̌−NF ǔ⟨ǧ(R,kF ; iωn)⟩FS]
−1ǔ (3.31)

=
1̌−NF ǔ⟨ǧ(R,kF ; iωn)⟩FS
|1̌−NF ǔ⟨ǧ(R,kF ; iωn)⟩FS|

ǔ (3.32)

Then, we replace the t-matrix with the mean-free-time τ as

Σ̌(R,kF ; iωn) = nsť(R; iωn) =
1

τ
[1̌ + ⟨ǧ(R,kF ; iωn)⟩FS], (3.33)
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= ť = ǔ = ǧ

Fig. 3.1 Feynman diagram of the t-matrix.

where

1

τ
=

1/τ0

cos2δ0 + {⟨g⟩2FS − ⟨f⟩FS⟨f†⟩FS}sin
2δ0

, δ0 = tan−1(πNFu0) (3.34)

with the mean-free-time in the normal state τ0. Here, δ0 is the impurity scattering angle, and δ0→0
in the Born limit (weak impurity potential), δ0→π/2 in the unitary limit (strong impurity potential)
When T→Tc, 1/τ = 1/τ0 so that ⟨g⟩FS = 1 and ⟨f⟩FS = ⟨f†⟩FS = 0, the critical values such as Tc
and Hc2 in both Born and unitary limit show a same value. This is because 1/τ is independent of
δ0.

The first term of Σ in Eq. (3.33) vanishes in quasiclassical Eilenberger equation so that

[iω̃nτ̌3 − ∆̌(R,kF ), ǧ(R,kF ; iωn)]− + iv(kF )∇·ǧ(R,kF ; iωn) (3.35)

= [
1

τ
(1̌ + ⟨ǧ(R,kF ; iωn)⟩FS), ǧ(R,kF ; iωn)]−

= [
1

τ
⟨ǧ(R,kF ; iωn)⟩FS, ǧ(R,kF ; iωn)]−

= [Σ̌(R; iωn), ǧ(R,kF ; iωn)]−. (3.36)

where Σ̌(R; iωn) is redefined as Σ̌(R; iωn)≡ 1
τ ⟨ǧ(R,kF ; iωn)⟩FS by using the relation [1̌, ǧ]− = 0.

This Eilenberger equation can be solved by the explosion or the Riccati method [85–88]. In this
study, numerical calculations are performed by the Riccati method. I show the details of the Riccati
method in Appendix A. In the following, R and kF are rewritten as R→r and kF→k.

3.2 Linear response theory

In this section, we introduce the NMR spin-lattice relaxation rate T−1
1 [89–91] and the spin-spin

relaxation rate T−1
2 . First, the linear response theory is described.

The Hamiltonian including the time-dependent perturbation term is

H(t) = H0 +H1(t). (3.37)

This Hamiltonian is represented by schrödinger picture.
Then, quantum Liouville equation (von Neumann equation) [92] is

i
dρ̃(t)

dt
= [H̃1(t), ρ̃(t)], (3.38)

where the density matrix operator ρ̃(t) = eiH0tρ(t)e−iH0t. Operators with tilde, such as ρ̃(t) and

H̃1(t), are represented in the interaction picture. We integrate Eq. (3.38) with respect to time t, and
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obtain

ρ̃(t) = −i
∫ t

−∞
dt′[H̃1(t

′), ρ̃(t′)] + ρ̃(−∞) (3.39)

Since the perturbation term is added adiabatically, the density matrix at (t = −∞) corresponds to
the unperturbed state ρ̃(−∞) = exp[β(Ω−H0)].

Since this integral equation has a recursive property, we can rewrite the sum of the linear term
and the higher order non-linear terms

∆ρ̃(t)≡ρ̃(t)− ρ̃(−∞) = −i
∫ t

−∞
dt′[H̃1(t

′), ρ̃(−∞)] +O(H̃2
1). (3.40)

Then, linear response theory assumes that the high order non-linear terms can be neglected.
In addition, the expection value of an operator ∆A is

∆A(t) = tr[∆ρ̃(t)Ã(t)] (3.41)

= −i
∫ t

−∞
dt′tr[[H̃1(t

′), ρ̃(−∞)], Ã(t)] (3.42)

= −i
∫ t

−∞
dt′⟨[Ã(t), H̃1]⟩ (⟨X⟩≡tr[ρ̃(−∞)X]) (3.43)

= −
∫ ∞

−∞
dt′f(t′)[⟨Ã(t), B̃(t′)⟩]R, (3.44)

where H̃1(t) = −f(t)B̃(t) with general force f(t). A concrete example for the general force is the
magnetic field H(t) in the Zeeman energy H1 = H(t)·S where a spin S is the perturbation operator.
In this example corresponding the NMR experiment, the perturbation term is a fluctuation of the
internal field H(t) by a pulsed field, and H(t)·S is a coupling between the fluctuationing internal
field and the spin.

The Fourier transformation of ∆A is written as

∆A(ω) = −f(ω)[⟨ÃB̃⟩]Rω , (3.45)

with real frequency ω. Therefore, the general susceptibility χ(ω) is given by

χ(ω)≡∆A(ω)

f(ω)
= −[⟨ÃB̃⟩]Rω . (3.46)

This equation is called Kubo formula [94].

3.2.1 Callen-Welton formula

Callen-Welton formula reveals the relation between dispersion and fluctuation [95]. In the following,
we focus on the phenomena of the NMR relaxation.

First, we introduce the auto-correlation function for the transtion between the energy levels of up-
and down-spins

K(t) =
1

2
⟨{S+(t), S−(0)}⟩ =

1

2
⟨S+(t)S−(0) + S−(0)S+(t)⟩, (3.47)

where S+(t) = ψ†
↑(t)ψ↓(t) and S−(t) = ψ†

↓(t)ψ↑(t).
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Then, we perform the Fourier transformation of K(t)

F [K(t)] =

∫ ∞

−∞
dteiωtK(t) (3.48)

=
1

2

∫ ∞

−∞
dteiωt⟨S+(t)S−(0) + S−(0)S+(t)⟩ (≡

1

2
(K↑ +K↓) ) (3.49)

=
1

2
(1 + eβω)

∫ ∞

−∞
dteiωt⟨S−(0)S+(t)⟩, (3.50)

where we use the relation

⟨A(t)B(0)⟩ = tr[eβ(Ω−H)eiHtA(0)e−iHtB(0)] = ⟨B(0)A(t+ iβ)⟩. (3.51)

The relation in Eq. (3.51) is called Kubo-Martin-Schwinger condition.
In Eq. (3.50), K↑ and K↓ correspond to the transition probability of two-level system from down

spin to up spin, and from up spin to down spin, respectively. Therefore, the F [K(t)] is the transition
probability(NMR relaxation rate).

On the other hand, we consider also

Kcom(t) = ⟨[S+(t), S−(0)]⟩ (3.52)

which is defined by the commutation relation. The Fourier transformation of Kcom(t) is performed
as

F [Kcom(t)] =

∫ ∞

−∞
dteiωt⟨[S+(t), S−(0)]⟩ (3.53)

= (−1 + eβω)

∫ ∞

−∞
dteiωt⟨S−(0)S+(t)⟩ (3.54)

From Eqs. (3.50) and (3.54), we obtain

F [K(t)] =
1

2
coth(

βω

2
)F [Kcom(t)]. (3.55)

And, from the definition of F [Kcom(t)],

F [Kcom(t)] =

∫ ∞

−∞
dteiωt⟨[S+(t), S−(0)]⟩ (3.56)

= −
∫ ∞

0

dte−iωt⟨[S+(t), S−(0)]⟩∗ +
∫ ∞

0

dteiωt⟨[S+(t), S−(0)]⟩ (3.57)

= −2i Im[⟨S+(t)S−(0)⟩]Rω (3.58)

≡Imχ+−(ω) (3.59)

where the spin +− susceptibility is defined as

χ+−(ω) = −2i[⟨S+(t)S−(0)⟩]Rω . (3.60)

Therefore, Eq. (3.55) is rewritten as

F [K(t)] =
1

2
coth(

βω

2
)Imχ+−(ω). (3.61)

This relation is Callen-Welton formula, and the imaginary part of spin +− susceptibility gives the
NMR spin-lattice relaxation rate T−1

1 .



Chapter 3 Formulation 25

● ●� ���
�

��

�● ●� ���
� �

� �

Fig. 3.2 The Feynman diagram of spin susceptibility χ−+ formed by Green’s functions. Left-
diagram is Ḡ↓↓(x, x

′)G↑↑(x, x
′), right-diagram is F̄↓↑(x, x

′)F↑↓(x, x
′)

3.2.2 NMR spin-lattice relaxation rate T−1
1 in quasiclassical theory

In this section, we introduce the spin +− susceptibility described by Green’s functions, and perform
the quasiclassical approximation to the Green’s functions.

The spin +− susceptibility is

χ+−(x, x
′) = ⟨Tτ [S−(x)S+(x

′)]⟩ (x = (r, τ)). (3.62)

This definition is changed from Eq.(3.61), since the charge of quasiparticle is minus.
We substitute the definition of S+, S− in Eq. (3.62) and use Wick’s theorem [96–98].

χ+−(x, x
′) = ⟨Tτ [ψ†

↓(x)ψ↑(x)ψ
†
↑(x

′)ψ↓(x
′)]⟩ (3.63)

= Ḡ↓↓(x, x
′)G↑↑(x, x

′)− F̄↓↑(x, x
′)F↑↓(x, x

′) (3.64)

This susceptibility described by Green’s function expressed by Feynman diagrams in Fig. 3.2.
In Eq. (3.64) as Matsubara frequency form, we perform the Fourier transformation of the suscep-

tibility in Eq. (3.64) as

χ+−(r, r
′; iΩm) =

∫ β

0

dτeiΩmτχ±(r, r
′; τ) (3.65)

=
1

β

∑
ωn

[Ḡ↓↓(r, r
′; iωn)G↑↑(r, r

′; iΩm − iωn)

− F̄↓↑(r, r
′; iωn)F↑↓(r, r

′; iΩm − iωn)] (3.66)

We perform quasiclassical approximation to χ+−(r, r
′; iΩm) in the similar way as the derivation

of Eilenberger equation (Wigner tranformation and Fourier transformation).

χ+−(r, r; iΩm) = N2
F

1

β

∑
ωn

[⟨g22↓↓(r,kF ; iωn)⟩FS⟨g
11
↑↑(r,kF ; iΩm − iωn)⟩FS

−⟨g21↓↑(r,kF ; iωn)⟩FS⟨g
12
↑↓(r,kF ; iΩm − iωn)⟩FS], (3.67)

where

ǧ = τ̌3

∫
dξkǦ ≡ τ̌3

[
ĝ11 ĝ12

ĝ21 ĝ22

]
= −iπ

[
ĝ if̂

−if̂† −ˆ̄g

]
, (3.68)

with the normalization condition ǧ2 = −π21̌.
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From the susceptibility in the Matsubara frequency Ωm form, we perform the analytic continu-
ation χ+−(iΩm)→χ+−(ω) to obtain the NMR relaxation rate from the real frequency form of the
susceptibility.

The spectrum form of the quasiclassical Green’s function is

Â(iωn) =

∫ ∞

−∞
dω

â(ω)

iωn − ω
(3.69)

where Â∈[ǧ]ij is an arbitrary quasiclassical Green’s function, â(ω) is new function. We derives the
new function â(ω), as discussed later.

Using the spectrum form, we can obtain the quantity Q which is the sum of Matsubara frequency
sum of the products of quasiclassical Green’s functions A and B, as follows,

Q(iΩm) =
1

β

∑
ωn

A(iωn)B(iΩm − iωn) (A ∈ [Â]ij , B ∈ [B̂]ij) (3.70)

=
∑
ωn

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ a(ω)

iωn − ω

b(−ω′)

iΩm − iωn − ω′ (3.71)

=

∫ ∞

−∞
dω

∫ ∞

−∞
dω′a(ω)b(−ω′)

f(ω′)− f(ω)

ω − ω′ − iΩm
, (3.72)

where we use the Matsubara sum formula as

1

β

∑
ωn

1

(iωn − ω)(iΩm − iωn − ω′)
=
f(−ω′)− f(ω)

ω − ω′ − iΩm
, (3.73)

which gives the relation between the Matsubara sum and the real frequency in Fermion.
By the analytic continuation iΩm → Ω±iδ,

Q(Ω) =

∫ ∞

−∞
dω

∫ ∞

−∞
dω′a(ω)b(−ω′)

f(ω′)− f(ω)

ω − ω′ − Ω±iδ
(3.74)

= P
∫ ∞

−∞
dω

∫ ∞

−∞
dω′a(ω)b(−ω′)

f(ω′)− f(ω)

ω − ω′ − Ω

∓iπ
∫ ∞

−∞
dω

∫ ∞

−∞
dω′a(ω)b(−ω′){f(ω′)− f(ω)}δ(ω − ω′ − Ω). (3.75)

When Ω→0, from Eq. (3.75) and f(ω +Ω)− f(ω)∼f(ω), we obtain

lim
Ω→0

[
ImQ(Ω)

Ω
] =

πβ

4

∫ ∞

−∞
dωa(ω)b(−ω) 1

cosh2(βω/2)
. (3.76)

Next, we derive the equations for a(ω) and b(ω). We perform the analytic continuation for quasi-
classical Green’s function as

ĝij(iωn→E±iη) =
∫ ∞

−∞
dω

âij(ω)

E±iη − ω
(3.77)

= P
∫ ∞

−∞
dω

âij(ω)

E − ω
∓iπâij(E). (3.78)

In my numerical calculations, I use mainly η=0.01. In this analytic continuation, we integrate along
the path on real part of ω axis by adding a semicircle path in Fig. 3.3. From the Jordan’s lemma,
contributions from the semicircle path vanish.
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Jordan’s 
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Fig. 3.3 The Jordan’s lemma and figure for contours of the integral. ×-mark indicates a pole,
contour integral in the upper (lower) half-plane of the ω-space corresponds to the advanced
(retarded) Green function.

Then, we can obtain the âij(E) as

âij(E) =
i

2π
[ĝij(iωn→E + iη)− ĝij(iωn→E − iη)]. (3.79)

From the relation Eq. (3.68), the matrix elements of âij(E) is written as

a11σσ′(E,k, r) =
1

2
[gσσ′(E + iη,k, r)− gσσ′(E − iη,k, r)], (3.80)

a22σσ′(E,k, r) =
1

2
[ḡσσ′(E + iη,k, r)− ḡσσ′(E − iη,k, r)], (3.81)

a12σσ′(E,k, r) =
i

2
[fσσ′(E + iη,k, r)− fσσ′(E − iη,k, r)], (3.82)

a21σσ′(E,k, r) =
i

2
[f̄σσ′(E + iη,k, r)− f̄σ′σ(E − iη,k, r)]. (3.83)

Thereore, from Eqs. (3.67), (3.76), and (3.79) with T−1
1 (r, T ) = T limΩ→0+χ±(r, r; iΩm→Ω +

iδ)/Ω, the definition of NMR relaxation rate in the quasiclassical theory is written as

T1(Tc)Tc
T1(T )T

=
1

4T

∫ ∞

−∞

dE

cosh2(ω/2T )
W (E) (3.84)

where

W (E) =W gg
sl (E) +W ff

sl (E) (3.85)

W gg
sl (E) = ⟨a22↓↓(E)⟩FS⟨a

11
↑↑(−E)⟩FS (3.86)

W ff
sl (E) = −⟨a21↓↑(E)⟩FS⟨a

12
↑↓(−E)⟩FS. (3.87)

Moreover, T−1
1 is defined to the DOS term and coherence term of NMR relaxation rate as

(T1(T )T )
−1

(T1(Tc)Tc)−1
=

1

4T

∫ ∞

−∞

W gg
sl (E) +W ff

sl (E)

cosh2(E/2T )
dE (3.88)

≡ (T gg
1 (T )T )−1 + (T ff

1 (T )T )−1

(T1(Tc)Tc)−1
(3.89)

where T gg
1 comes from the DOS term with W gg

sl , T
ff
1 from the coherence term with W ff

sl .
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3.2.3 NMR spin-spin relaxation rate T−1
2 in quasiclassical theory

As shown in Fig. 2.7, for the NMR pulsed fields δH parallel to the static applied field H, we observe
the NMR spin-lattice relaxation rate T−1

1 . On the other hand, in the case δH⊥H , the NMR spin-
spin relaxation rate T−1

2 is observed. When H are along the z direction, T−1
1 by δH∥z comes from

the xy component of spin susceptibility χxx + χyy. And T−1
2 is from χzz + χyy if δH∥x. Therefore,

the NMR relaxation rate derived from the zz component of spin susceptibility is (T2zzT )
−1 defined

as (T2zzT )
−1/2 = (T2T )

−1−(T1T )
−1/2. In this thesis, I focus on the difference between the behavior

of the local (T1T )
−1 and (T2zzT )

−1.
The spin-lattice relaxation rate T−1

2zz is obtained from the zz component of spin susceptibility
χzz [99]. χzz is written as

4χzz(x, x
′) = 4⟨Tτ [Sz(x)Sz(x

′)]⟩
= ⟨Tτ [ψ†

↑(x)ψ↑(x)ψ
†
↑(x

′)ψ↑(x
′)]⟩ (3.90)

+ ⟨Tτ [ψ†
↓(x)ψ↓(x)ψ

†
↓(x

′)ψ↓(x
′)]⟩

− ⟨Tτ [ψ†
↑(x)ψ↑(x)ψ

†
↓(x

′)ψ↓(x
′)]⟩ (3.91)

− ⟨Tτ [ψ†
↓(x)ψ↓(x)ψ

†
↑(x

′)ψ↑(x
′)]⟩ (3.92)

≡χ↑↑(x, x
′) + χ↓↓(x, x

′)− χ↑↓(x, x
′)− χ↓↑(x, x

′), (3.93)

here

2Sz(x) = ψ†
↑(x)ψ↑(x)− ψ†

↓(x)ψ↓(x). (3.94)

These four spin susceptibilities can be represented by Green’s functions, and performed the
quasiclassical approximation in the same procedure as in T−1

1 derived from χ−+. As shown in
Fig. 3.4, χzz(x, x

′) is written as

4χzz(x, x
′)

= Ḡ↑↑(x, x
′)G↑↑(x, x

′)− F †
↑↑(x, x

′)F↑↑(x, x
′)

+ Ḡ↓↓(x, x
′)G↓↓(x, x

′)− F̄↓↓(x, x
′)F↓↓(x, x

′)

− Ḡ↑↓(x, x
′)G↑↓(x, x

′) + F̄↑↓(x, x
′)F↑↓(x, x

′)

− Ḡ↓↑(x, x
′)G↓↑(x, x

′) + F̄↓↑(x, x
′)F↓↑(x, x

′), (3.95)

The spin-spin NMR relaxation rate T−1
2 is defined as

T−1
2 (r, T ) =

1

2
T−1
1 (r, T ) + T lim

Ω→0
Im

χzz(r, r, iΩm→Ω+ iδ)

Ω
.

(3.96)

In the same procedure as in T−1
1 , we can obtain the quasiclassical form of T−1

2 by the Fourier
transformation and the analytic continuation for χzz.

(T2(T )T )
−1

(T2(Tc)Tc)−1
=

(T gg
2 (T )T )−1 + (T ff

2 (T )T )−1

(T2(Tc)Tc)−1

=
1

2

(T1(T )T )
−1

(T1(Tc)Tc)−1
+

∑
σσ′

Sσσ′

∫ ∞

−∞

W gg
σσ′(E, r) +W ff

σσ′(E, r)

16T cosh2(E/2T )
dE (3.97)
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Ḡ"#

G## F##

F̄"#

G#" F#"
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Fig. 3.4 The Feynman diagram of the spin susceptibility χzz(x, x
′) formed by Green’s functions.

where

Sσσ′ =

{
+1 (σ = σ′)
−1 (σ ̸=σ′)

(3.98)

W gg
σσ′(E, r) = ⟨a22σσ′(E,k, r)⟩FS⟨a

11
σσ′(−E,k, r)⟩FS, (3.99)

W ff
σσ′(E, r) = −⟨a21σσ′(E,k, r)⟩FS⟨a

12
σσ′(−E,k, r)⟩FS, (3.100)

and Sσσ′ = 1 when σ = σ′, Sσσ′ = −1 when σ ̸=σ′. In a spin-singlet pairing state, (T1T )
−1 = (T2T )

−1

since
∑

σσ′W
gg
σσ′ = 2W gg

sl and
∑

σσ′W
ff
σσ′ = 2W ff

sl . (T gg
2 T )−1 is the contribution in (T2T )

−1 from

the DOS termW gg
σσ′ , (T

ff
2 T )−1 is the contribution from the coherence termW ff

σσ′ . Therefore, we can

numerical calculation the T−1
1 and T−1

2 in the vortex state by solving the Eilenberger equation (3.1.4).

3.3 Calculation method
In this section, the self-consistent calculation method for the quasiclassical Eilenberger equation in
the vortex lattice state is explained.
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The quantities are scaled by the Eilenberger units defined as

Eilenberger unit

ξ0 =
ℏvF

2πkBTc
: Length (3.101)

B0 =
ϕ0

2πkBR2
0

: Magnetic flux density (3.102)

A0 = B0ξ0 : Vector potential (3.103)

v =
vF

|vF |
: Fermi velocity (3.104)

µ̃ =
µBB0

πkBTc
: Pauli paramagnetism (3.105)

κ̃ =
B2

0

8π(πkBTc)2N0
: GL parameter (3.106)

πkBTc : Energy : E, ∆, ωn (3.107)

Tc : Temperature (3.108)

(3.109)

where Tc is the transition temperature at a zero field, vF the Fermi velocity, ϕ0 the flux quantum,
N0 the DOS of normal state. In the following, we set ℏ = kB = 1.

First in my numerical calculation, I calculate the Eilenberger equation in the Matsubara repre-
sentation to obtain the order-parameter and vector potential selfconsistently in a static state. In
the vortex state, the order-parameter and the vector potential show the spatial distribution, reflect-
ing the superconducting state 3.6. In the self-consistent calculations, I iterate calculations of the
Eilenberger equation (3.1.4) with Gap equation and Maxwell equation, and self-energy in the vortex
lattice state. The iteration process of these equations are shown in Fig. 3.5.

The gap equation is that

∆(r) = gN0T
∑

0<ωn≤ωcut

⟨ϕ∗(k)(f + f†∗)⟩FS, (3.110)

where (gN0)
−1 = InT + 2T

∑
0<ωn≤ωcut

ω−1
n , and I use ωcut = 20kBTc. For the selfconsistent calcu-

lation of the vector potential for the internal field B(r), we use the Maxwell equation,

∇×(∇×A) = −2Tκ−2
∑
0<ωn

⟨vIm{g0}⟩FS. (3.111)

The vector potential is given as A(r) = 1
2H×r+a(r) in the symmetric gauge. If magnetic fields are

applied along the z axis, H = (0, 0,H) is a uniform flux density, and a(r) is related to the internal
field B(r) = (0, 0, B(r)) = H +∇×a(r). When the non-magnetic impurity effects are considered,
selfconsistent calculation is performed with the self-energy defined as

Σ̌(iωn; r) = ⟨ǧ(iωn; r,k)⟩FS. (3.112)

By selfconsistently solving the quasiclassical Eilenberger equations in the Riccati method under ∆(r)
and a(r) of the vortex lattice case, we obtain the quasilassical Green’s functions at 40×40 discretized
points in a unit cell of the vortex lattice as shown in Fig. 3.7.
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The quasiclassical Green’s functions and the order parameter are described as

ǧ(iωn, r,k) = −iπ

[
ĝ(iωn, r,k) if̂(iωn, r,k)

−i ˆ̄f(iωn, r,k) −ĝ(iωn, r,k)

]
, (3.113)

∆̌(r,k) =

[
0 ∆̂(r,k)

−∆̂†(r,k) 0

]
, (3.114)

where ǧ2 = −π21̌. The spin spaces of ĝ and ∆̂ are, respectively, defined by the matrix elements

gσσ′(iωn, r,k) = [g0(iωn, r,k)1̂ +
∑

µ=x,y,z

gµ(iωn, r,k)σ̂µ]σσ′

(3.115)

∆σσ′(r,k) = [i
∑

µ=x,y,z

(dµ(r,k)·σ̂µ)σ̂y]σσ′ , (3.116)

where σ, σ′ = ↑(up-spin) or ↓(down-spin), and dµ is µ-component of d-vector. In addition, the matrix
elements of order-parameter are defined by

∆σσ′(r,k) = ∆+,σσ′(r)ϕp+(k) + ∆−,σσ′(r)ϕp−(k) (3.117)

with the order parameter ∆±,σσ′(r) and the pairing function ϕp±(k) = kx±iky for the p±-state.
When the site-average of the order-parameter’s amplitude is converged, I stop the self-consistent

calculation, and obtain the spatial distributions in the Matsubara representation of the order-
parameter ∆(r) and the vector potential A(r). In Fig 3.6, results for |∆(r)| and B(r) are presented
as an example. There, the Maxwell equation has periodic boundary condition of vortex lattice
state. And, we can obtain the selfconsistent solution being independent of initial values by solving
the Eilenberger equation in the Riccati method. The details are explained in Appendix A. From
the distribution of internal magnetic field B(r), we can calculate the NMR resonance line shape as
P (ω) =

∫
δ(ω −B(r))dr [68].

Next, we perform the analytic continuation iωn → E + iη to solve the quasiclassical Eilenberger
equation in the real-energy representation. η is a small parameter. When we solve the quasiclassical
Eilenberger equation in the real-energy representation, I fix the spatial structures of order-parameter
and vector potential as the selfconsistent solution of the quasiclassical Eilenberger equation in the
Matsubara representation. Then, we can obtain the spatial distributions of the quasiclassical Green’s
functions in the real-energy representation in the vortex lattice state ǧ(iωn → E + iη; r,k). When
we consider the impurity effects, the self-consistent calculation with the self-energy Σ̌(E + iη, r) =
⟨ǧ(E + iη, r,k)⟩FS is performed.

The spin-resolved LDOS Nσ(E, r) is given by

Nσ(E, r) = ⟨Re{[ĝ(E + iη, r,k)]σσ⟩FS. (3.118)

The LDOS N(E, r) = N↓(E, r) + N↑(E, r) and the spin-polarized LDOS N(E, r) = N↓(E, r) −
N↑(E, r) are defined. From the real-energy integral in Eqs. (3.84) and Eq.(3.97), the local NMR

relaxation rates T−1
1 and T−1

2 in the vortex lattice state can be obtained by using the obtained
solutions ǧ(iωn → ω + iη; r,k).
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Fig. 3.5 Schematic figure of the selfconsistent calculation method of the Eilenberger equation
with Gap equation, Maxwell equation, and self-energy.

	Order-para. Internal field

Fig. 3.6 Left figure is the spatial structure of order-parameter’s amplitude |∆(r)| and right
figure is the spatial structure of internal field B(r) in the s-wave state at temperature T = 0.5Tc,
and the averaged internal field H = 0.30B0.
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Fig. 3.7 Schematic figure of the vortex lattice. The gray zone is the unit cell of the vortex lattice.



34

Chapter 4

Site-selective NMR

In this chapter, the method to identify the chirality of the pairing states in spin-triplet chiral p±-wave
superconductors, i.e., Lz = +1 or −1 is investigated by the site-selective NMR measurement. This
chapter 4 includes the sentences, table and figures from K. K. Tanaka, M. Ichioka, and S. Onari,
Phys. Rev. B 93, 094507 (2016) [91] and K. K. Tanaka, M. Ichioka, and S. Onari, Physica C 530,
62 (2016) [109].

4.1 Site-selective NMR method
The local T−1

1 were detected by the site-selective NMR measurement for high-Tc superconduc-
tors [102–104] and a conventional superconductor [105]. To investigate these observations, the
theoretical studies for site-selective NMR methods were also performed [111].

As shown in Fig. 4.1, the local T−1
1 (r) as a function of internal field B(r) at the same position r

can be extracted by tuning the resonance frequency among the resonance line shape since the internal
field is in proportion to the resonance frequency. The signal from the higher (lower) field comes from
the inside (outside) of the vortex core. Moreover, the spectrum of B(r) in Sr2RuO4 was observed
by µSR measurements [23]. The site-selective NMR measurement is a method to observe the local
electric states in the vortex state, and a complementary method to STM/STS measurements.

As for the chiral p-wave superconductors, previous theories using single vortex model have sug-
gested that the temperature dependence of T−1

1 is different between p± states at the vortex center
[89,101]. These single vortex model theories are exact only at the vortex center and the low magnetic
field limit. Local T−1

1 in the chiral p-wave superconductors in the vortex lattice state has also been
studied by the Bogoliubov-de Gennes theory [100]. However, the calculation was only performed in
extremely high magnetic field case, where the inter-vortex distance is a few dozens of atomic distance.
Moreover, impurity effects were not included in the previous calculation. In this thesis, I calculate
the site- and internal field dependence of the local T−1

1 by solving the quasiclassical Eilenberger
equation in the vortex lattice state [91]. And I show the relation between anomalous suppression of
the local T−1

1 and the odd-frequency Cooper pairs. I also present the impurity effects on the internal
field dependence of the local T−1

1 in the Born limit and the unitary limit [109].
As explained in Sec. 2.5, we have to distinguish the parallel and the anti-parallel vortex states in

chiral p-wave superconductors. On the other hand, the odd-frequency Cooper pairs in the vortex
state of chiral p-wave superconductors have been investigated theoretically as exotic states [80–82].

Since a Cooper pair is composed of interacting two electrons (Fermi particles), the exchange
between the particles forming a Cooper pair satisfies the anti-commutation relation. From the
anti-commutation relation, the symmetry of Matsubara frequency in the spin-triplet p-wave super-
conductor is represented by even parity as shown in Table 2.3.

In the anti-parallel vortex state where the interaction between chirality and vorticity satisfies
Lz +W = 0, the s-wave (even parity) Coopers pair are induced around the vortex core as a sub-
component. Since the s-wave pairs have spin-triplet symmetry, the symmetry of Matsubara frequency
has to be odd parity. Therefore, in the vortex states of spin-triplet chiral p-wave superconductors,
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Fig. 4.1 The Redfield pattern of the resonance line shape of the NMR, P (B), for chiral p-wave
pairing. H/B0 = 0.02, T/Tc = 0.5. The resonance line shape is derived from the distribution of
the internal magnetic field B(r)/H presented in the inset. In the inset, arrow indicates radius
r from the vortex center along the next-nearest-neighbour vortex direction.

the odd-frequency s-wave Cooper pairs are induced by the interaction between chirality and vorticity.
In this chapter, I show the local NMR spin-lattice relaxation rate T−1

1 in the vortex states of
chiral p-wave superconductors, and focus on the difference between p+ and p− states. In addition,
we investigate the impurity effects on the local T−1

1 .

4.2 Model and parameters
From the theoretical investigations for Sr2RuO4 [39–42, 44], it has been proposed that the mech-
anisms of the spin-triplet superconductivity derived mainly from dxy band, forming the quasi two
dimensional Fermi surface called γ sheet in Fig. 2.4. From the theoretical study with the multi-orbital
and -band model of Sr2RuO4, the chiral p-wave state is expected to be realize below Tc [44].

In this chapter, I consider the chiral p-wave pairing on the two-dimensional cylindrical Fermi
surface, k = (kx, ky) = kF(cosθk, sinθk), and the Fermi velocity vF = vF0

k/kF. The order-parameter
is defined as

∆̌(r,k) =

[
0 ∆̂(r,k)

−∆̂†(r,k) 0

]
. (4.1)

The spin space of ∆̂ is defined by the matrix elements ∆σσ′(r,k) = [i
∑

µ=x,y,z(dµ(r,k)·σ̂µ)σ̂y]σσ′

where σ, σ′ = ↑(up-spin) or ↓(down-spin), and dµ is µ-component of d-vector. In addition, the matrix
elements of order-parameter are defined by

∆σσ′(r,k) = ∆+,σσ′(r)ϕp+(k) + ∆−,σσ′(r)ϕp−(k) (4.2)

with the order-parameter ∆±,σσ′(r) and the pairing function ϕp±(k) = kx±iky for the chiral p±-wave
pairings.

This chapter is focused on the difference between chirality of the p± states, considering the local
T−1
1 in the chiral p-wave state. I consider the chiral p±-wave states defined as d(k)∝(kx − iky)ẑ

where d∥z. Thus, when we iterate calculations of Eilenberger equation with the gap equation, the
Maxwell equation, and the self-energy, as an initial value d-vector is set to be d(r,k) = Ψ(r)d(k)
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where Ψ(r) is Abrikosov vortex lattice solution. In addition, some Cooper pairs are induced as a
sub-component of superconductivity.

We set the Ginzburg-Landau parameter κ = 2.7 appropriate to Sr2RuO4. And, we use Pauli-
paramagnetic parameter µ̃ = 0.01. Tc is the superconducting transition temperature in the clean
limit at a zero magnetic field.

	 	Main Induced

Fig. 4.2 The spatial distribution of the order-parameter |∆−(r)| (Main-component), and
|∆+(r)| (sub-component) for the p−-state. T/Tc = 0.5, H/B0 = 0.10. Brighter region has
larger |∆(r)|

4.3 Local NMR spin-lattice relaxation rate T−1
1 for chiral p-wave state

As shown in Fig. 4.3 for p± states, the temperature T -dependences of local (T1T )
−1 are presented. I

focus on the difference between p+ and p− states, and as a reference I show the dx2−y2 -wave pairing

state as a reference ∆̃(r,k) = ∆d(r)
√
2 cos 2θk [111]. At the midpoint between next nearest neighbor

(NNN) vortices where is outside of the vortex core in Fig. 4.3(a), the T -dependence is similar to
the bulk chiral p-wave superconductors in both p± states. There T -dependence at low T show an
exponential behavior, reflecting the full gap |ϕp±| = 1. This exponential behavior corresponds to
the low-T behavior in s-wave state as Yoshida function. On the other hand, around the vortex core
in Figs. 4.3(b) and 4.3(c), we can see the difference depending on the chirality directions. The local
(T1T )

−1 in the p+ state is more enhanced with approaching the vortex core. This enhancement is
due to the localized low energy DOS around the vortex core, and moderate compared to the dx2−y2-
wave pairing state [111]. However, the local (T1T )

−1 in the p− state does not show the enhancement
in Figs. 4.3(b) and 4.3(c). This suppression is related to the odd-frequency Cooper pairs around the
vortex core, as discussed later.
In order to see the site-dependence in detail, we show local (T1T )

−1 as a function of radius r on
a line between NNN vortices as shown in Fig. 4.4. Outside region of the vortex core r/ax≥0.2,
local (T1T )

−1 shows almost the same r-dependence between the p+ and p− states. Inside the vortex
core, local (T1T )

−1 in the p+ state is enhanced, but it is anomalously suppressed in the p− state.
And, noted that local (T1T )

−1 in the d-wave monotonically decreases as a function of r, but it has
a minimum at r ∼ 0.175ax in the p+ state. In the inset of Fig. 4.4, we can see the minimum region
surrounding the vortex core.
Next, we investigate how the difference between the p+ and p− states is observed in the site-

selective NMR method. From the calculation results of internal field distribution B(r), the Redfield
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(a) (b) (c)

Fig. 4.3 T -dependence of local (T1T )
−1 for the p± states at radius r/ax = 0.5(a), 0.1(b),

0.05(c) from the vortex center along the NNN vortex direction. ax is inter vortex distance
along the NNN direction. We plot normalized values (T1(T )T )

−1/(T1(Tc)Tc)
−1 as a function

of t at H/B0 = 0.02. The vertical axis is a logarithmic scale. The dx2−y2 -wave case is also
shown for reference. Tc/Tc0 = 0.985 (0.975) at H/B0 = 0.02 in the p± (dx2−y2) states.

Fig. 4.4 Local (T1T )
−1 as a function of radius r/ax from the vortex center along the NNN

direction for the p+ and p− states. The dx2−y2 -wave case is also shown. The vertical axis is

a logarithmic scale. T/Tc0 = 0.5 and H/B0 = 0.02. (T1T )
−1 is normalized by the value at

Tc. The inset shows a spatial structure of (T1T )
−1 for the p+ state. Brighter region has larger

(T1T )
−1.

pattern [127] of the NMR resonance line shape is given theoretically, as P (ω) =
∫
δ(ω−B(r))dr. The

intensity at each resonance frequency ω comes from the volume satisfying ω = B(r) in a unit cell.
The spectrum of internal magnetic field P (B) in Sr2RuO4 was observed by µSR [23]. In Fig. 4.5(a),
we present local (T1T )

−1 as a function of local field B(r) at the same position r with P (B). At lower
resonance fields B/H < 1 near the peak of P (B), NMR signals come from outside of the vortex
cores. In this range, local (T1T )

−1 in both p± states decreases as a function of B similarly. The tail
of P (B) at higher B corresponds to the vortex core region. In this range B/H > 1, the chirality
dependence of local (T1T )

−1 appears. The local (T1T )
−1 in the p+ state increases as a function of

B, but it decreases in the p− state. However, at the low applied magnetic field H, the signal at
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(a)

(b)

(c)

Fig. 4.5 Solid lines are the Redfield pattern of the NMR resonance line shape, P (B), for the
p− state. Points are for B-dependence of (T1T )

−1 for the p+ and p− states. The dx2−y2 -wave

case is also shown. T/Tc = 0.5 and H/B0 = 0.02(a), 0.10(b), 0.20(c). (T1T )
−1 is normalized

by the value at Tc. Only data points (T1T )
−1≤1.2 are presented in (a), (b) and (c).
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Symmetry Chirality Vorticity W
component Lz p+ state p− state

d2+ 2 0 (center) −2
p+ 1 1 (main) −1
s 0 2 0 (center)
p− −1 3 1 (main)
d2− −2 4 2

Lz +W = 2 Lz +W = 0

Table 4.1 Relation of vorticityW and chirality Lz for each symmetry component of the orbital-
decomposed Cooper pair Fm around a vortex in the p+ and p− states. Main component in
each case has W = 1. The induced component has other W locally around the vortex center
by the conservation of Lz +W [80]. At the vortex center, induced component with W = 0 has
finite amplitude.

higher B coming from the vortex core region is weak in P (B). On the other hand, at higher applied
magnetic field H as shown in Figs. 4.5(b) and 4.5(c), the signal at higher B sensitive to the chirality
dependence becomes larger in P (B), since weight of the vortex core region compared to the unit
cell of the vortex lattice increases with raising H. In Fig. 4.5(b), local (T1T )

−1 in the p+ state
increases as a function of B in all resonance filed region. However, it is almost flat in the p− state
except for largest B. In Fig. 4.5(c), local (T1T )

−1 in both p± states increases as a function of B.
From these calculation results, we can distinguish the direction of the chirality of Cooper pair i.e.,
p+ or p− state by measuring B-dependence of local (T1T )

−1. In particular, it is important that we
observe the monotonically decreasing or flat behavior of local (T1T )

−1 as a function of B, since this
characteristic behavior is realized only in the p− state. And, from the previous studies [124,150], it
is expected that the p− state has a lower free energy compared to the p+ state in the parallel vortex
state. However, we should take care about the strength of H, since B-dependence of local (T1T )

−1

changes as shown in Fig. 4.5(c), when the applied field is too high.

4.4 Relation to Odd-frequency Cooper pairs

To discuss the reasons for the anomalous suppression of T−1
1 around the vortex core in the chiral

p-wave superconductors, we present the decomposition of (T1T )
−1 to the DOS term (T1ggT )

−1 and
the coherence term (T1ffT )

−1 in Figs. 4.6(a) and 4.6(b). There, we see that (T1ggT )
−1 is enhanced

around the vortex core in both p± states similarly, as in the s- and dx2−y2-wave cases [111]. The
enhancement reflects low energy DOS around the vortex core. The chirality-dependence appears in
negative coherence term (T1ffT )

−1. In the p− state, negative (T1ffT )
−1 cancels the enhancement

of (T1ggT )
−1, so that (T1T )

−1 is suppressed in the vortex core. In the p+ state, weak suppression
of (T1T )

−1 in the region surrounding vortex in Fig. 4.4 is also due to the small negative term
(T1ffT )

−1. Therefore, in the p+ state, we can say that the (T1ggT )
−1 of a normal signal obscures

the (T1ffT )
−1 of a superfluid response. However, in the p− state, since the superfluid response is

enhanced around the vortex core including the proximity effect of superconductivity, the normal
signal does not obscure the superfluid response.
At last, we discuss origin of the negative coherence term. From Eqs. (3.84)-(3.89), s-wave pair

can contribute to the coherence term (T1ffT )
−1 since the condition ⟨f⟩k ̸=0 with Lz = 0. Actually,

in conventional s-wave superconductor, a Hebel-Slichter peak appears below Tc due to the coher-
ence term [111, 140, 142]. To check this condition, we calculate orbital-decomposed Cooper pair
Fm(E, r) = ⟨ϕ∗m(k)f(E + iη,k, r)⟩k. In addition to ϕp±(k), we employ ϕs(k) = 1 for the s-wave,
and ϕd2±(k) = e±i2θ for the chiral d-wave. The obtained s- and d-wave components in the chiral
p-wave superconductors are odd-frequency Cooper pair [80]. In Figs. 4.6(c) and 4.6(d), we present
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(d)

(c)

(a)

(b)

-
-

-

-
-

-

Fig. 4.6 Site r-dependence of (T1T )
−1, (T1ggT )

−1, (T1ffT )
−1 in (a) the p+ state and (b) the p−

state. (T1T )
−1, (T1ggT )

−1, (T1ffT )
−1 is normalized by (T1(Tc)Tc)

−1. r-dependence of orbital-
decomposed amplitude of Cooper pair |Fm(E = 0)| in (c) the p+ state and (d) the p− state.
m = s, p±, and d2±. In all figures, T/Tc0 = 0.5 and H/B0 = 0.02. r is radius from the vortex
center along the NNN vortex direction. In the p− state, |Fd2+(r, E = 0)|∼|Fd2−(r, E = 0)|.
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the r-dependence of |Fm(E = 0, r)|, where the induced s- and d-wave amplitude have large values
around the vortex core. As summarized in Table 4.1, the vorticity W of the symmetry component
Fm with the chirality Lz is determined by the condition Lz+W = 2 in the p+ state and Lz+W = 0
in the p− state. In the p+ state, chiral d2+-wave component has W = 0, giving large amplitude
at the vortex center. Small induced s-wave component also appears, but it vanishes at the vortex
center since it has W = 2, as shown in Fig. 4.6(c). In the p− state, the s-wave component has
W = 0 thus it has large amplitude at the vortex center, as shown in Fig. 4.6(d). The odd-frequency
s-wave Cooper pair determines the r-dependence of the negative coherence term (T1ffT )

−1 in Figs.
4.6(a) and 4.6(b). In particular, at low T limit, we confirmed that (T1ffT )

−1∼ − |Fs(E = 0)|2 at
the vortex center from the calculation results.

The previous theoretical study using the Andreev bound state model showed that T−1
1 at the

vortex center is completely zero (T−1
1 ∼0) due to the coherence effect when the Lz is anti-parallel

to the W [89, 101]. On the other hand, previous our study using the Bogoliubov-de Gennes theory
confirmed the relation N(E = 0, r)∝|Fs(E = 0, r)| in the p− state for the vortex core quasiparticle
states with Majorana zero mode [82]. Considering these relations, we find that the (T1ffT )

−1

related to the odd-frequency s-wave Cooper pair tends to cancel the local DOS term (T1ggT )
−1,

since (T1gg(r)T )
−1∼N(E = 0, r)2 and (T1ff (r)T )

−1∼ − |Fs(E = 0, r)|2 at low T and H limit (low
energy limit). Therefore, the anomalous suppression of (T1T )

−1 is also explained by the nature of
the Majorana state. Note that, in our calculation results at finite T and H states, (T1T )

−1 is not
completely zero around the vortex core, since quasiparticle states different from Majorana zero mode
also contribute to the NMR relaxation, as shown in Fig. 4.4.
When we discuss the influence of the sub-dominant components, we have to distinguish the order-

parameter ∆ and the pair amplitude F . The sub-dominant components such as odd-frequency s-
and d-wave Cooper pairs vanish in the order parameter, since the order-parameter is determined
by the gap equation of Eq. (3.110). Therefore, the qualitatively unique mechanism of the negative
coherence term related to the odd-frequency Cooper pairs in the chiral p-wave superconductors does
not seriously depend on the details of setting the pairing interaction for the sub-dominant order
parameter.

4.5 Impurity effects on the local NMR spin-lattice relaxation rate T−1
1

The impurity effects in the Born limit and the unitary limit on the local T−1
1 in the p+ states

are investigated [109]. Since the impurity effects on unconventional superconductors reduce Tc, the
strength of impurity effects can be evaluated by the ratio as Tc′/Tc where Tc′ is superconducting
transition temperature with the impurity effect and the magnetic field. In this calculation, I consider
the Born limit and unitary limit with τ−1

0 = 0.1 in Eq. (3.34) where Tc′/Tc≃0.74 at H/B0 = 0.02.
In the Born limit as a weak impurity potential, (T1T )

−1 increases as a function of B in the p± state,
but it even decreases in the p− state. Since the anti-parallel vortex state is represented by s-wave like
symmetry, local (T1T )

−1 in the p− state around the vortex core is rigid in the Born limit impurity
scattering. This is similar to the Anderson theorem [110]. In the unitary limit, (T1T )

−1 increases as
a function of B both in the p± states.
In the unitary limit, zero-energy local DOS largely appears even outside of vortex core. The

zero-energy local DOS around the vortex core is suppressed. From our calculation results for local

(T gg
1 T )−1 and (T ff

1 T )−1, in the unitary limit as a strong impurity potential, we confirmed that local

(T gg
1 T )−1 and (T ff

1 T )−1 around thee vortex core are suppressed by the influence of the electronic

state around the outside of vortex core, and the coherence term |(T ff
1 T )−1| is more strongly sup-

pressed than DOS term |(T gg
1 T )−1|. Therefore, in the unitary limit, local (T1T )

−1 increases as a
function of B in the p− state in Fig. 4.7.
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Fig. 4.7 (a) Solid line indicates the NMR resonance line shape, P (B), for the p+ state in the
clean limit. Points are B(r)-dependence of (T1T )

−1 in the p+ state in the clean limit, and Born
limit and unitary limit of τ−1

0 = 0.1. T/Tc = 0.5 and H/Hc2≃0.02. (b) The same as (a), but
in the p− state. (T1T )

−1 are noramalized by the (T1(Tc)Tc)
−1. Only data points (T1T )

−1≤1.2
are presented in (a) and (b).
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Chapter 5

Local T−1
1 and T−1

2 in the chiral and helical

p-wave states

In this chapter, I comparatively study the local NMR relaxation rates T−1
1 and T−1

2 in the vortex
state of chiral and helical p-wave superconductors. For variety of d-vector orientation, I calculate
two type chiral p-wave states d∥z and d∥x, which are respectively defined by d(k)∝(kx − iky)ẑ and
d(k)∝(kx − iky)x̂. In the helical p-wave superconductors, we set the d-vector as d(k)∝kxx̂+ ky ŷ =
ϕp+(k)d− + ϕp−(k)d+ in uniform state at a zero field, with d±(k) =

1
2 (1,±i, 0).

In particular, I calculate the site- and internal field-dependences of the local T−1
1 and T−1

2 , and
focus on the difference between local T−1

1 and T−1
2 reflecting d-vector symmetry. In last of this

section, I discuss reasons for the anomalous suppression of T−1
1 and T−1

2 in the relation to the odd-
frequency Cooper pairs induced around the vortex with Majorana states. we investigate the method
to identify various d-vector symmetries. At the surface of superfluid 3He B-phase, the spin-polarized
odd-frequency Cooper pair was studied in the relation to the static spin susceptibility [106], and
Ising-type spin relaxation was discussed in the relation to the Majorana state [107]. These spin-
polarized surface states have information of the pairing symmetry, and expected to be studied also
in the vortex core states in spin-triplet superconductors. Since the measurement of NMR relaxation
rate can investigate the direction of magnetization vector, we expect that the d-vector structure in
the vortex state may be detected by the site-selective NMR measurement with orientation control of
the NMR pulsed field. As shown in Fig. 5.1, for pulsed fields δH parallel (perpendicular) to the static
applied field H, we observe the NMR spin-lattice relaxation rate T−1

1 (the NMR spin-spin relaxation
rate T−1

2 ). When applied fields H are along the z direction, T−1
1 comes from xy component of

dynamical spin susceptibility χxx + χyy. And T−1
2 is from χzz + χyy if δH∥x. Therefore, difference

between T−1
1 and T−1

2 may reflect the orientation of d-vector in spin-triplet superconductors.
In particular, we study the vortex state of chiral and helical p-wave superconductors. For chiral

p-wave superconductors, we consider the two type chiral p-wave states where the direction of d-
vector indicates the z- and x-axis. We discuss how the relaxation rates depends on the direction of
NMR pulsed fields, calculating the resonance site r- and field B-dependences of T−1

1 and T−1
2 . From

the calculation results, the local T−1
1 and T−1

2 around the vortex core show anomalous suppression.
Further, we will discuss reasons for the anomalous suppression of T−1

1 and T−1
2 in the relation to

the spin-polarized odd-frequency Cooper pairs induced around the vortex. These results help us to
investigate the d-vector symmetry of chiral and helical p-wave superconductors by the site-selective
NMR measurement.

5.1 Site and B-dependence of the local NMR relaxation rate
First, we investigate the local NMR relaxation rates (T1(r)T )

−1 and (T2zz(r)T )
−1 as a function of

radius r on a line between next-nearest-neighbor (NNN) vortices in the vortex state of chiral and
helical p-wave superconductors. At the outside of the vortex core r/ax > 0.25, the difference between
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T1
-1 (Spin-lattice) T2

-1 (Spin-spin)

Fig. 5.1 The Redfield pattern of the resonance line shape of the NMR, P (B), for chiral p-wave
pairing. H/B0 = 0.02, T/Tc = 0.5. The resonance line shape is derived from the distribution of
the internal magnetic field B(r)/H presented in the inset. In the inset, arrow indicates radius r
from the vortex center along the next-nearest-neighbour vortex direction. In the helical p-wave
case, we confirm that the Redfield pattern shows almost same shape of chiral p-wave state.
Schematic picture of the relation between the NMR pulsed field δH and the static field H in
the case of T−1

1 and T−1
2 . In Sr2RuO4, P (B) was observed by µSR [23].

(T1T )
−1 and (T2zzT )

−1 in Figs. 5.2 (a), (b), and (c) are very small. On the other hand, inside the
vortex core r/ax < 0.25, we can see the obvious difference between (T1T )

−1 and (T2zzT )
−1. (T1T )

−1

in the chiral p-wave state (d∥z) and (T2zzT )
−1 in the chiral p-wave state (d∥x) show the suppression

of relaxation rate around the vortex core, but other cases show the large value (dozens) at the vortex
center. In the helical p-wave state, the r-dependence of (T1T )

−1 and (T2zzT )
−1 show the similar

behavior ,and (T1T )
−1 is larger than (T2zzT )

−1 in the vortex core.
Next, we study the internal field B-dependence of local (T1T )

−1 and (T2zzT )
−1 in the vortex state

of chiral and helical p-wave superconductors to discuss how the difference between T−1
1 and T−1

2 for
each d-vector symmetry is detected in the site-selective NMR measurement. The local (T1(r)T )

−1 as
a function of B(r) at the same position r. The signal from the higher (lower) field comes from inside
(outside) of the vortex core. As shown in Fig. 5.3, in the chiral p-wave state (d∥z), (T1T )−1 shows
monotonically decreasing behavior as a function of B in Fig. 5.3 (a). (T2zzT )

−1 shows also decreasing
behavior as a function of B while B≲1, but (T2zzT )

−1 in high field ranges has a large value and shows
increasing behavior in Fig. 5.3 (a). In Fig. 5.3 (b) where chiral p-wave state (d∥x), (T1T )−1 and
(T2zzT )

−1 shows similar behavior to the behavior of (T2zzT )
−1 and (T1T )

−1 in chiral p-wave state
(d∥z), respectively. In the helical p-wave state, (T1T )

−1 and (T2zzT )
−1 show decreasing behavior

as a function of B while B≲1.5, but these relaxation rates in high field ranges show increasing
behavior in Fig. 5.3 (c). Therefore, NMR relaxation rates show different behavior between (T1T )

−1

and (T2zzT )
−1 in chiral p-wave (d∥z), chiral p-wave (d∥x), and helical p-wave state. The reason

for this difference is related spin-polarized odd-frequency Cooper pair around the vortex center, as
discussed later.

5.2 Negative coherence effect and odd-frequency s-wave Cooper pair
To discuss the reason for the differences in anomalous suppressions of the NMR relaxation rates
between cases presented in Figs. 5.2 and 5.3, we show the site dependence of the coherence terms

(T ff
1 T )−1, (T ff

2zzT )
−1 with the DOS term (T gg

1 T )−1, and amplitude of odd-frequency s-wave spin-
triplet Cooper pair around the vortex core in the chiral and helical p-wave superconductors. The
results are presented in Fig. 5.4 along the NNN direction, and summarized in Table 5.1.
As shown by a dashed line in Fig. 5.4(a) for the chiral p-wave d∥z state, the DOS term (T gg

1 T )−1
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Fig. 5.2 r-dependence of (T1T )
−1 and (T2zzT )

−1 in (a) the chiral p-wave (d∥z), (b) the chiral
p-wave (d∥x) and (c) the helical p-wave state. The dashed lines are (T2T )

−1 = (T1T )
−1/2 +

(T2zzT )
−1/2. The insets are spatial distribution of (T1T )

−1 in the each state. H/B0 = 0.02,
T/Tc = 0.5.

is enhanced with approaching the vortex center, because (T gg
1 T )−1 reflects the low energy local DOS

of bound states around the vortex. We note that (T gg
1 T )−1 is small but finite value even at the

outside r/ax ∼ 0.2, since the bound states have small tails extending toward the outside of the
vortex core. The r-dependences of (T gg

1 T )−1 and (T gg
2zzT )

−1 show the similar behavior also for the
chiral p-wave d∥x state and the helical p-wave state.

Compared to (T gg
1 T )−1 and (T gg

2zzT )
−1, contributions of the coherence terms (T ff

1 T )−1 and

(T ff
2zzT )

−1 in Fig. 5.4(a) are negligible in the outside region of the vortex core, but become
comparative contributions with approaching the vortex center. For the chiral p-wave d∥z state,

(T ff
1 T )−1 is negative and (T ff

2zzT )
−1 is positive. The former negative contributes is the origin of the

anomalous suppression of (T1T )
−1 at the vortex core [91], and the latter further enhances (T2zzT )

−1

at the vortex core. Their magnitudes are |(T ff
1 T )−1| ∼ |(T ff

2zzT )
−1| in the whole range of r in Fig.
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Fig. 5.3 Solid lines indicate the Redfield pattern of the resonance line shape P (B) for the chiral
p-wave state (d∥z) in (a), (b), and (c). Points are B dependence of (T1T )

−1 and (T2zzT )
−1 in

(a) the chiral p-wave (d∥z), (b) the chiral p-wave (d∥x), and (c) the helical p-wave state. Only
data points (T1T )

−1≤1.2 are presented in (a), (b), and (c). H/B0 = 0.02, T/Tc = 0.5.

5.4(a). At the vortex center, (T ff
1 T )−1 ∼ −(T gg

1 T )−1.

For the chiral p-wave d∥x state, the r-dependence of (T ff
2zzT )

−1 is almost the same as (T ff
1 T )−1

in the chiral p-wave d∥z state. Therefore, (T2zzT )
−1 in the d∥x state shows similar anomalous

suppression at the vortex core to those of (T1T )
−1 in the d∥z state. The anomalous suppression at

the vortex core occurs when the NMR pulsed field δH∥d. On the other hand, (T ff
1 T )−1 = 0 in the

d∥x state. Therefore, since the enhancement by (T ff
1 T )−1 does not work, (T1T )

−1 in Fig. 5.3(b) is
smaller than (T2zzT )

−1 in Fig. 5.3(a).

For the helical p-wave state with d∥xy, (T ff
1 T )−1 = 0, and (T ff

2zzT )
−1 ∼ 1

2 (T
gg
2zzT )

−1. This is
because of the similar situation as in the chiral p-wave d∥x state. However, since only parts of the

d-vector is parallel to δH, near the vortex center (T ff
2zzT )

−1 is larger than that of the d∥x state.
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Main component of Coherence term Odd-frequency s-wave Cooper pair

order-parameter (T ff
1 T )−1 (T ff

2zzT )
−1 Fs,σσ′(r = 0, E = 0)

Chiral (d∥z) ≃− (T gg
1 T )−1 ≃+ (T gg

2zzT )
−1 |Fs,↑↓| = |Fs,↓↑|≠0

Chiral (d∥x) = 0 ≃− (T gg
2zzT )

−1 |Fs,↑↑| = |Fs,↓↓|≠0
Helical = 0 ∼− (T gg

2zzT )
−1/2 |Fs,↑↑|̸=0

Table 5.1 Relation of the coherence term and the zero energy of s-wave odd-frequency Cooper
pair at the vortex center in the chiral p-wave (d∥z), the chiral p-wave (d∥x), and the helical
p-wave state.

In the relations (T ff
1 T )−1 ∼ −(T gg

1 T )−1 for the chiral p-wave d∥z state, there are small deviations
between them in our numerical calculation at finite temperature. However, as discussed in Appendix

B, in the limit T → 0 we expect (T ff
1 T )−1 → −(T gg

1 T )−1 so that (T1T )
−1 → 0. This is also expected

for the relations (T ff
2ffT )

−1 ∼ −(T gg
2ffT )

−1 for the chiral p-wave d∥x state.

In the previous study for the local T−1
1 in the chiral p-wave d∥z state [91], it is revealed that

the negative coherence term (T ff
1 T )−1, inducing the anomalous suppression of (T1T )

−1 around the
vortex core, is related to the odd-frequency s-wave Cooper pair Fs,↑↓(E = 0, r) = Fs,↓↑(E = 0, r).

And we found that (T ff
1 (r)T )−1∼−|Fs,↑↓(E = 0, r)|2 in the low energy limit at low T and the limit

of isolated vortex at low fields H.
The amplitude of s-wave Cooper pair is defined by

Fs,σσ′(E, r) = ⟨ϕ∗s(k)fσσ′(E + iη,k, r)⟩k (5.1)

with the s-wave pairing function ϕs(k) = 1. In the chiral p−-wave superconductor considered in this
paper, induced Cooper pair components around a vortex should satisfy the condition Lz +W = 0,
where Lz is an angular momentum for the induced components of Cooper pair, and W is a winding
number of the component around the vortex. The s-wave component Fs,σσ′(E = 0, r) with Lz = 0
has finite amplitude at the vortex center without the phase winding around the vortex (W = 0).
In Fig. 5.3(b), we present the r-dependence of the odd-frequency s-wave Cooper pair. In the chiral

p-wave d∥z state, (↑, ↓) and (↓, ↑) components are dominant as explained above. On the other hand,
in the chiral p-wave d∥x state, the dominant components are Fs,↑↑(E = 0, r) = Fs,↓↓(E = 0, r), In
the helical p-wave state, the dominant component is Fs,↑↑(E = 0, r). These dominant components
in the three states have almost the same r-dependence as shown in Fig. 5.3(b). The amplitude of
Fs,↓↓(E = 0, r) in the helical p-wave state is very small, since induced Cooper pair components in
∆↓↓ have to satisfy the different condition Lz +W = 2, and the amplitude of the induced s-wave
component with Lz = 0 vanishes due to the phase winding W = 2. In the cases of the d∥z state,
Fs,↑↑(E = 0, r) = Fs,↓↓(E = 0, r) = 0. In the two cases of the d∥x state and the helical state,
Fs,↑↓(E = 0, r) = Fs,↓↑(E = 0, r) = 0.

The finite odd-frequency s-wave Cooper pair around a vortex core induces the coherence terms.
The equal spin components (↑, ↑) and (↓, ↓) contribute only to T−1

2zz. Therefore, T
−1
1 = 0 in the two

cases of the d∥x state and the helical state. The spin components (↑, ↓) and (↓, ↑) contribute to both
T−1
1 and T−1

2zz. In the low temperature limit, from Eq. (C.53) in the Appendix C, the coherence terms
of T−1

1 and T−1
2zz are described by the zero-energy amplitude |Fs,σσ′(E = 0, r)| of the odd-frequency

s-wave Cooper pair, as (T ff
1 (r)T )−1∼ − |Fs,↑↓(E = 0, r)|2, and 4(T ff

2zz(r)T )
−1∼ − |Fs,↑↑(E =

0, r)|2 − |Fs,↓↓(E = 0, r)|2 + |Fs,↑↓(E = 0, r)|2 + |Fs,↓↑(E = 0, r)|2. Therefore, (T2zzT )−1 is positive
for d∥z with finite (↑, ↓) and (↓, ↑). And (T2zzT )

−1 is negative in the other two states, since finite
components are (↑, ↑) and (↓, ↓).
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Fig. 5.4 (a) r-dependence of (T ff
1 T )−1 and (T ff

2zzT )
−1 in the chiral and helical p-wave states.

We plot −(T ff
1 T )−1 and (T ff

2zzT )
−1 for the chiral p-wave d∥z state, and −(T ff

2zzT )
−1 for the

chiral p-wave d∥x state. These are almost on the same line. For the helical p-wave state, we

plot −(T ff
2zzT )

−1. For comparison, (T gg
1 T )−1 for the chiral p-wave d∥z state is presented by a

dashed line. (b) r-dependence of amplitude of odd-frequency s-wave spin-triplet Cooper pair
|Fs,σσ′(E = 0, r)|. Fs,↑↓(E = 0, r) = Fs,↓↑(E = 0, r) for the chiral d∥z state, Fs,↑↑(E =
0, r) = Fs,↓↓(E = 0, r) for the chiral d∥x state, and Fs,↑↑(E = 0, r) for the helical state show
the similar r-dependence. H/B0 = 0.02 and T/Tc = 0.5.

5.3 Summary of this chapter

We studied the site r- and the internal field B-dependences of the local NMR relaxation rates T−1
1

and T−1
2 in the vortex lattice state of chiral (d∥z or d∥x) and helical p-wave superconductors, based

on the Eilenberger theory. In particular, we focused on how the anomalous suppression of the local
T−1
1 and T−1

2 around the vortex core reflects the d-vector symmetry of the pair potential. The
anomalous suppression occurs by the negative coherence term coming from the odd-frequency s-
wave spin-triplet Cooper pair Fs,σσ′ . The finite spin (σσ′)-components of Fs,σσ′ reflect the d-vector

orientation, and determine in which of T−1
1 and T−1

2 the anomalous suppression occurs. Since the
anomalous suppression can be observed when the direction of NMR pulsed field δH is parallel to
the d-wave component, we may obtain the information of the d-vector symmetry by comparative
observation of T−1

1 and T−1
2 at the vortex core region in the site selective NMR measurement. We

hope that these theoretical calculation results of the local NMR relaxation rates will be examined
by the experiment in spin-triplet superconductors. This observation can be also a method to detect
the spin-dependent odd-frequency Cooper pairs.
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Chapter 6

Spin-polarized LDOS

In this chapter, we investigate the method to identify the pairing symmetry of helical p-wave su-
perconductor by the site-selective spin-polarized scanning tunneling microscopy and spectroscopy
(STM/STS) measurement This chapter 6 includes the sentences, table and figures from K. K. Tanaka,
M. Ichioka, S. Onari, Phys. Rev. B 95, 134502 (2017) [112] and K. K. Tanaka, M. Ichioka, S. Onari,
J. Phys.: Conf. Ser., 871, 012024 (2017) [113].

6.1 Spin-polarized STM/STS method
The STM/STS measurement can directly detect the LDOS via quasi-particle excitations in the vortex
state [72, 73]. Recently, the STM/STS measurement in the vortex state of topological insulator-
superconductor Bi2Te3/NbSe2 heterostructure has performed [74], and theoretical studies for the
measurement have supported the existence of Majorana zero-energy mode in the vortex core [75,76].
Moreover, spin polarization of Majorana zero-energy modes are investigated by the spin-polarized
STM/STS measurement, which can selectively detect the spin-dependent conductance [77]. The
spin polarization in the vortex state of topological superconductor CuxBi2Si3 is also theoretically
studied [78].

6.2 Helical p-wave superconductor
The superconductor Sr2RuO4 has attracted much attention as a topological superconductor, since
exotic quantum states such as a Majorana state are expected in the vortex and surface states. A
lot of experimental and theoretical studies support that Sr2RuO4 is a spin-triplet chiral p-wave
superconductor [7, 8]. On the other hand, the helical p-wave state also has been suggested as
another scenario [18, 27, 28]. This is because the detailed structure of d-vector in Sr2RuO4 remains
unclear. In addition, the difference of condensation energy between chiral and helical states is very
small compared to the transition temperature [44]. Therefore, we need methods to distinguish
between chiral and helical states in experiments for Sr2RuO4 or other candidate materials for spin-
triplet superconductor. For the purpose, it is necessary that we study a unique behavior of physical
quantity depending on the symmetry of d-vector.

In the bulk state of chiral superconductor, the time-reversal symmetry is broken because of the
angular momentum of Cooper pair Lz ̸=0. The chirality of chiral p-wave state, i.e., Lz = ±1 can
be distinguished via coherence effect in the vortex state. In fact, previous theories suggested that
the impurity effects on the local density of states (LDOS) and local NMR relaxation rate T−1

1 show
different behaviors between p+ and p− states [80,89,91,101]. This chirality dependence is caused by
the interaction between the chirality and the vorticity, depending on whether the chirality is parallel
(Lz = +1) or anti-parallel (Lz = −1) to the vorticity (W = +1) [149, 150]. On the other hand,
in the bulk state of helical p-wave superconductor, the time-reversal-invariant superconductivity
appears since Lz = ±1 are quenched with the degeneracy between up-spin and down-spin pairs. The
up-spin (down-spin) pair’s order-parameter ∆↑↑(∆↓↓) characterized by Sz = +1(−1) has chirality
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Lz = −1(+1) so that the bulk condition Lz + Sz = 0 [18]. Therefore, in the vortex state of helical
p-wave superconductor, spin states of low-energy excitations may show a unique behavior, reflecting
the vorticity coupling to the chirality of ∆↑↑(Lz = −1) or ∆↓↓(Lz = +1).

In this chapter, we study properties of the helical p-wave superconductor, and focus on the spin-
polarized LDOS in the vortex lattice state, in order to reveal a unique behavior of the helical state.
And, we confirm the instability of helical state at high fields. In particular, we calculate the structure
of the zero-energy spin-polarized LDOS at low fields, and also the energy spectra. These results help
to investigate the vortex state of helical p-wave superconductor and Majorana zero-energy state by
spin-polarized STM/STS measurement.

6.3 Model and parameter
In this study, we consider the helical p-wave pairings on the two-dimensional cylindrical Fermi
surface, k = (kx, ky) = kF(cosθk, sinθk), and Fermi velocity vF = vF0

k/kF. The order-parameter is
defined as

∆̌(r,k) =

[
0 ∆̂(r,k)

−∆̂†(r,k) 0

]
. (6.1)

The spin space of ∆̂ are defined by the matrix elements ∆σσ′(r,k) = [i
∑

µ=x,y,z(dµ(r,k)·σ̂µ)σ̂y]σσ′

where σ, σ′ = ↑(up-spin) or ↓(down-spin), and dµ is µ-component of d-vector. In addition, the matrix
elements of order-parameter are defined by

∆σσ′(r,k) = ∆+,σσ′(r)ϕp+(k) + ∆−,σσ′(r)ϕp−(k) (6.2)

with the order-parameter ∆±,σσ′(r) and pairing function ϕp±(k) = kx±iky for p±-state.
For the helical p-wave superconductors, we set the d-vector as d(k)∝kxx̂ + ky ŷ = ϕp+

(k)d− +

ϕp−(k)d+ in uniform state at a zero field, with d±(k) =
1
2 (1,±i, 0). Thus, when we iterate calcu-

lations of Eilenberger equation with gap equation, Maxwell equation, and self-energy by imuprity,
as an initial value d-vector is set to be d(r,k) = Ψ(r)d(k) where Ψ(r) is Abrikosov vortex lattice
solution. In addition, some Cooper pairs are induced as a sub-component of superconductivity as
shown in Fig. 4.2.

We set the Ginzburg-Landau parameter κ = 2.7 appropriate to Sr2RuO4. And, we use Pauli-
paramagnetic parameter µ̃ = 0.01. Tc is the superconducting transition temperature in the clean
limit at a zero magnetic field.

6.4 Spin-polarized LDOS
Using the selfconsistently obtained A(r) and ∆(r), we calculate ǧ(ω ± iη, r,k) for real energy E by
solving Eilenberger eq. (3.36) with iωn → E ± iη. η is a small parameter, and we use η = 0.01 in
this thesis except for the calculations of distribution in Figs. 6.4(d) and 6.4(e), and Figs. 6.5(d) and
6.5(e). The spin-resolved LDOS Nσ(E, r) is given by

Nσ(E, r) = ⟨Re{[ĝ(E + iη, r,k)]σσ}⟩k. (6.3)

We define the LDOS N(ω, r) = N↓(ω, r)+N↑(ω, r), and spin-polarized LDOSM(ω, r) = N↓(ω, r)−
N↑(ω, r). The impurity effect is considered in the calculation results of ω-dependence of M(ω, r) as
comparison with clean limit case.

6.5 H-dependence of the order-parameter
As shown in figure 6.1(a), we calcuate the H-dependence of spatial average of the order-parameter’s
amplitude, ⟨|∆±,σσ′(r)|⟩r defined as equation (6.2). In the vortex state of helical p-wave supercon-
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ductor at H < 0.35Hc2, up-spin pair is decomposed into chirality ∆↑↑(r,k) = ∆−,↑↑(r)ϕp−(k) +
∆+,↑↑(r)ϕp+

(k) with small induced component ∆+,↑↑(r). As shown in figure 6.1(b), the small com-
ponent ∆+,↑↑(r) is induced around the vortex core. The main component ∆−,↑↑(r) has chirality
Lz = −1, anti-parallel to vorticity W = +1 as Lz +W = 0. The previous theoretical studies for
the chiral p-wave superconductor [149,150] support that the anti-parallel vortex state (Lz +W = 0)
is stable compared to the parallel vortex state (Lz +W = +2). Therefore, the H-dependence of
⟨|∆−,↑↑|⟩r and ⟨|∆+,↑↑|⟩r survive until Hc2. On the other hand, down-spin pair is decomposed
into chirality ∆↓↓(r,k) = ∆+,↓↓(r)ϕp+

(k) + ∆−,↓↓(r)ϕp−(k) with small induced ∆−,↓↓(r). In fig-
ure 6.1(a), ∆↓↓(r,k) is rapidly suppressed with increasing H, since the chirality Lz = +1 of main
∆+,↓↓(r) is parallel to vorticity as Lz +W = +2. Besides, the r-dependence of order-parameter at
low H, main components |∆+,↓↓| and |∆−,↑↑| show similar behavior, and the induced component
∆−,↓↓(r) is very small amplitude at every position, as shown in figure. 6.1(b).

In addition, at higher H, we find that the helical p-wave state is unstable. At H∼0.35Hc2, we
can see the change of chirality Lz = +1→ − 1 in ∆↓↓(r,k), and that ∆−,↓↓(r,k) becomes main
part of ∆↓↓(r,k). At H > 0.35Hc2, ⟨|∆−,↓↓|⟩r (⟨|∆+,↓↓|⟩r) becomes equal to ⟨|∆−,↑↑|⟩r (⟨|∆+,↑↑|⟩r)
for main (small) components, so that the order-parameter is chiral form. Here, it remains d⊥H.
Therefore, the helical p-wave state is unstable at H∼0.35Hc2, and changes to helical p-wave state.
Note that this critical magnetic field value can shift if there are other contributions to stabilization
of helical or chiral state such as spin-orbit coupling [27].

Fig. 6.1 (a)H-dependence of the spatial average of the order-parameter amplitudes ⟨|∆−,↓↓|⟩r,
⟨|∆+,↓↓|⟩r, ⟨|∆−,↑↑|⟩r and ⟨|∆+,↓↓|⟩r defined by equation (6.2) in the helical p-wave state
(H < 0.35Hc2) and chiral p-wave state (H > 0.35Hc2). (b) r-dependence of the order-parameter
amplitudes |∆−,↓↓|, |∆+,↓↓|, |∆−,↑↑| and |∆+,↓↓| from the vortex center along the next-nearest-
neighbor (NNN) direction at H/Hc2≃0.02. ax is NNN intervortex distance.

In our model, we assume that the helical state can appear in the Meissner state H = 0, since
condensation energy of the helical state is the same as chiral state. The helical state can be more
stable than the chiral state, if we consider additional mechanism such as weak spin-orbit coupling
effect [27]. Even when very small number of vortices penetrate to the helical p-wave superconductor,
we expect that the helical state can be sustained at the low fields. With increasing H, it becomes
metastable state, and finally show instability to the chiral state. The instability field H can be
shifted from our estimation of Fig. 6.1.

6.6 H-dependence of zero-energy spin-polarized DOS and LDOS
In this section, to find difference of observed quantities between helical and chiral states, we investi-
gate the characteristic behavior of helical state under the assumption that the helical p-wave state
is sustained at low H(< 0.35Hc2).

First, we study the H-dependence of the zero-energy DOS ⟨N(E = 0, r)⟩r, the zero-energy spin-



Chapter 6 Spin-polarized LDOS 52

Fig. 6.2 (a) H-dependence of DOS ⟨N(E = 0, r)⟩r/2, spin-resolved DOS ⟨Nσ(E = 0, r)⟩r
and spin-polarized DOS ⟨M(E = 0, r)⟩r. The distributions of zero-energy (b) LDOS N(E =
0, r)≤3 and (c) spin-polarized LDOS M(E = 0, r)≤0.3 at H≃0.12Hc2. The brighter region
indicates the large value of N or M .

resolved DOS ⟨Nσ(E = 0, r)⟩r and the zero-energy spin-polarized DOS ⟨M(E = 0, r)⟩r. As shown in
Fig. 6.2(a), the H-dependence of ⟨N↑(E = 0, r)⟩r shows the typical behavior, which is same behavior
in the anti-parallel vortex state of chiral p-wave superconductor [150]. On the other hand, the H-
dependence of ⟨N↓(E = 0, r)⟩r at H < 0.35Hc2 is larger than ⟨N↑(E = 0, r)⟩r. At H > 0.35Hc2,
since ∆↓↓ and ∆↑↑ have same chirality, ⟨N↓(E = 0, r)⟩r=⟨N↑(E = 0, r)⟩r. Here, contributions of
the Zeeman effect are absent since d⊥H. As a result, the H-dependence of DOS ⟨N(E = 0, r)⟩r
shows a jump when the helical state becomes unstable in Fig. 6.2(a). The jump behavior may be
observed by the low temperature specific heat measurement. When the instability field shifts into
high (low) H, the jump of specific heat becomes larger (smaller).

TheH-dependence of ⟨M(E = 0, r)⟩r at low fields has a finite value and shows increasing behavior,
reflecting the ⟨N↓(E = 0, r)⟩r behavior in Fig. 6.2(a). And, it jumps to zero when the helical
state becomes unstable. At high fields as the vortex state of chiral p-wave superconductor, where
∆↓↓ = ∆↑↑, M vanishes. This H-dependence of M is the unique behavior of the helical p-wave
state. In addition, Figs. 6.2(b) and 6.2(c) show the LDOS and spin-polarized LDOS distributions at
a low field H≃0.12Hc2, which have large amplitudes around the vortex core. Since the zero energy
state localized around the vortex core is Majorana state in the chiral and helical superconductors,
Fig. 6.2(c) shows that the Majorana state is spin-polarized in the helical p-wave superconductors.
This is another type of spin-polarized zero energy state than that supposed in Bi2Te3/NbSe2 [76] or
CuxBi2Si3 [78].

Next, we present the structure of spin-polarized LDOSM(E, r) at low fields to study the properties
of the vortex state of helical p-wave superconductor. Figure 6.3 presents the H-dependence of
M(E = 0, r) and Nσ(E = 0, r) at some positions on a line between next-nearest-neighbor (NNN)
vortices at H < 0.5Hc2. At r/ax = 0.5 which is midpoint of between NNN vortices, N↓(E = 0,H) >
N↑(E = 0,H) and their magnitudes are small and monotonically increase as a function of H. On the
other hand, at the vortex core region in Figs. 6.3(b) and 6.3(c),M(E = 0, r) shows a large amplitude
at some fields in the helical state. In particular, at the vortex center in Fig. 6.3(c), M(E = 0, r)
at H/Hc2≃0.02 shows much larger value than the normal state DOS(= 1), while it monotonically
decrease with raising H. These large values of M(E = 0, r) may be observed by the spin-polarized
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Fig. 6.3 (a), (b), (c) H-dependence of spin-resolved LDOS Nσ(E = 0, r) and spin-polarized
LDOS M(E = 0, r) at radius r/ax = 0.5, 0.1, 0.0 from the vortex center along the NNN
direction, respectively. ax is NNN intervortex distance.

STM measurement.

6.7 Energy-dependence of the spin-polarized LDOS
We study the E- and r-dependences of Nσ(E, r) and M(E, r) in order to investigate the behavior
of LDOS spectrum of spin-polarized STM/STS measurement. When N↑(E, r = 0) is compared
with N↓(E, r = 0) at a low field H≃0.02Hc2, shown in Figs. 6.4(a)-(c), the height of zero-energy
peak in N↑(E, r = 0) is smaller, and instead the gap edges at E∼±0.5 have small peak. Thus,
M(E, r = 0) is positive at E = 0, and negative at E∼±0.5. These weights cancel each other,

so that total spin polarization
∫ 0

−∞M(E, r)dE = 0. This condition can be extended to finite T as∫∞
−∞M(E, r)F (E, T )dE = 0 with Fermi distribution function F (E, T ) sinceM(E, r) is even function
of E. The absence of total spin polarization corresponds to the fact that Knight shift is invariant
in the helical p-wave state, where d⊥H. To observe the spin-polarized LDOS in the helical state,
we have to perform E-resolved observation such as spin-polarized STM/STS. The r-dependence of
spectra Nσ(E, r) and M(E, r) are presented in Figs. 6.4(d) and 6.4(e), respectively. When we focus
on the dispersion curve of brighter region in Fig. 6.4(d), the zero-energy peak at r = 0 evolves toward
the gap-edge with increasing r. Since the zero-energy vortex bound state connects with the gap-edge
state at smaller r for N↑ than N↓, the effective vortex core radius is smaller for N↑. Therefore, in N↑,
the peaks of the gap edge (E∼±0.5) outside vortices can extend until the vortex center, as shown
in Fig. 6.4(b). In Fig. 6.4(e), we see that the spin-polarized state appears near the dispersion curve
of vortex bound state extending from the Majorana zero mode, in addition to gap edges.

Moreover, we show the E- and r-dependences of Nσ(E, r) and M(E, r) at a higher field
H≃0.29Hc2, considering that the helical p-wave state is still sustained at higher H. In Figs. 6.5(a)-
(c), the hight of zero-energy peak of N↑ is larger than N↓, resulted in negative M(E = 0, r = 0).
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Fig. 6.4 (a), (b), (c) E-dependence of spin-resolved LDOS N↓, N↑ and spin-polarized LDOS
M at the vortex center at H/Hc2≃0.02, respectively. (d), (e) E-dependence of Nσ(E, r) for
σ = ↓, ↑, and M(E, r) as a function of radius r/ax from the vortex center along the NNN
direction at H/Hc2≃0.02, respectively. Nσ(−E, r) = Nσ(E, r). In (d) and (e), we use η = 0.03.

To compensate negative value at E = 0 and at the gap edge, M(E, r = 0) becomes positive for
in-gap states for 0 < |E| < 0.5. As shown in Figs. 6.5(d) and 6.5(e), since the down-spin’s in-gap
states have a larger value compared with the up-spin states, M(E, r) has finite distributions at
0 < |E| < 0.5 even far from dispersion curve of bound state.

6.8 Impurity effect on the spin-polarized LDOS
Finally, we study the impurity effect on the energy spectrum of Nσ(E, r) and M(E, r) in Fig. 6.6.
Since N↑(E, r) is reflected by the up-spin pair ∆↑↑ represented as chirality Lz = −1, N↑(E, r) is rigid
for the impurity effect. On the other hand, N↓(E, r) reflected by the down-spin pair ∆↓↓ represented
as chirality Lz = +1 is changed drastically by the impurity effect. The details of the impurity effects
on the parallel and anti-parallel vortex states were explained in Sec. 4.5. Therefore, The spectrum of
M(E, r) is changed drastically by the impurity effect, and M(E = 0, r) show a minus value in Born
limit. The impurity effects on the LDOS in the parallel and anti-parallel vortex states in the low
field limit were also investigated by using the single vortex model [153]. This previous theoretical
study is consistent with our results.

6.9 Summary of this chapter
We studied the vortex state of helical p-wave superconductors based on the quasi-classical Eilenberger
theory. We confirmed the instability of the helical p-wave state at high fields and that the spin-
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Fig. 6.5 (a), (b), (c) E-dependence of spin-resolved LDOS N↓, N↑ and spin-polarized LDOS
M at the vortex center at H/Hc2≃0.29, respectively. (d), (e) E-dependence of Nσ(E, r) for
σ = ↓, ↑, and M(E, r) as a function of radius r/ax from the vortex center along the NNN
direction at H/Hc2≃0.29, respectively. Nσ(−E, r) = Nσ(E, r). In (d) and (e), we use η = 0.03.

polarized LDOS M(E, r) appears even when Knight shift does not change. This is because the
vorticity couples to the chirality of up- or down-spin pair of helical state. In addition, we found that
the magnetic field dependence of zero-energy DOS shows a jump when the helical state becomes
unstable. This jump behavior may be observed by the low temperature specific heat measurement. In
order to identify the helical p-wave state at low fields, we investigated the structure of the zero-energy
M(E = 0, r) in the vortex states. In particular, at the vortex center, the value ofM(E = 0, r = 0) at
a low field H/Hc2≃0.02 shows much larger value than the normal state DOS, while it monotonically
decrease with raising field. Moreover, we present the E- and r-dependences of the spin-resolved LDOS
N↓(E, r), N↑(E, r) and M(E, r) in the vortex state. We hope that these theoretical calculation
results of spin-polarized LDOS will be examined, and will be used for detecting the spin-polarized
Majorana zero-energy modes by the spin-polarized STM/STS measurement.
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Fig. 6.6 (a), (b), (c) E-dependence of spin-resolved LDOS N↓, N↑ and spin-polarized LDOS
M at the vortex center at H/Hc2≃0.02, respectively. Upper panels is clean limit case, and
Lower panels is Born limit case (τ0

−1 = 0.05, 0.1, 0.15).
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Chapter 7

Conclusion

7.1 Summary of this thesis
The spin-triplet pairing superconductors are suggested in a ruthenate superconductor Sr2RuO4, a
heavy fermion superconductor UPt3, a doped topological insulator CuxBi2Se3, and the other several
materials. They have been attracted much attention as topological superconductors since the exotic
quantum states such as odd-frequency Cooper pairs and Majorana states are expected to be induced
in the vortex core and surface regions, reflecting the symmetry of the pairing states. However,
the pairing symmetries, especially d-vector symmetries of the spin structures, of the spin-triplet
Cooper pairs in these candidate materials have not been established. This is because the mysteries
of the experimental results in the studies of the d-vector symmetry have still been remained in
these materials. For example, NMR Knight shift and µSR measurements have supported that the
spin-triplet chiral p-wave pairing states realize in Sr2RuO4. On the other hand, the helical pairing
state has also been suggested as another scenario for Sr2RuO4, other than the chiral pairing state,
to explain the experimental results of the anisotropy of Hc2 and the other several phenomena.
Therefore, we need another method to identify the d-vector symmetry experimentally.

To identify the d-vector symmetry of the candidate materials for spin-triplet superconductors, I
focused on and investigated the behaviors of the local NMR relaxation rates and the spin-resolved
LDOS in the vortex states. These physical quantities, reflecting the interaction between the vorticity
and the chirality, prove the chirality and the direction of the d-vector in the spin-triplet supercon-
ductors. I proposed that the site-selective NMR and the spin-polarized STM/STS measurements
can be used as possible method to identify the d-vector symmetry in the candidate materials.
I have investigated the physical quantities in the vortex states of chiral and helical p-wave super-

conductors based on the quasiclassical Eilenberger theory. The quasiclassical Eilenberger theory is
used when we quantitatively calculate the spatial variation in the length scale of the coherence length
in superconductors, after integrating out the spatial variation in the scale of atomic distance. By
selfconsistently calculating the quasiclassical Eilenberger equation in the vortex lattice state, I can
quantitatively calculate the magnetic field- and site-dependences of the superconducting vortex state,
and give the theoretical estimation which can be comparable with the corresponding experimental
results under the magnetic fields. This is the advantage of my study to the previous theoretical
studies about the single vortex model in the low magnetic field limit. In addition, I selfconsistently
calculated solutions of the quasiclassical Eilenberger equation in the matrix representation for spin
space to include degrees of freedom about the d-vector. In this numerical process, I develop the
method of the parallel computation for selfconsistent calculation to reduce the calculation time.
From the obtained solutions, the local NMR spin-lattice relaxation rate T−1

1 and NMR spin-spin
relaxation rate T−1

2 , and the spin-polarized LDOS in the vortex state of spin-triplet superconductors
can be calculated. From the calculation results of these physical quantities such as the site-, mag-
netic field-, and energy-dependence, I investigated the characteristic behavior reflecting the pairing
symmetry. I also studied the non-magnetic impurity effects on the local NMR relaxation rates and
the spin-resolved LDOS as a comparison to the clean limit case by the selfconsistent calculations
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with the T -matrix approximation method.
Details of the calculation results are as follows.

□ Site-selective NMR
I have revealed that local T−1

1 in the p+ state (i.e., the parallel vortex state with W + Lz = +2
where the vorticity W = +1 is parallel to the chirality Lz = +1) the local T−1

1 is enhanced with
approaching the vortex center by the contributions of the low energy excitations. On the other hand,
in the p− state (i.e., anti-parallel vortex state with W + Lz = 0), the local T−1

1 around the vortex
core is anomalously suppressed by the contributions of negative coherence effects. In addition, I have
theoretically revealed that the negative coherence effects in the p− state is due to the odd-frequency
s-wave Cooper pairs with the Majorana state. The odd-frequency s-wave Cooper pairs are induced
around the anti-parallel vortex core by the interaction between the vorticity and the chirality. I
also presented the resonance frequency-dependence of T−1

1 with the non-magnetic impurity effect in
the Born and the unitary limits. I found that the negative coherence effect is rigid (sensitive) in
the Born (unitary) limit. By measuring the behaviors corresponding to these calculation results in
the site-selective NMR measurement, we can distinguish the chirality of pairing state, i.e., Lz = +1
or −1. It is important that we observe the monotonically decreasing or flat behavior of T−1

1 as a
function of resonance frequency only in the p− state. The p− state is expected to be stable than the
p+ state [149,150].
Next, from the comparative study of T−1

1 with the spin-spin relaxation rate T−1
2 in the vortex state

of two-type chiral p− states (d∥z or d∥x) and the helical p-wave state, I found that the difference
between T−1

1 and T−1
2 occurs, depending on the relation between the orientations of the d-vector

and the NMR pulsed field. When the direction of d-vector is parallel to the NMR pulsed field as
d∥δH, in the chiral p− states with d∥z (d∥x), the local NMR relaxation rate T−1

1 (T−1
2 ) around

the vortex core is anomalously suppressed by the negative coherence effect. The negative coherence
effect is due to the induced spin-dependent odd-frequency s-wave Cooper pairs with the Majorana
states. In the helical p-wave state, we can also see the difference between the local T−1

1 and T−1
2 ,

but the suppression range of local T−1
2 by the negative coherence effect is weaker than the chiral p−

state with d∥x. This is because that, in the helical p-wave, the negative coherence effect is derived
from only the (↑, ↑) spin pair component of the odd-frequency s-wave Cooper pairs, while both (↑, ↑)
and (↓, ↓) components contribute to the negative coherence effect in the chiral p− state with d∥x.
These results indicate that the comparative observation of T−1

1 and T−1
2 can be a method to identify

the direction of d-vector, and also to obtain information about the spin-dependent odd-frequency
Cooper pairs.

□ Spin-polarized LDOS
I have confirmed the instability of helical p-wave states at high magnetic fields, and found that

the spin-polarized LDOS appears even when the Knight shift does not change. The instability and
the spin-polarized LDOS are explained by the interaction between the vorticity and the chirality of
up-spin or down-spin pairs of the helical state. And the zero-energy spin-polarized LDOS induced
around the vortex core is related to the spin-polarized Majorana states. In addition, I found that the
magnetic field dependence of zero-energy DOS shows a jump when the helical p-wave state becomes
unstable. This jump behavior may be observed by the low temperature specific heat measurement.
To identify the properties of the spin-polarized LDOS in the vortex states of the helical p-wave
superconductor, I performed the calculations of the site-, magnetic field-, and energy-dependences
of the spin-resolved LDOS. The zero-energy spin-polarized LDOS induced around the vortex core
shows stronger value compared to the normal state DOS, while it monotonically decreases with
rising magnetic fields. Moreover, the site- and energy-dependences of the spin-polarized LDOS show
the sign change behaviors in the energy dependences. I also presented the energy-dependences of
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the spin-polarized LDOS in the Born limit impurity case, and it shows the obviously different sign
change behavior from the clean limit case. These behaviors of spin-resolved LDOS is expected to be
observed by the spin-polarized STM/STS measurements.

As summary of new achievements in my research of this Thesis, I have calculated and clarified
the behaviors of the local NMR relaxation rates and the spin-resolved LDOS in the vortex states.
These can be methods to identify the chirality of the pairing state and the direction of d-vector.
By selfconsistently calculating the quasiclassical Eilenberger equation in the vortex lattice states, I
obtained the site- and magnetic field-dependence of the local NMR relaxation rates and spin-resolved
LDOS, and provided the calculation results which can be compared with corresponding behaviors
of physical quantities in future. In addition, I found that these anomalous behaviors are related to
the properties of the odd-frequency Cooper pairs with the Majorana states.

Next, I discuss the contributions of the obtained results in my Thesis to the research for Sr2RuO4

and the other candidate material of spin-triplet superconductors. For the chiral p-wave state, we
can distinguish the chirality, i.e., Lz = +1 or −1 by measuring the monotonically decreasing or flat
behavior of T−1

1 as a function of resonance frequency in the site-selective NMR measurement. In
addition, we can also identify the direction of d-vector by controlling the orientation of the NMR
pulsed field and comparing the observed local T−1

1 and T−1
2 . This is because that the local T−1

1 or
T−1
2 is anomalously suppressed when the direction of d-vector is parallel to the NMR pulsed field.

The anomalous suppression is rigid (sensitive) the impurity effects in the (Born) unitary limit.
As for the helical p-wave scenario, the zero-energy spin-polarized LDOS induced around the vortex

core can be evidence for helical helical p-wave state. By the measuring the sign change behaviors
of the spin-polarized LDOS as a function of energy at the vortex core regions in the spin-polarized
STM/STS measurements, we can judge to be helical p-wave pairing states. However, it is necessary
to pay attention to the contribution of impurities since it shows the obviously different sign change
behavior from the clean limit case.
I hope that these behaviors reflecting the pairing symmetries are examined, and will bee used for

the detection of the exotic states such as odd-frequency Cooper pairs and Majorana states.

7.2 Future studies
In the studies for the candidate materials for the spin-triplet superconductors such as Sr2RuO4, UPt3,
and CuxBi2Se3, the contributions of the multi-band and the multi-gap superconductivities have been
investigated since the mechanisms of the superconductivities are expected to be related to the multi-
orbital electronic states. If the multi-band superconductivity realizes, physical quantities such as the
NMR relaxation rate and the DOS are quantitatively modified, because they are given by the Fermi
surface average of the multi-band, mixed up the band-dependent chirality and the nodes-structures
of the pairing function. For example, in iron-based superconductors, the multi-gap contribution on
the coherence effect in the NMR relaxation rate have been investigated to distinguish the pairing
symmetries, i.e., s++ or s+− wave pairings [90]. In addition, in the multi-band superconductors,
it has been suggested that the momentum parity derived from the internal-orbital exchange also
reflects the NMR relaxation rates and the appearance of odd-frequency Cooper pairs [154, 155].
Therefore, we need to investigate the material-dependent multi-band contribution on the local NMR
relaxation rate in the vortex state when we quantitatively analyze the experimental data to identify
the pairing symmetry of candidate materials for spin-triplet multi-band superconductors by the site-
selective NMR measurement. However, if the chirality in the multi-band superconductivity exists,
the anomalous suppression of the local NMR relaxation rates by the negative coherence effects is
expected to be observed, but it might be smeared by the multi-band superconductivity.
Consideration of the spin-orbit coupling effect is important to investigate the direction of d-vector

since the spin-orbit coupling plays a main role in the pinning interaction of the d-vector. If the
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spin-orbit coupling effect is weaker so that the electron spins can easily reorient toward the applied
magnetic fields so that d⊥H. In addition, in the surface state measurements such as the STM/STS
measurements, the antisymmetric spin-orbit coupling, such as Rashba interaction, is allowed to be
exist by the local inversion symmetry breaking, and it reflects the pairing symmetry. Therefore, we
need to investigate the spin-orbit coupling effects on the physical quantities such as the local NMR
relaxation rates and the spin-polarized LDOS, and the effect on the pairing symmetry of candidate
materials for spin-triplet superconductors observedw by the site-selective NMR measurement and
spin-polarized STM/STS measurements.
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A

Riccati equation

In this appendix, the matrix Riccati equation is introduced to solve the quasiclssical Eilenberger
equation in the matrix representation for the spin-space [87, 88]. By numerically calculating the
matrix Riccati equation, we can obtain solutions of the quasiclassical Eilenberger equation in the
spin-triplet pairing states. Moreover, in the calculation of the Riccati equation the solutions can be
obtained for arbitrary initial values. This technique for the numerical calculations is called matrix
Riccati method.

A.1 Matrix Riccati equation
The Eilenberger equation is

iv·∇ǧ + 1

2
[M̌, ǧ] = 0̌, M̌≡

[
iM̂g −M̂f

M̂f̄ −iM̂ḡ

]
= i(ωn + iv·A)τ̌3 + Ǩ·2Š − ∆̌− Σ̌ (A.1)

where ǧ is the quasiclassical Green’s function, ∆̌ order-parameter, Σ̌ self-energy, Š spin-matrix
defined as [Š]11 = [Š]22 = σ̂/2 with the Pauli matrix σ̂, and Ǩ Zeeman effect and spin-orbit
coupling term. These terms are defined as

ǧ(ωn,k, r) = −iπ
[
ĝ if̂

−f̂† −ˆ̄g

]
(A.2)

∆̌(kF , r) =

[
0̂ ∆̂

−∆̂† 0̂

]
, Σ̌(ωn, r) =

[
−iΣ̂g Σ̂f

−Σ̂f̄ iΣ̂ḡ

]
(A.3)

Š =

[
Ŝ 0̂

0̂ Ŝtr

]
, Ǩ =

[
K̂+ 0̂

0̂ K̂−

]
=

[
(µBH − α

SL
L(k))1̂ 0

0 (µBH − α
SL
L(−k))1̂

]
(A.4)

Then, we introduce the projection matrix P̌± related to the quasiclassical Green’s functions as.

P̌± =
1

2
(1̌± ǧ

iπ
). (A.5)

Moreover, P̌± satisfy the condition that

P̌±P̌± = P̌±, P̌+P̌− = P̌−P̌+ = 0, (A.6)

P̌+ + P̌− = 1̌, P̌− − P̌+ = iǧ. (A.7)

We introduce the Riccati amplitudes â and b̂ as

P̌+ =

(
1̂

−ib̂

)(
1̂ + âb̂

)−1 (
1̂ iâ

)
, P̌− =

(
−iâ
1̂

)(
1̂ + b̂â

)−1 (
ib̂ 1̂

)
. (A.8)
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Therefore, from the Eilenberger equation (A.1), the matrix Riccati equation is obtained as

v·∇â+ 1

2
(M̂gâ+ âM̂ḡ + âM̂f̄ â− M̂f ) = 0, (A.9)

−v·∇b̂+ 1

2
(M̂ḡ b̂+ b̂M̂g + b̂M̂f b̂− M̂f̄ ) = 0. (A.10)

Using the relation

ǧ = −iπ
(
(1̂ + âb̂)−1 0̂

0̂ (1̂ + b̂â)−1

)
·
(
1̂− âb̂ 2iâ

−2ib̂ −(1̂− b̂â)

)
, (A.11)

we can obtain the quasiclassical Green’s function ǧ from the solutions â and b̂ of the Riccati equation.

A.2 Symmetry of ǧ, and â, b̂

Matrix elements of M̌ defined as Eq.(A.1) are given by

iM̂g = i(ωn + iv·A+ Σ̂g) + K̂+·2Ŝ (A.12)

M̂f = ∆̂ + Σ̂f (A.13)

M̂f̄ = ∆̂† + Σ̂f̄ (A.14)

−iM̂ḡ = −i(ωn + iv·A+ Σ̂ḡ) + K̂−·2Ŝtr. (A.15)

And, the second term of Eilenberger equation (A.1) is

−1

2
[M̌, ǧ] =

i

2

[
f̂M̂f̄ − M̂f

ˆ̄f + ĝM̂g − M̂g ĝ ĝM̂f + M̂f ˆ̄g − M̂g f̂ − f̂M̂ḡ

−(M̂f̄ ĝ + ˆ̄gM̂f̄ − M̂ḡ
ˆ̄f − ˆ̄fM̂g) −( ˆ̄fM̂f − M̂f̄ f̂ + ˆ̄gM̂ḡ − M̂ḡ ˆ̄g)).

]
(A.16)

Therefore, we obtain the four Eilenberger equations

v·∇ĝ =
1

2
(f̂M̂f̄ − M̂f

ˆ̄f + ĝM̂g − M̂g ĝ)

=
1

2
[f̂(∆̂† + Σ̂f̄ )− (∆̂ + Σ̂f )

ˆ̄f ]− i

2
[ĝ(K̂+·2Ŝ)− (K̂+·2Ŝ)ĝ], (A.17)

v·∇ˆ̄g =
1

2
(M̂f̄ f̂ − ˆ̄fM̂f + M̂ḡ ˆ̄g − ˆ̄gM̂ḡ)

=
1

2
[(∆̂† + Σ̂f̄ )f̂ − ˆ̄f(∆̂ + Σ̂f )]−

i

2
[ˆ̄g(K̂−·2Ŝtr)− (K̂−·2Ŝtr)ˆ̄g], (A.18)

v·∇f̂ =
1

2
(ĝM̂f + M̂f ˆ̄g − M̂g f̂ − f̂M̂ḡ)

=
1

2
[ĝ(∆̂ + Σ̂f ) + (∆̂ + Σ̂f )ˆ̄g] +

i

2
[(K̂+·2Ŝ)f̂ − f̂(K̂−·2Ŝtr)]

− (ωn + iv·A)f̂ − 1

2
(Σ̂g f̂ + f̂Σ̂ḡ), (A.19)

−v·∇ ˆ̄f =
1

2
(M̂f̄ ĝ + ˆ̄gM̂f̄ − M̂ḡ

ˆ̄f − ˆ̄fM̂g),

=
1

2
[(∆̂† + Σ̂f̄ )ĝ + ˆ̄g(∆̂† + Σ̂f̄ )] +

i

2
[ ˆ̄f(K̂+·2Ŝ)− (K̂−·2Ŝtr) ˆ̄f ]

− (ωn + iv·A)f̂ − 1

2
(Σ̂ḡ

ˆ̄f + ˆ̄fΣ̂g). (A.20)
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By performing the transformation ωn→− ω∗
n and the Hermite conjugate, and using the relation

(K±)∗ = K±, we obtain the transformed Eilenberger equations

v·∇ĝ† = 1

2
[f̂†(∆̂ + Σ̂†

f̄
)− (∆̂† + Σ̂†

f )
ˆ̄f
†
] +

i

2
[ĝ†(K̂+·2Ŝ)− (K̂+·2Ŝ)ĝ†], (A.21)

v·∇ˆ̄g
†
=

1

2
[(∆̂ + Σ̂†

f̄
)f̂† − ˆ̄f

†
(∆̂† + Σ̂†

f )] +
i

2
[ˆ̄g

†
(K̂−·2Ŝtr)− (K̂−·2Ŝtr)ˆ̄g

†
], (A.22)

v·∇f̂† = 1

2
[ĝ†(∆̂† + Σ̂†

f ) + (∆̂† + Σ̂†
f )ˆ̄g

†
]− i

2
[(K̂+·2Ŝ)f̂† − f̂†(K̂−·2Ŝtr)]

− (−ω∗
n − iv·A)f̂† − 1

2
(Σ̂†

g f̂
† + f̂†Σ̂†

ḡ), (A.23)

−v·∇ ˆ̄f
†
=

1

2
[(∆̂ + Σ̂†

f̄
)ĝ† + ˆ̄g

†
(∆̂ + Σ̂†

f̄
)]− i

2
[ ˆ̄f

†
(K̂+·2Ŝ)− (K̂−·2Ŝtr) ˆ̄f

†
]

− (−ω∗
n + iv·A)f̂† − 1

2
(Σ̂†

ḡ
ˆ̄f
†
+ ˆ̄f

†
Σ̂†

g), (A.24)

where the quasiclassical Green’s functions ǧ indicate ǧ(−ω∗
n)→ǧ. Then, we compare the Eilenberger

equations (A.17)-(A.20) and (A.21)-(A.24), and obtain the symmetry relation of the quasiclassical
Green’s functions in the Matsubara representation

ĝ(ωn) = −ĝ†(−ω∗
n), ˆ̄g(ωn) = −ˆ̄g

†
(−ω∗

n), (A.25)

f̂(ωn) =
ˆ̄f
†
(−ω∗

n),
ˆ̄f(ωn) = f̂†(−ω∗

n). (A.26)

The symmetry of the self-energy Σ(ωn) considering the s-wave impurity potential is the same

relation to Eqs.(A.25) and (A.27) from ΣÔ = 1
τ0
⟨Ô⟩k (∀Ô ∈ [ǧ]i,j).

On the other hand, by performing the transformation ωn→ − ω∗
n and the Hermite conjugate to

Riccati equation, we obtain the symmetry relation

â(ωn) = −b̂†(−ω∗
n), b̂(ωn) = −â†(−ω∗

n). (A.27)

In addition, from the relation v(−k) = −v(k), ∆̂(−k, r) = eiα∆̂(k, r) where α is a constant

comming from the chirality, K̂±(−k) = K̂∓(k), we transform the Riccati equation (k→−k, r→−r).
If the simple case K+ = K− is satisfied, we obtain the symmetry relation for r→− r and k→− k
as

â(k, r) = ∓e−iαâ(−k,−r), b̂(k, r) = ∓e+iαb̂(−k,−r), (A.28)

when ∆̂(k,−r) = ∓∆̂(k, r). From the definitionsK± = µBH−α
SL
L(±k), the conditionK+ = K−

is satisfied when the spin-orbit coupling is absent so that αSL = 0.
On the other hand, in the real-energy representation, the symmetric relation between advanced

and retarded quasiclassical Green’s functions

ĝ(iωn→ω + iη) = −[ĝ(iωn→ω − iη)]∗, f̂†(iωn→ω + iη) = [f̂(iωn→ω − iη)]∗. (A.29)

By using these symmetry relations Eqs.(A.25), (A.27), (A.28), and (A.29), the numerical calcula-
tion for the Eilenberger equation can be performed efficiently.
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B

NMR relaxation rates in the low

temperature limit

In this appendix, I consider the NMR relaxation rate in the low temperature limit. In the low
temperature limit T→0,

B =

∫ ∞

−∞

A(E)

4T cosh2(E/2T )
dE→A(E = 0). (B.1)

Therefore, from the Eqs. (3.84) and (3.97), in the low T limit,

(T1(r)T )
−1

(T1(Tc)Tc)−1
=W gg

sl (E = 0, r) +W ff
sl (E = 0, r), (B.2)

and

2
(T2zz(r)T )

−1

(T2zz(Tc)Tc)−1
=W gg

↑↑ (E = 0, r) +W ff
↑↑ (E = 0, r)

+W gg
↓↓ (E = 0, r) +W ff

↓↓ (E = 0, r)

−W gg
↑↓ (E = 0, r)−W ff

↑↓ (E = 0, r)

−W gg
↓↑ (E = 0, r)−W ff

↓↑ (E = 0, r). (B.3)

Here, W gg
sl , W

ff
sl , W gg

σσ′ and W ff
σσ′ are defined by aijσσ′ as Eqs. (3.86), (3.87), (3.99) and (3.100).

aijσσ′ are defined by Eqs. (3.80), (3.81), (3.82), and (3.83).
Between advanced and retarded Green’s functions, there are relations gσσ′(E+iη) = −g∗σ′σ(E−iη),

f̄σσ′(E + iη) = f∗σ′σ(E − iη). From the parity in the E-dependence of odd-frequency Cooper pair,
f̄σσ′(E+iη) = −f∗σ′σ(−E+iη). In addition, in the spin-triplet superconducting state without Zeeman
effect, g↑↑(E±iη) = g↓↓(E±iη), g↑↓(E±iη) = g↓↑(E±iη) = 0, f↑↓(E±iη) = f↓↑(E±iη). Using these
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relations, in the limit E → 0 we obtain we obtain the aijσσ′ as

a11σσ′(E,k, r) =
1

2
[gσσ′(E + iη,k, r) + gσ′σ(E − iη,k, r)]

=
1

2
[gσσ′(E + iη,k, r) + g∗σ′σ(E + iη,k, r)]

→Re[gσσ′(0 + iη,k, r)]δσσ′

a22σσ′(E,k, r) =
1

2
[ḡσσ′(E + iη,k, r) + ḡσ′σ(E − iη,k, r)]

=
1

2
[ḡσσ′(E + iη,k, r) + ḡ∗σ′σ(E + iη,k, r)]

→Re[ḡσσ′(0 + iη,k, r)]δσσ′

a12σσ′(E,k, r) =
i

2
[fσσ′(E + iη,k, r)− fσ′σ(E − iη,k, r)]

=
i

2
[fσσ′(E + iη,k, r)− f̄∗σ′σ(E + iη,k, r)]

→i[fσσ′(0 + iη,k, r)],

a21σσ′(E,k, r) =
i

2
[f̄σσ′(E + iη,k, r)− f̄σ′σ(E − iη,k, r)]

=
i

2
[f̄σσ′(E + iη,k, r)− f∗σ′σ(E + iη,k, r)]

→i[f̄σσ′(0 + iη,k, r)].

(B.4)

where the Kronecker delta δσσ′ = 1 when σ = σ′, δσσ′ = 0 when σ ̸=σ′.
Therefore, in the low temperature limit, we have

(T gg
1 (T )T )−1

(T1(Tc)Tc)−1
= N↑(E = 0)2,

(T ff
1 (T )T )−1

(T1(Tc)Tc)−1
= −|Fs,↑↓(E = 0)|2,

2
(T gg

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= N↑(E = 0)2 +N↓(E = 0)2

2
(T ff

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= −|Fs,↑↑(E = 0)|2 − |Fs,↓↓(E = 0)|2

+|Fs,↑↓(E = 0)|2 + |Fs,↓↑(E = 0)|2

(B.5)

with the definitions of the s-wave Cooper pair amplitude (5.1) and the spin-resolved LDOS (6.3).
When (↑, ↓), (↓, ↑) spin-components of the s-wave Cooper pairs have a finite value, the coherence

terms become

(T ff
1 (T )T )−1

(T1(Tc)Tc)−1
= −|Fs,↑↓(E = 0)|2 < 0, (B.6)

2
(T ff

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= |Fs,↑↓(E = 0)|2 + |Fs,↓↑(E = 0)|2 > 0. (B.7)

When (↑, ↑), (↓, ↓) spin-components of the s-wave Cooper pairs have a finite value, the coherence
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terms become

(T ff
1 (T )T )−1

(T1(Tc)Tc)−1
= 0, (B.8)

2
(T ff

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= −|Fs,↑↓(E = 0)|2 − |Fs,↓↑(E = 0)|2 < 0. (B.9)
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C

Kramer-Pesch approximation

Kramer and Pesch developed the analytic solution of the quasiclassical Eilenberger equations for the
vortex core structure focusing on the low-energy state of clean superconductors [156, 157]. In this
appendix, the quasiclassical Green’s functions and the local NMR relaxation rates around the vortex
core are obtained by the Kramer-Pesch approximation for the Riccati equation. The Kramer-Pesch
approximation is performed as the Matsubara frequency and impactparameter expansion. As shown
in Fig. C.1, y is the impact parameter, v-axis is parallel to the quasiparticle trajectory, the origin o
corresponds to the vortex center.

a

b

v

o
ra

rb

θ

θr

r(x)
u

vF
v

center
Vortex

Quasiparticle

: Trajectory

Fig. C.1 Coordinate system and schematic figure.

C.1 Analytic solution of the Riccati equation
The order-parameter in the single vortex state is defined as

∆(θ, x, y) = |∆(r)|ei(θr−θ)eiL
′
zθ (C.1)

where the coordinate system is replaced; (x, y)→r = (ra, rb) in Fig. C.1, eiL
′
zθ is phase factor of

chirality Lz and vorticity W (L′
z≡Lz +W ).

In addition, on the x axis, the order-parameter is written as

∆(θ, x, y) = |∆(r(x))|sign(x)f(θ) (C.2)
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where sign(x) = +1 (x > 0),−1 (x < 0) is signature function for sigh change of vortex’s π-shift, and

f(θ) = eiL
′
zθ,

On the other hand, we consider the solutions of Riccati equation â(x, y), b̂(x, y). From Appendix

A, the relation between quasiclassical Green’s functions and the solutions â(x, y), b̂(x, y) is that

ǧ = −iπ
(
(1̂ + âb̂)−1 0̂

0̂ (1̂ + b̂â)−1

)
·
(
1̂− âb̂ 2iâ

−2ib̂ −(1̂− b̂â)

)
, (C.3)

where ǧ in this thesis is defined as

ǧ = −iπ
(

ĝ if̂

−if̂† −ĝ

)
(C.4)

.
In this Appendix, we represent X̂→X. Then, we introduce the analytic solution for a, b by the

low-energy expansion about ωn, y, and take no account of the second and the higher orders.

a(x, y; iωn) ∼ a0 + a1 (C.5)

b(x, y; iωn) ∼ b0 + b1 (C.6)

∆(x, y) ∼ ∆0 +∆1 (C.7)

ωn ∼ 0 + ωn (C.8)

y ∼ 0 + y (C.9)

The Riccati equation is written as

vF
∂

∂x
(a0 + a1) + 2ωn(a0 + a1) + (∆∗

0 +∆∗
1)(a0 + a1)(a0 + a1)− (∆0 +∆1) = 0, (C.10)

vF
∂

∂x
(b0 + b1)− 2ωn(b0 + b1)− (∆0 +∆1)(b0 + b1)(b0 + b1) + (∆∗

0 +∆∗
1) = 0. (C.11)

In this approximation, ∆(x, y) is

∆(θ, x, y) = |∆(r)|eiϕf(θ) (ϕ = θr − θ) (C.12)

= |∆(r)|(cosϕ+ isinϕ)f(θ) (C.13)

= |∆(r)| x+ iy√
x2 + y2

f(θ) (C.14)

∼ |∆(r)|( x
|x|

+ i
y

|x|
)f(θ) (Taylor expansion) (C.15)

= |∆(r)|(sign(x) + isign(x)
y

x
)f(θ) (C.16)

= ∆(θ, x) + i
y

x
∆(θ, x), (C.17)

where the first term corresponds to ∆0, the second term corresponds to ∆1.

C.2 Zeroth-order Riccati equation
From Eq.(C.10), (C.11), we obtain the zeroth-order Riccati equation

vF
∂

∂x
a0(θ, x, y = 0)−∆0(θ, x){1− a20} = 0, (C.18)

vF
∂

∂x
b0(θ, x, y = 0) + ∆0(θ, x){1− b20} = 0. (C.19)
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Then, we use ∆0 = ∆∗
0. The solution of the non-linear differential equation (C.18) is

a0(θ, x, y = 0) = tanh(u(θ, x) + Ca) (Ca : constant of integration) (C.20)

u(θ, x) = v−1
F

∫ x

0

dx′sign(x′)|∆(x′)|f(θ). (C.21)

Then, considering the boundary condition of vortex state (Bulk state at x = xa),

a0(θ, x = xa, y = 0) =
∆(θ, xa)

0 +
√
02 + |∆0|2

(C.22)

=
∆(θ, xa)

|∆(θ, xa)|
(C.23)

= sign(xa)sign(f(θ)) (C.24)

= sign(xaf(θ)). (C.25)

where the solution of bulk state is a0 = ∆/(ωn +
√
ω2
n + |∆0|2).

The constant of integration Ca is

Ca = arctanh(sign(xaf(θ)))− u(xa). (C.26)

(C.27)

When sign(xaf(θ)) = ±1, Ca = ±∞.
Therefore, from Eq. (C.20),

a0(θ, x, y = 0) = sign(xaf(θ)). (C.28)

In the same way, we obtain

b0(θ, x, y = 0) = sign(xbf(θ)) (C.29)

from the zeroth-order Riccati equation (C.19).

C.3 First-order Riccati equation
From Riccati equations (C.10), (C.11),

vF
∂

∂x
a1(θ, x, y) + 2∆(θ, x)a0a1 − i

y

x
∆(θ, x)(a20 + 1) + 2ωna0 = 0, (C.30)

vF
∂

∂x
b1(θ, x, y)− 2∆(θ, x)b0b1 − i

y

x
∆(θ, x)(b20 + 1)− 2ωnb0 = 0. (C.31)

These non-homogeneous differential equations is solved by using solutions of the homogeneous
differential equations. From the solution of homogeneous differential equations

ahomo
1 (θ, x, y) = Ce−2a0u(θ,x), (C.32)

the solution of non-homogeneous differential equation (C.30) is

a1 =
2

vF

∫ x

xa

dx′[−ωna0 + i
y

x′
∆(θ, x′)]e2a0u(θ,x

′)e−2a0u(θ,x). (C.33)

Then, we use the boundary condition of vortex state (Bulk state at x = xa).
In the same way, we obtain

b1 =
2

vF

∫ x

xa

dx′[ωnb0 + i
y

x′
∆(θ, x′)]e−2b0u(θ,x

′)e2b0u(θ,x). (C.34)
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C.4 Quasiclassical Green’s functions
Substituting a0, a1, b0, b1 for Eq. (C.3), the first order quasiclassical Green’s functions are described
as

g(θ, x, y; iωn) =
1− ab

1 + ab
(C.35)

∼1− (a0b0 + a0b1 + a1b0)

1 + (a0b0 + a0b1 + a1b0)
(a1b1∼0) (C.36)

=
2− (a0b1 + a1b0)

a0b1 + a1b0
(xa(b)→− (+)∞ : a0b0 = −1) (C.37)

=
2

a0b1 + a1b0
(C.38)

=
2e−2sign(f(θ))u(θ,x)

2
vF

{
∫ x

xa
−
∫ x

xb
}dx′{ωn + i y

x′ sign(f(θ))∆(θ, x′)}e−2sign(f(θ))u(θ,x′)
(C.39)

=
2e−2sign(f(θ))u(θ,x)

2
vF

∫ xb

xa
dx′{ωn + i y

x′ sign(f(θ))∆(θ, x′)}e−2sign(f(θ))u(θ,x′)
(C.40)

=
2e−2sign(f(θ))u(θ,x)

4
vF

∫∞
0
dx′{ωn + i y

x′ sign(f(θ))∆(θ, x′)}e−2sign(f(θ))u(θ,x′)
(C.41)

=
vF e

−2sign(f(θ))u(θ,x)

2C{ωn + iE(θ, y)}
, (C.42)

whre

C≡
∫ ∞

0

dx′e−2sign(f(θ))u(θ,x), (C.43)

E(θ, y)≡ y

C

∫ ∞

0

dx′
sign(f(θ))∆(θ, x′)

x′
e−2sign(f(θ))u(θ,x′). (C.44)

In the same way,

f̂(θ, x, y; iωn) =
2â

1 + âb̂
(C.45)

= − 2d̂s

â0b̂1 + â1b̂0
(C.46)

= −ĝ(θ, x, y; iωn)·d̂s, (C.47)

f̂†(θ, x, y; iωn) =
2b̂

1 + âb̂
(C.48)

=
2d̂s

â0b̂1 + â1b̂0
(C.49)

= ĝ(θ, x, y; iωn)·d̂s (C.50)

where

d̂s =

(
(−dx + idy)/| − dx + idy + δ| dz/|dz + δ|

dz/|dz + δ| (dx + idy)/|dx + idy + δ|

)
(C.51)
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with small parameter δ∼0.
Therefore, we obtain the analytic solution of quasiclassical Eilenberger equation in the low-energy

vortex core state. And we obtain the relation between quasiclassical Green’s functions

|ĝ(E±iη)·d̂s| = |f̂(E±iη)| = | ˆ̄f(E±iη)| (C.52)

C.5 NMR relaxation rate around the vortex center in the low T limit
From the Appendix B, the NMR relaxation rates in the low temperature limit is given as

(T gg
1 (T )T )−1

(T1(Tc)Tc)−1
= ⟨Re[g↑↑(0 + iη)]⟩2k

= N↑(E = 0)2,

(T ff
1 (T )T )−1

(T1(Tc)Tc)−1
= −|⟨f↑↓(0 + iη)⟩2k|

= −|Fs,↑↓(E = 0)|2,

2
(T gg

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= ⟨Re[g↑↑(0 + iη)]⟩2k + ⟨Re[g↓↓(0 + iη)]⟩2k

−⟨Re[g↑↓(0 + iη)]⟩2k − ⟨Re[g↓↑(0 + iη)]⟩2k
= N↑(E = 0)2 +N↓(E = 0)2,

2
(T ff

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= −|⟨f↑↑(0 + iη)⟩2k| − |⟨f↓↓(0 + iη)⟩2k|

+|⟨f↑↓(0 + iη)⟩2k|+ |⟨f↓↑(0 + iη)⟩2k|
= −|Fs,↑↑(E = 0)|2 − |Fs,↓↓(E = 0)|2

+|Fs,↑↓(E = 0)|2 + |Fs,↓↑(E = 0)|2.
(C.53)

By using the relation |ĝ(E)·d̂s| = |f̂(E)| = | ˆ̄f(E)| derived from the Kramer-Pesh approximation
(C.52) at low T and B limit (low-energy limit), we obtain the relation in the chiral p-wave d∥z state

(T ff
1 (T )T )−1

(T1(Tc)Tc)−1
= − (T gg

1 (T )T )−1

(T1(Tc)Tc)−1
, (C.54)

(T ff
2zz(T )T )

−1

(T2zz(Tc)Tc)−1
= − (T gg

2zz(T )T )
−1

(T1(Tc)Tc)−1
. (C.55)

at the vortex core region, since |⟨f↑↓(0 + iη)⟩k| = |⟨f↓↑(0 + iη)⟩k|≠0. In the chiral p-wave d∥x state,
we obtain

(T ff
2zz(T )T )

−1

(T2zz(Tc)Tc)−1
= − (T gg

2zz(T )T )
−1

(T1(Tc)Tc)−1
, (C.56)

since |⟨f↑↑(0 + iη)⟩k| = |⟨f↓↓(0 + iη)⟩k|≠0. These relations for the chiral p-wave states in Eqs.
(C.54)-(C.56) consistent with the calculation results of the negative coherence terms in the vortex
core region at the finite temperature and magnetic field in Table 5.1 and Fig. 5.4(a).

In addition, up-spin pairs and excitations in the helical p-wave state satisfy the relations
|⟨g↑↑(E±iη)⟩k| = |⟨f↑↑(E±iη)⟩k| = |⟨f̄↑↑(E±iη)⟩k| given by the Kramer-Pesch approximation, since
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up-spin pairs’ order-parameter ∆↑↑ has the pairing function ϕp− with the chirality Lz = −1. On
the other hand, |⟨f↓↓(0 + iη)⟩k| = 0 at the vortex center. Therefore, in the helical p-wave state,

2
(T ff

2zz(T )T )
−1

(T2zz(Tc)Tc)−1
= −|⟨g↑↑(0 + iη)⟩k|

2 − |⟨f↓↓(0 + iη)⟩k|
2

= −N↑(E = 0)2 − |⟨f↓↓(0 + iη)⟩k|
2

∼−N↑(E = 0)2,

(C.57)

since |⟨f↓↓(0 + iη)⟩k| shows a small amplitude in the vortex core region compared to the large
amplitude |⟨f↑↑(0 + iη)⟩k|.

From the definitions of the local DOS Nσ(E, r) = ⟨Re[gσσ(E+iη, r,k)]⟩k and the spin-dependent
s-wave Cooper pair Fs,σσ′(E, r) = ⟨fσσ′(E + iη, r,k)⟩k, the relations between the |⟨gσσ′(E)⟩| and
|⟨fσσ′(E)⟩| obtained from Kramer-Pesch approximation are rewritten by Nσ(E, r) and |Fs,σσ′(E, r)|.
The relation |⟨g↑↑(E)⟩k| = |⟨f↑↑(E)⟩k|, i.e., |Fs,↑↑(E, r = 0)| = |N↑(E, r = 0)| for the helical p-wave
state is confirmed at the low |E| region, not only E = 0, by our numerical calculations at a low field
H/Hc2 = 0.023 and a finite temperature T/Tc0 = 0.5. The chiral p-wave cases are also confirmed.
Therefore, the relations between the DOS term and the coherence term for the chiral p-wave states
in Eqs. (C.54)-(C.56) consistent with the our calculation results in Table 5.1 and Fig. 5.4(a).
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