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ASYMPTOTIC PROPERTIES IN FORWARD DIRECTIONS
OF RESOLVENT KERNELS OF MAGNETIC
SCHRODINGER OPERATORS IN TWO DIMENSIONS

HipbEo TAMURA

ABSTRACT. We study the asymptotic properties in forward directions
of resolvent kernels with spectral parameters in the lower half plane (un-
physical sheet) of the complex plane for magnetic Schrédinger operators
in two dimensions. The asymptotic formula obtained has an application
to the problem of quantum resonances in magnetic scattering, and it is
especially helpful in studying how the Aharonov—Bohm effect influences
the location of resonances. Here we mention only the results without
proofs.

1. Introduction

In this paper we derive the asymptotic formulas in forward directions of
resolvent kernels (the Green functions) with spectral parameters in the lower
half plane of the complex plane (unphysical sheet or 2nd sheet) for magnetic
Schrodinger operators in two dimensions. The obtained results play an im-
portant role in studying quantum resonances in magnetic scattering, which
are created near the positive real axis by trajectories trapped between scat-
ters placed at large separation. We discuss this subject in some details in
section 5 together with the motivation to analyze the asymptotic behavior in
forward directions of resolvent kernels. There we explain how the Aharonov—
Bohm effect influences the location of the resonances. The present paper
is the preliminary step toward the study on the Aharonov—Bohm effect in
resonances for magnetic scattering in two dimensions.

We always work in the two dimensional space R? with generic point z =
(1, 22) and write
2
H(A) = (=iV = A =) (=id; —a;)*,  0; = 0/0x;,

J=1

for the magnetic Schrodinger operator with A = (a1, a2) : R?> — R? as
a vector potential. The magnetic field b : R?> — R associated with A is
defined by

b(l’) =V X A(.I‘) = 81a2 — 82(11
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and the quantity defined as the integral o = (27) ™ [ b(z) dx is called the

magnetic flux of b, where the integration with no domain attached is taken
over the whole space. We often use this abbreviation.

We set up our problem. Let b € C§°(R?) be a given magnetic field with
its flux . We assume that b has support in some simply connected bounded
domain O with the smooth boundary. For brevity, we further assume that

(1.1) suppb C O C B = {|z| < 1}

with the origin in O as an interior point. We denote the exterior domain as
Q= R?*\ O. Then we can take

(1.2) Alr) = ad(z), z €,
as the vector potential corresponding to b, where ®(x) is defined by
(1.3) ® = (—zo/|x|?, 21/|2|*) = (=02 log |z|, 01 log |z]) .

In fact, ® defines the d-like magnetic field (solenoidal field)
V x ® = Alog |z| = 27(x)

with center at the origin. This vector potential is often called the Aharonov—
Bohm potential in physics literatures. Assumption (1.1) means that the field
b is entirely shielded by the obstacle O, although the corresponding vector
potential A does not necessarily vanish over ).

We denote by R((;T) = (T — ¢)~ ! the resolvent of an operator T' acting
on L?(R?) or L?*(Q). On L?(), we consider the self-adjoint operator

(1.4) H = H(A), D(H) = H*(Q) N H(Q),

under the zero Dirichlet boundary conditions. It is well known that H has
no positive eigenvalues and the continuous spectrum occupied by [0, c0) is
absolutely continuous. We further know that the resolvent

R(CG;H) = (H — ¢ L2(Q) — L*(Q), Re( >0, Im¢ > 0,

is analytically continued from the upper half plane of the complex plane
to a region in the lower half plane across the positive real axis where the
continuous spectrum of H is located. Then R((;H) with Im¢ < 0 is
well defined as an operator from L2 (Q) to L2 _(Q) in the sense that

comp loc >
xR(¢; H)x : L*(2) — L*Q) is bounded for every x € C§°(f2), where

Lgomp(W) denotes the space of square integrable functions with compact

support in the closure W of a region W C R2_and L% (W) denotes the
space of locally square integrable functions over W. This can be shown by an
application of the complex scaling method ([5, 7, 10]). We use the same no-

tation R((; H) to denote this analytic function with values in operators from
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L2,..(Q) to L (Q). In fact, we can show that R((; H) admits the mero-

comp

morphic continuation to the lower half plane {( € C : Re( > 0, Im( < 0},
but the argument here is restricted only to a neighborhood of the positive
real axis.

We shall state the obtained results. Let A > 1 be a large parameter. We
set

(1.5) Do = {< € C: [Re( — Eo| < Ey/2, [Im¢| < ep (log A) /)\}
for £y > 0 and ey > 0 fixed, and we write k = Cl/Q for ( € Dy, where the

branch k is taken in such a way that Rek > 0 for Re( > 0. We further
define

(1.6) o(x;y) =v(2;9) —m=y(zy) — 7, 2 =ux/lx],

where v(0;w) denotes the azimuth angle from w € S to § (0 < ~(0;w) <
271). We take p to be

(1.7) 2/5 < p < 1/2 (<1—u>
close enough to 1/2. We use the notation A, k and p with the meanings
ascribed above throughout the entire discussion. Our aim is to study the
asymptotic properties of the resolvent kernel R((; H)(x,y) with ¢ € Dy
when |z —y| > 1 with |o(z,y)| < 1.
Theorem 1.1. Assume that ( € Dy and that x and y fulfill

Me<lal, [yl <er, oz, y)] < ex”(H

for some ¢ > 1. Then the resolvent kernel R((; H)(x,y) takes the asymptotic
form

R(GH)(x,y) = (i/4)cos(am)e 00~ Ho(klz —y))
+ e EED (] 4y )T (@GN,

where Hy(z) = H(gl)(z) denotes the Hankel function of the first kind and of
order zero, and the remainder term r1 is analytic in ( € Dy and obeys

(1.8) 05| = O (At nkelmD/2)

uniformly in x, y and C.

Theorem 1.2. Assume that ( € Dy and that x and y fulfill
Me<lal, fyl<er, A0 /e <Jo(a,y)) < eA™
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for some ¢ > 1. Define zp = zo(x,y;() and co(C) by

(19) 2 = (lellol/(al + D) o)l
(1.10) c(Q) = (8m) M 2eim/ A1/

Then R(C; H)(x,y) behaves like

R(G; H)(x,y) = (i/4)e 0977 Hy (k[ — y|)

7 sin(am etklz—yl —in s
+ CO(C) 75 ) (x — y|1/2 <ﬂ_ _ (27‘(‘)1/26 /4/0 e 2/2 dS)

+ elk|x_y||x — y|_1/274:|:2(x) y7 C’ >\)

according as +o(x,y) > 0, where rys is analytic in ( € Dy and obeys
(1.11) |02 4| = O ()\u(lnlJrlml)M)

uniformly in x, y and C.

Theorem 1.3. Assume that ( € Dy and that x and y fulfill
Me<lzl, [yl <er, oz, y)| > A7H/c
for some ¢ > 1. Then
R(GH)(,y) = (i/4)*0E=D70 Ho(kla - y))
D (- Jy )T v (5 GV,
where 3 is analytic in ( € Dy and obeys

(1.12) ‘8;18;”7"3| — |U(x’y)|—1—(|nl+|m|) O (}\—1/2—(|n|—|—|m|))

uniformly in x, y and C.

If we take account of the asymptotic formula
(1.13) Ho(2) = (2/m) 126/ (e 21/2) (14 O(|2] 1)
as |z| — oo, then the next corollary is obtained as a consequence of Theorem
1.2.
Corollary 1.1. Under the same assumption and notation as in Theorem
1.2, R(¢; H)(z,y) behaves like
R(G H)(2,y) =
ik|z—y| ' 20
co(Q) o cos(am) F (2/7r)1/2 /4 sin(om)/ 512 ds
|z — y[!/2

0
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according as to(x,y) > 0, where 719 is analytic in {( € Dy and obeys the
same bound as in (1.11).

All the theorems, including Corollary 1.1, are proved in section 3 af-
ter summarizing the asymptotic properties of the resolvent kernel of the
Aharonov—Bohm Hamiltonian with the J§-like (solenoidal) field with cen-
ter at the origin in section 2. The resolvent kernel of the Aharonov—Bohm
Hamiltonian is represented in terms of the contour integral in the complex
plane, and the asymptotic properties are studied by use of the method of
steepest descent in section 4. In section 5, we discuss the Aharonov—Bohm
effect in resonances of magnetic scattering and state the two results without
proofs. These results are based on the composition of two resolvent kernels.
In the last section (section 6), we establish the asymptotic formula of the
integral defined by the composition as an application of the theorems.

2. Aharonov—Bohm Hamiltonian

In this section, we mention the asymptotic properties of the resolvent
kernel of the magnetic Schrodinger operator with one solenoid field as a
series of propositions. The theorems in the previous section are proved on
the basis of these propositions. The scattering system by one solenoidal field
is known as one of the exactly solvable models in quantum mechanics. We
refer to [1, 2, 3, 6, 9] for more detailed expositions.

We recall that A(x) : Q — R? is defined by (1.2). We write it as
(2.1) Au(z) = (—azg/\x|2,x1/]:€\2) = a(—ag log |x|, 01 log |az\),

when considered as a vector potential over R2. As stated in the previous
section, A, generates the d—like field with center at the origin. We consider
the energy operator

(2.2) P =H(A,) = (—iV — Ay)?

on the space L?(R?). This operator governs the quantum particle moving in
the solenoidal field 2rad(x) and is often called the Aharonov—Bohm Hamil-
tonian in physics literatures. The operator P is symmetric over the space
Cg° (R2 \ {0}), but it is not necessarily essentially self-adjoint in L*(R?)
because of the strong singularity at the origin of A,. We know ([1, 6]) that
it is a symmetric operator with type (2,2) of deficiency indices, provided
that « is not an integer. The self-adjoint extension is realized by impos-
ing a boundary condition at the origin. Its Friedrichs extension denoted
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by the same notation P is obtained by imposing the boundary condition

lim |u(z)| < oo at the origin.
|x|—0

We calculate the generalized eigenfunction of the eigenvalue problem

Po=FEp, lim [p(z)] < oo,

|z|—0

with energy E > 0 as an eigenvalue. Since P is rotationally invariant, we
work in the polar coordinate system (r,0). Let U be the unitary mapping
defined by

(Uu)(r,0) = r'/2u(rd) : L*(R?) — L*((0,00); dr) ® L*(S1).

We write ), for the summation ranging over all integers [ € Z. Then U
allows us to decompose P into the partial wave expansion

(2.3) P~UPU* =) & (R ®Id),
l

where P, = —9? + (v — 1/4)r2 with v = |l — o/ is self-adjoint in the space
L?((0,00); dr) under the boundary condition lim,_,or~"/?|u(r)| < oo at r =
0. Let ¢o(z;w, E) be the plane wave defined by

(2.4) wo(x;w, B) = exp (iEl/Qx . w) , E >0,

with the incident direction w € S! at energy E, where the notation - denotes
the scalar product in R?. We recall that (x;w) stands for the azimuth angle
from w € S! to & = x/|x|. Then the outgoing eigenfunction ¢ (z;w, F) with
w as an incident direction is calculated as

(2.5) or(r;w, F) = Z exp(—ivm/2) exp(ily(x; —w))J, (EY?|x])
l

with v = |l — «|, where J,(z) denotes the Bessel function of order v. The
eigenfunction ¢, behaves like ¢ (z;w, F) ~ po(x;w, E) as || — oo in the
direction —w (z = —|z|w), and the difference ¢ — g satisfies the outgoing
radiation condition at infinity. On the other hand, the incoming eigenfunc-
tion ¢_(x;w, F) is given by

(2.6) p_(z;w, E) = exp(ivm/2) exp(ily(z;w)) ], (B'?|z]),
l

which behaves like p_ ~ @g(z;w, E) as || — oo in the direction w. The
eigenfunctions ¢4 (x;w, E') admit the analytic extension

27 ex(ww,¢) =) exp(Fivm/2) exp(ily(z; Fw))J, (klx])
l

with k = ¢1/2 for ¢ € Dy.
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We calculate the resolvent kernel R((; P)(x,y) with ( € Dy for the self-
adjoint operator P, where Dy is defined by (1.5). Let P, be as in (2.3). Then

the equation (P — ()u = 0 has {rl/QJ,,(kr),rl/2H,/(kr)} with Wronskian

2i/m as a pair of linearly independent solutions, where H,(z) = H,gl)(z) de-
notes the Hankel function of the first kind. Thus (P, — ¢) ™! has the integral
kernel

R(C; P)(r, p) = (im/2) 12 p' 20, (k(r A p)) Hy (k(r V p))

with v = |l — | again, where 7 A p = min (r, p) and 7V p = max (r, p). Hence
the kernel R((; P)(x,y) in question is given by

(2:8)  R(GP)(x.y) = (i/4) Y "0, (k(|2| AlyD) Hy (k(2] V [y]))

l
where x = (|x| cos 0, |z|sinf) and y = (|y| cosw, |y|sinw) in the polar coor-
dinates. The resolvent R((; P) with Im ¢ < 0 is well defined as an operator
from L2, (R?) to L% (R?). Thus R((; P) does not have any poles as a

comp

function with values in operators from Lzomp(RQ) to L2 .(R?). We can say

that P with one solenoid 2wad(x) has no resonances. Here we do not discuss
the possibility of resonances at zero energy.

We now state the asymptotic properties of R((; P)(z,y) as a series of
the propositions below. These proposition are verified in sections 4 after
completing the proofs of Theorems 1.1, 1.2, 1.3 and Corollary 1.1 in section
3. Here we recall that pu is fixed as in (1.7) and o(z;y) is defined by (1.6).

Proposition 2.1. Suppose that the same assumptions as in Theorem 1.1
are fulfilled. Then
R(¢; P)(x,y) = (i/4) cos(am)e &N~ i (k|2 — y))
+ D () + y) TV er (w53 G M),

where ey is analytic in ( € Dy obeys the same bound as in (1.8) uniformly
mx, y and (.

Proposition 2.2. Suppose that the same assumptions as in Theorem 1.2
are fulfilled. Define zy = zo(x,y;¢) by (1.9) and co(C) by (1.10). Then
R(¢; P)(x,y) behaves like

R(¢; P)(x,y) = (i/4)e 0070 Ho(k|z — y))

isin(am etklz=yl —in 082
+ ¢o(Q) 75 ) <xy|1/2 (w_(%)me /4/0 e /2d8>
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according as to(x,y) > 0, where exo is analytic in ( € Dy and obeys the
same bound as in (1.11) uniformly in z, y and C.

Proposition 2.3. Suppose that the same assumptions as in Theorem 1.3
are fulfilled. Then

R(G;P)(z,y) = (i/4)e 0@ D" [y (k|z — y])
+  etk(zl+lyD) (|z] + |y|)_l/2 es(z,y; ¢, \),

where e3 is analytic in { € Dy and obeys the same bound as in (1.12)
uniformly in x, y and C.

Proposition 2.4. Assume that ( = E +in € Dy. Denote by p(z;w, F)
and ¢_(x;w, E) the outgoing and incoming eigenfunctions of P, respectively.
Then we have the following statements:

(1) Ifz andy fulfill \/c < |z| < ch and 1/c < |y| < ¢ for some ¢ > 1,
then

R(¢ P)(z,y) = co(Q)e™ 2|72 (B_(y;:2,0) + e_alz, y;, V)

where the complex conjugate B_(y;w, () of o_(y;w, () is analytic in ( € Dy,
and the remainder term e_4 1S also analytic there and obeys

|028me_y4| = O <)\—1—|n|)
uniformly in x, y and C.
(2) Ifz andy fulfill 1/c < |z| < c and A/c < |y| < e\ for some ¢ > 1,
then
R(¢; P)(.y) = co(Q)e™ ™y 712 (o4 (259, Q) + eqal@, y;: (V)

where ey is analytic in ( € Dy and obeys ‘8;‘8;”6+4‘ =0 ()\_1_|m|) uni-
formly in x, y and C.

3. Proofs of Theorems 1.1, 1.2 and 1.3

In this section we prove Theorems 1.1, 1.2, 1.3 and Corollary 1.1, accepting
the propositions mentioned in the previous section. We recall that H =
H(A) is the self-adjoint operator defined by (1.4) with D(H) = H?(Q) N
H}(Q) and that R((; H)(x,y) denotes the resolvent kernel of R((; H) with
¢ in the complex neighborhood Dy defined by (1.5). Here we introduce a
smooth non-negative cut—off function x € C§5°[0, c0) with the properties

(3.1) 0<yx<1, supp x C [0, 2], x =1 on [0,1].
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This function is often used in the future discussion without further refer-
ences.

Lemma 3.1. Let Ey > 0 and ey > 0 be fized in Dy. Then R((; H) is
analytic over Dy as a function with values in operators from L2 (Q) to

5 comp
Lloc(Q) .

Proof. The proof is based on the complex scaling method developed by
[5, 7, 10], and the lemma follows as a particular case of such a general
theory. The operator H is a long-range perturbation to the free Hamiltonian
—A, but the coefficients of H are analytic in 2. The operator P defined
by (2.2) is transformed into =2’ P under the group of dilations = — ez,
By assumption (1.1), O C {|z| < 1}. Let ¥ = {|x| < 8}. Since H has no
positive eigenvalues, we can show by making use of the analytic dilation
which leaves ¥ invariant that there exists a complex neighborhood of Ej in

which the operator

jOR(C; H) : Lgomp(zo) - L2 (20)’ Yo=X% \ O,

comp

is analytic as a function with values in bounded operators, where the mul-
tiplication by the characteristic function jo of ¥y is considered to be the
restriction to Lgomp(ZO) from L2 (€2). The above neighborhood is indepen-

dent of A > 1, so that it contains Dy for A > 1. We assert that R((; H)
is analytic over Dy as a function with values in operators from L2, (Q) to

comp
L%.(Q). To see this, we set

uo(z) = x([2[/2),  wi(x) = x(|2|/4), vo=1-u, v =1-wu
for the cut—off function x € C§°[0, 00) with properties in (3.1). Recall that
R(G; P) t Loy (R?) = Lige(R?)

loc

depends analytically on (. If we regard the multiplication operator f — vy f
as the extension from L?(Q) to L?(R?), then R((; P)v; makes sense as an
operator from L(Qjomp(Q) to L .(R?), and similarly for R(¢)vg. Since vgv =

v1 and since H = P over ), R(¢; H) = R((; H)(u1 + v1) is decomposed into
the sum of three terms

R(¢: H) = R(G; H)uy + voR(C; P)or — R(C; H)[P, vo] R(C; P

at least for ¢ with Im¢ > 0, where [X,Y] = XY — Y X denotes the com-
mutator between two operators X and Y. The coefficients of [P, vg] have
supports in . Hence we see that

JoR(G H) t Lynp(€2) = Ly, (Zo)

comp
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depends analytically on ( € Dy. Similarly we obtain the relation
R(GH) = urR(¢; H) + v1R(G P)vg + v1 R(C; P)[P, vo] R(C; H)

on L2 (). This yields the analytic dependence on ¢ of the operator

comp
CITY - T2 2 .
R(GH) : Lo, (2) = Li . (2) and the proof is complete. [

loc
We shall prove Theorems 1.1, 1.2, 1.3 and Corollary 1.1.
Proof of Theorem 1.1. We again set
uo(z) = x(|21/2), wi(z) =x(z|/4), wvwo=1-u, v=1-u

and fix p, ¢ € R* (|p|, |¢| > 1) as points having the properties in the
theorem. If we further set wy(z) = x(Jx — p|), then wyvy = wp and wyv; =
wp, and similarly for wg = x(|z — q|). The operator H coincides with P on
the support of v1. We compute

wpR(C; H)wy = wpR((; P)wy + wpR(¢; P) (Pv; —viH) R(¢; H)w,
= wpR((; P)wg + wpR(C; P)lur, PIR(C; H)wg.

Since vg = 1 on the support of Vu; and since H = P on the support of vy,
we repeat the above argument to get

wpR((; H)wy = wpR((; P)w,
+ wpR(G; P)[ur, PY(R(C: P) + R(G; H)P, uol R(G: P) ).
Note that
wpR(C; P)u1, PIR(C; P)wy = wpR({)uiwg — wpui R(C)wg =0
and hence we have
(3.2) wpR(G; H)wy = wpR((; P)w,
+ wpR(G; P)luy, PIR(C; H)[P, uo] R(C; P)w,.
We apply Proposition 2.4 to the second operator on the right side. Since
P14 (] g ~1/2 = D ()] + |ql) /2012,

Proposition 2.4 enables us to deal with the kernel of the second operator as
a remainder term. Thus the theorem follows from Proposition 2.1. [

Proof of Theorem 1.2. The proof of the theorem is almost the same as that
of Theorem 1.1. If we make use of relation (3.2), then the theorem follows
from Propositions 2.2 and 2.4. [

Proof of Theorem 1.3. The proof of this theorem is also almost the same
as that of Theorem 1.1. If we again make use of relation (3.2), then the
theorem follows from Propositions 2.3 and 2.4. [J
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Proof of Corollary 1.1. Assume that o(z,y) > 0. Then
V(&5 =9) =v(&;9) —7m = o(x,y) = O(A™)
and hence it follows that
ela(y(#;=9)—m) _ —iar (1 + 0(,\‘”)) _

By assumption, we also have A/c < |z — y| < ¢ for some ¢ > 1. If we take
into account the asymptotic form (1.13) of Hy(z), then we have

' ik|z—yl
b gio(y(#—g)-m) e
This, together with Theorem 1.2, yields the desired asymptotic form for
o(x,y) > 0. If o(z,y) < 0, then v(z; —g) = 27 4+ o(z,y), and the desired
asymptotic form is obtained in the same way as above. Thus the proof is
complete. [

(co(Q)e ™™ + O(A™H)).

4. Proofs of Propositions 2.1, 2.2, 2.3 and 2.4

This section is devoted to proving the propositions which have remained
unproved in section 2. Most of the section is occupied by the proof of Propo-
sitions 2.2. Proposition 2.1 has been already established as [4, Proposition
3.1]. We skip the proof of this proposition. Propositions 2.3 and 2.4 are
proved in a way similar to that in the proof of Proposition 2.2.

Before going into the proof, we begin by deriving the integral representa-
tion for the resolvent kernel R((; P)(x,y) with ¢ € Dy. The representation
is based on the following formula

1 Kk+100 ¢ 22 2 VA dt
HU(Z)JV(Z) = _/ exXp <_ - -z > IIJ (_Z) ?7 ‘Zl < ’Z|7
0

i 2 2t t
for the product of Bessel functions ([14, p.439]), where I,,(w) is defined by
1 g oo
(4.1) I, =— </ eV P cos(vp) dp — sin(v) / e~ wcoshp—vp dp>
T \Jo 0

with Rew > 0 ([14, p.181]), and the contour is taken to be rectilinear with
corner at K410, £ > 0 being fixed arbitrarily. We apply to (2.8) this formula
with Z = k(|z| V|y|) and z = k(|z| A |y|), where k = ¢'/2. If we write
x = (|z|cos @, |z|sinf) and y = (|y| cosw, |y| sinw) in the polar coordinates,
then R((; P)(x,y) is represented as

(4.2) R(¢P)(z,y) =
AN [ t (P + P <C!$Hy|> dt
T l e /0 exp (2 5 1, " ;
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with v = |l — «a|, where ¥ = 6 — w. If, in particular, « = 0, then the

resolvent R((; Hp) of the free Hamiltonian Hj has the kernel (i/4)Ho(k|x —
y|) represented as

R /“*iwexp t Gl +1l) Y\, (Clallyl dt
dr & 0 2 2t "\t ¢’

Tiw) = Iilw) = (1/7) [ eveer cos(io) dy

by (4.1). The series Zeiwll(w) = e¥ Y is convergent by the Fourier

where

expansion. Since
@ = yl* = |2 + |y|* — 2|[ly| cos ¥,
the kernel (i/4)Ho(k|x — y|) has the representation

i 1 K100 t C|x _y’2 dt
A, L Ho(klz —y|) = — L_Sr—ylr) &
(4.3) 7 Holklz —y[) = = /0 exp (2 5 n

Proof of Proposition 2.2. We deal with only the case o(z;y) > 0 in some
details. A similar argument applies to the case o(z;y) < 0 also, and we
make only a brief comment on this case at the end of the proof.

We again write x = (|x| cos 0, |z|sinf) and y = (Jy|cosw, |y|sinw) in the
polar coordinates and set ¢y = 6 —w. We fix M > 1 large enough and take

k= M?log A
in the contour of integral (4.2). Then we divide (4.2) into the sum of integrals
over the following four intervals by a smooth partition of unity :

0<t<k, 0<s<2A\/M, AM<s<2MX, s> M\

for t = Kk +is, and we evaluate the integral over each interval. The intervals
are cut off by the smooth functions xo(s), Xoo(s) and xas(s) defined by

(44)  xo=x(Ms), Xoo=1=x(s/M), xnm = x(s/M)(1 = x(Ms)),
where y € C§°[0,00) is the cut—off function with properties in (3.1). The
proof is long and is divided into several steps.

(1) We begin by evaluating the integral over the interval s > M\ and
show that it obeys the bound O(A~) together with all the derivatives in
and y for any NV > 1. To see this, we employ the formula

e~ /2

I,(w) = {/0 cos (vp — iwsin p) dp — sin(v) /0 e~ iwsinhp—vp dp}

™
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for Imw < 0, which is obtained as an immediate consequence of the for-
mula I, (w) = e ®™/2]J,(iw) ([14, p.176]). Since ¢ = E + in satisfies
In| < ep(logA) /A for ¢ € Dy, we note that

Im(¢/t) = (k* + 52)_1 (nk — Es) <0

for t = k +is with s > M\, provided that A > 1. We insert I, ({|x||y|/t)
into the integral

Kioo Im ¢ t (2] + |yl Clzllyl dt
/0 Xoo (T) exXp (2 - 2% Ly ( t > t

with v = |l — a|, and we evaluate the resulting integral by use of partial
integration for each [ with |[| < A. If M > 1, then

10 (t/2 = C(J2* + [y [*) /2t £ (Clz[ly|/t) sin p) | > ¢ > 0
10 (/2 = ¢(lz]* + [y[*) /2t — (i¢|z[ly| /) sinhp) | > ¢ > 0

for t = k + is with s > M\ uniformly in p, 0 < p <7, and in p, 0 < p < 2.
If p > 1, then we use the relations ‘8,5(15/2 —C(|x* + |y\2)/2t)‘ > ¢ > 0 and

P (ate—ucxum/t) sinhp) -

_ 1 i(czly|/t) sinhp (3 e—i<<|x||y|/t>sinhp—up).
£ i(Clally|/t) coshp+ v \7

We take these relations into account to repeat the integration by parts.
Then the sum of the integrals over I with |I| < A obeys O(A™"). To see
that the sum over [ with |I| > X is also negligible, we make use of the other
representation formula

_ (w/Q)V ! —w o\v—1/2
49 L= o L0
for I,,(w) with v > 0 ([14, p.172]). Since |z| 4 |y| = O(A), we have |w| =
‘C!xl\y!/t) = O(\)/M for s =Imt > M) and

le7r| = 0 (6|Re<<|z||y|/t>|) —-0 (e>‘> ol < 1.

By the Stirling formula, I'(v) ~ (27)2e771*~1/2) for v > 1. Thus we can
take M > 1 so large that

w’/Tw) < @/, v=1-a

for |I| > A. Hence the sum of integrals over [ with |I| > X also obeys O(A™V),
and it follows that the integral over the interval s > M\ is negligible.
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(2) We evaluate the integral (4.2) over the other intervals 0 < ¢ < &,
0 <s<2\M and A\/M < s < 2MX\. We first note that M > 1 can be
taken so large that

(4.6) Re(¢/t) = (k2 +52) " (Br+ns) >0, (=E+in€ Dy,
over these intervals. We use formula (4.1) for I,(w) to calculate the series

I(w, ) = ™I, (w), v=|l—al,

l

in the integrand of (4.2), where w = (|z||y|/t. Then I(w,) is decomposed
into the sum

I(w, ) = I (w, ) + e Ise(w, 1),

where

I(w,v) = (1/m) > €™ /0 "o cos(p) do,
l

Isc(wa 77Z)) = - (1/77) Z €il¢ sin(wr) / e_w(COShp_l)—Vp dp.
l

0
The sum of the first series equals
Iip(w, ) = VeV, [y| <,

by the Fourier expansion. We compute the series

Zeiwe_”p sin(vm) = Z + Z eWe P sin(v)

z I<la] I2[a]+1

—ap (i p)l ap (gitpo—p) 1@
= sin(an) (—1) { T — + 1+ e Wep

for || < m, where the Gauss notation [«o] denotes the greatest integer not

exceeding «. Thus the second series takes the form
_ Sin(aﬂ_) o] Ji[a]y > —w(coshp—1) 6(1_5)1)
(47) ISC(UJ, w) = — - (—1) (& . (& m dp

with 0 < = a — [a] < 1. It should be noted that the two relations hold
true only for || < 7. If 1) = £, then the function e’*¥ is not necessarily
continuous and the denominator e? + e~*¥ vanishes at p = 0. Since

Clzl* +[y*)/(2t) + Clallyl/t = C(l=] + [y])*/(21),
the resolvent kernel R((; P)(z,y) under consideration admits the decompo-
sition

(4.8) R(¢; P)(x,y) = Rie(w, 43 O) + Rse(a,4;() + O (A7)
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for any N > 1, where

R L o /“Hoo Im¢ t (e —y?\ dt
=—e —  Jexp| - - X2—F | —
b= 4r o N\ ) P2 ot £

_ 1 e (Imt t (| + Iyl ¢lellyl
me=g [ () e (- ) e ()

If o is an integer, then the integral Is.(C|x||y|/t,®) vanishes, and hence
so does Rsc(x,y;C). Let xoo be defined in (4.4). Since |x — y| < ¢\ by
assumption, we have by partial integration that

Kti00 Imt t  Clr—y*\ dt N
/0 XOO(M—)\>6XP<§_7275 )7—00 )

together with all the derivatives in x and y for any N > 1. This, together
with (4.3), yields

Rix(,y3) = (i/4)™ Ho(klz — y[) + O (A7)
We are dealing with the case o(z,y) > 0. Hence

(4.9) P =(&;-7) —
Thus the first term of the asymptotic formula is obtained from the relation
(4.10) Re(z,y;€) = (i/4)e™0 @& D= Fo (k|lz — y[) + O (A7)

(3) The second term is obtained from Rs.(x,y;(). Let xo be as in (4.4).
We assert that the integral

K+100 2
i) [ (T e (4 - SR (Gl )

obeys O(A™Y) together with all the derivatives in 2 and y for any N > 1.
By (4.6), we note that Re ({|x||y|/t) > 0 for 0 < t < k and for t = Kk + is
with 0 < s <2M . Since

AU Je < oz, y) < eATH, e> 1,

by assumption, we have

(4.12) ‘ep tem

>

sin J(.’L’,y)‘ > A0 /e
for another ¢ > 1, and hence it follows from (4.7) that
Ll ¢yl /2 0)] = O )
uniformly in x, y, t and (. If 0 < t < &, then we have
exp (=C(Jal + ly)2/20) | = O (A )
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for any N > 1. This remains true for t = k 4+ is with 0 < s < 2A\17%, where
5,0 < 0 < 1, is taken small enough. If t = x + is fulfills \'=° < s < 2\/M,
then |C|z||ly|/t| > A\/c and

Re(¢/t)|z|lyl(coshp —1) >0, p#0,
by (4.6). Hence we have
o0 —w(cosh p— 6(1 ,B)p
e (= o) g o = 0 (47Y)

for w = (|x||y|/t, because the stationary point p = 0 of the phase function
cosh p— 1 is outside the support of 1 — x(|p|) and the denominator e? + e~
is uniformly away from 0 there. If p is in the support of x(|p|), then we have

94 (1/2 = ¢l + o)/ (20) = (Clellyl/t)(coshp — 1)) > ¢ > 0,

which allows us to make repeated use of partial integration in ¢. Thus we
combine all the observations above to obtain that the integral defined by
(4.11) obeys O(A™™), so that we have

(4.13) Ree(7,9;¢) = Rec(,y;0) + ONY),

where

SR B Im¢ t Gzl + [y Clzyl
Ry = E/O XM (T) exp <§ - Q—t) Iy ( a¢>

and x s is defined in (4.4). We note that the cut—off function xs(s/A) has
support in (A/M,2MM) and xar(s/A) =1 on [2A\/M, M A].

(4) We analyze the behavior as A — oo of Rg(x,y;¢) defined above. Let
Ro(z,y; ) be defined by

_pre e\t Gl ) (Clally
o= ), XM<A>GXP<2%> ( W)

where

i (1-B)p
sin(am , —w(cosh p— e
To(uw, ) = — 22T (el ol JRCH () dp.

T eP +e W
Then we assert that
(4.14) Re(7,y;¢) = Ro(z,y;¢) + O (A7)

for any N > 1, where the remainder estimate O(A~) holds true for all the
derivatives in « and y. To prove this, we consider the integral

(1-B)p
—w(coshp—1) . o €
/e (1= XD o
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with w = (|z||y|/t, where t = k + is with A\/M < s < 2M . Since |w| =
IC|x]|y|/t] ~ Aand 0 < u < 1/2, we see by repeated use of partial integration
that this integral obeys O(A=") for any N > 1. We note that

, 2
. (% G |y|>2) o (; (1 ikl + |y|>) ) bl

is of polynomial growth in A\. Hence (4.14) follows immediately. This, to-
gether with (4.13), yields

(4.15) Rec(,y;¢) = Ro(a,5:0) + O (A7)

(5)  We apply the method of steepest descent to the integral Ry(x,y; ()
defined in step (4). The phase function is transformed

(1/2) (1~ ik(la| +l)/t) —> k(] + ly)r?/(2(1 — 7))

under the change of the variable 7 = 1 — ik(|x| + |y|)/t. The line t = k + is
with A\/M < s < 2M ) is transformed into a certain curve in the complex
plane. The stationary point 7 = 0 does not necessarily lie on this contour.
We deform the contour of the integral suitably in the complex domain by
analyticity and use the method of steepest decent in a neighborhood of 7 = 0.
If we write k = (/2 = |k|e? for ¢ € Dy, then |8] < ¢(logA\)/\. We further
deform a small real interval around 7 = 0 by analyticity into the smooth
contour defined by z = retl(ogA)/A |7] < 1, in a complex neighborhood
of 7 = 0. We can take L > 1 so large that Im(kz2) > 0 for z # 0. This

enables us to apply the stationary phase method ([8, Theorem 7.7.5]) to the
resulting integral. If we take account of (4.12) and of the relation

2 " _ (m+1)(1—2p) _ Clzlly] _ (Zk|95||y|> .
(87’) IO(w7¢) - O (A + a ) y W= t - |.I'| + |y| (T 1)7

around 7 = 0 and if we recall that 4 > 2/5 in (1.7) (and hence 2—6u < —p),
then we get the asymptotic formula

etk (lzl+1yl)
(Jz] + [y])/2
where wg = —ik|z||y|/(|x] + |y|) and ¢o(¢) is defined by (1.10).

(416) R()(Cl?, Y; C) = CO(C) < ) (I()('U)(), ¢) + O(/\_M))v

(6) We require the lemma below to analyze the behavior as A — oo of the
integral Iy(wg,). The lemma is verified after the proof of the proposition
is complete (in step (8)).
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Lemma 4.1. Let J(u,r) be the integral defined by
J(u,r) = /00 P’ 2(p 4 ir) L dp
foru>0andr#0. Setv=ur?>0. Ifr >0, then
J(u,r) = e/? (7”- + (2m)/26im/4 /Ovl/2 0is?/2 ds) :
and if r <0, then J(u,r) = —J(u,—r).

We recall that Ip(wo, 1)) is defined by

i (1-8)p
S ) —w(cosh p— €
Io(wo, ¥) = —— ( 7r)(—1)[0‘]61[“]1”/X(A“!p!)e (coshp—1) <—> dp

m er + e~

with w = wg = —ik|z||y|/(|x| + |y|). Since p =0 —w = o(z,y) — 7 by (4.9)
and o(z,y) = O(A™#), we have
ol — gilal(o=m) — (1)l (1+0(\™H))
and e = ¢~o=™) = _¢=%_ Thus we have
e(1=B)p B e(1-B)p B 14+ O(p) 1
el +e W eP—e 0 piioc+O(p?)+0(0?) ptio

Since

+0(1).

—wo(coshp — 1) = (k|z|lyl/(2(|2] + [y])) )p* (1+ OG?)
for |p| < 1 and since
(417) k=2 = (B + )2 = B2 + O(nl) = EY2 4 O ((log A)/\))
for ¢ € Dy, it follows that

iE1/2|33||?Jl p2> (14 p%0(l0g \) +p'O(N))

eXp(—’UJO(COShp — 1)) = exp (2(aj'|——|—y

for |p| < 2A7*. By (1.7), p > 2/5 > 1/3, and hence we have

(1-B)p B2 2|y 1
—wop(cosh p—1) € — ETITNYL 2 ( +O(1 ) .
‘ <+w> o <2<x| ST AR

As shown in step (3),

/exp (Z,El/zmyp2> (1 — X()\“|p|)) (p + io>_1 dp = O ()\_N) )

2(J| + 1yl)
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Thus Lemma 4.1 with r = 0 = o(x,y) > 0 yields

AH —wo(cosh p—1) el =hw dp = J O(\H
e ) =) 00,

where u = u(z,y;¢) = EY?|z||ly|/(|z| + |y|) with E = Re(. By (4.17), we
have

v(z,y;¢) = ulz,y; ol = 20(2,4;O)* + O ((log A)/A*) ,
where zp = zp(z,y; () is defined by (1.9). Hence Lemma 4.1, together with
(4.15) and (4.16), implies that Rs.(z,y;() takes the asymptotic form

isin(am) e~ 125 /2 gik(lz|+yl) y
™ (|| + [y])1/2

(w — (27T)1/26_”T/4/ e 2 ds + O ()\_“)) :

0

Rse = co(C)

(7) We look at the numerator e~20/26k 21+ We recall from (1.9)
that

20 = z0(e,y:0) = (Jellol/(lal + 1) o ) 2412
Since
lz—yl* = |2|*+|y|* - 2lz|ly| cos(m — o)
= (le| + ly))* = |zllylo® + ||ly|O(c*),
we have
iklz —y| = ik(jx| + |y|) —iz5/2 + ON'™™),

and hence it follows that

o128 /2 gik(lz|+yl) — giklz—yl (1+ 0\ #)) = oiklz—yl (1+0(")).
We also have

(Je] + )™ = & =y 72 (14 0(6®)) = & —y|7 /> (1 + O(A"*)) .

Thus Rs(z,y; () behaves like

Re = c(o)Smom) ( ey ) y

R

, 20
(w — (27T)1/2€_Z7T/4/ e’ 2ds + O ()\_“)) .

0

This yields the second term of the asymptotic formula. Since 0 = o(x,y) >
M~F/c by assumption, we have the relation

agay((ep — e )T (p+ w)—l) — (A~ (ml+imbu)
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for |p| < 2M*. If we take this relation into account, then we see that the
remainder term e s(x,y; () fulfills (1.11) uniformly in z, y and ¢. Thus the
desired asymptotic form is obtained. If o(x,y) < 0, then we make use of
Lemma 4.1 with » < 0 and we obtain that Rs(z,y; () behaves like

Ry = —Co(()ism(om) ( oy ) X

r o \le— P

. ZO .
(7‘(‘ — (27r)1/26_”/4/ e* 2 ds + O ()F“)) :

0

(8) It remains to prove Lemma 4.1. We define
o0
J(v) = / e’ 2(p2 £ 1) Ldp, v =ur.
—00
Assume that r > 0. Then the integral J(u,r) is calculated as

Hur) = (/2 [ (i)t = i)Y da

= —i /emp2/27‘(p2 +r) " hdp = —i J(v)
by making a change of variable p — r p. We use the formula
o
/ e11};192/2 dp = (271'/1})1/26”/4
— 00
and compute

J'(v) = (1/2)/6“’2’2/2 dp — (i/2)J (v) = (i/2)(2r /) 2™ — (i/2) T (v).

Since J(0) = =, the solution to the equation above is given by

J(’U) _ 6—2’1}/2 (J(0)+(7T/2)1/26i37r/4/ t—1/26it/2 dt)
0

o1/2
e~ v/2 <7T + (27T)1/Qei3w/4/ eis®/2 ds) .
0

If r <0, then J(u,r) =iJ(v). This proves the lemma and the proof of the
proposition is complete. [

As already stated, Proposition 2.1 has been proved as Proposition 3.1 in
[4]. We should note that decomposition (4.8) holds true only for || < .
If v = +n, then ¥ is not necessarily continuous and the denominator
in (4.7) vanishes at p = 0. The leading term of the asymptotic form in
forward directions in Proposition 2.1 comes from the cancellation of these
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two singularities. Propositions 2.3 and 2.4 are proved in a way similar to
that in the proof of Proposition 2.2. In fact, the proof is much easier, so
we give only a sketch for it. We use the notation with the same meaning
ascribed in the proof of Proposition 2.2.

Proof of Proposition 2.3. We start with the integral representation (4.2)
for R(C, P)(x,y). This admits the decomposition

R(G; P)(2,y) = Ri(2,y5¢) + Rsc(w,4;¢) + O (A7),
and Ry (x,y;() and Rg.(x,y; () behave like
Ry = (i/4)e" Y Ho(klz —y[) + O (A™Y), Ry = Ro(z,y;¢) + O (A7),

where

K4100 2
S " <1mTt> o (t IRS(EER) ) I <<|x||y|, w) dt

~ar ), 2 2t t ¢’
i (1-B)p
simiom al tlo —w(cosh p— €

Io(w,9) = — Sr )(_1)[ le! M/X()\N\I?De (coshr Dm dp.

We further have
etk (lzl+[yl)

mW) (Io(wo,w) + O()‘M))a

where wy = —ik|z||y|/(|z| + |y|). We note that
Yp=0-w=(-9) - ¢ <m,

for z = (Jz|cos b, |z|sinf) and y = (|y|cosw, |y|sinw) in the polar coordi-
nates. Thus we get the leading term

Re(2,y;¢) = (i/4)e 0@ =D i (k|z — y|) + O(A™N).

The behavior of Ip(wp,1) is analyzed by the method of steepest descent
without using Lemma 4.1. By assumption, |o(z,y)| > A /¢, ¢ > 1, for
0<p<1/2 and

-1
o, (ep +e" )

Ro(z,y;¢) = co(C) (

op (e =)' = 0 (o)~

This allows us to apply the method of steepest descent to the integral
Ip(wo, ) with |wg| ~ A, and we get the bound

lo(wo, ) = |oa,y)| 7 O (A7172)

Hence

ik(lz]+yl)
Ree(,:¢) = <W> o(,y)| 7 O (A1),
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If we note that
ano (eP — e—z‘a)—l‘ = |o(z,y)| " IHFImD o ()\—(In|+|m|)>

for |p| < 2, then we see that the remainder term es(z,y; () satisfies (1.12)
uniformly in x, y and (. This completes the proof. [

Proof of Proposition 2.4. We give only a sketch for the proof of statement
(1). By assumption, A/c < || < ¢A and 1/¢ < |y| < ¢ for some ¢ > 1. Then
we can show that R((; P)(z,y) behaves like

R(¢; P)(z,y) = R(z,y:¢) + O (A7)
for any N > 1, where R(z,y; () is defined by the integral

1 e (Im_t)eX (f_dxlz)ex (_C|yl2) <C|w||y| w)
i fy M TN )P e T Ty )P T Ty ’

and I(w, ) is defined by I(w,v) = >, eI, (w) with w = (|z||y|/t. We

write

exp(t/2 — Clo/26) = el exp ((/2)(1 — ikl 1)?)
and make a change of variable t — 7 = 1 — ik|z|/t as in the proof of Propo-

sition 2.2. Then we see by the method of steepest descent that R(z,; ()
takes the asymptotic form

R = co(Q)e™ | 1/2 exp(ikly? /2lal) (I(Klyl /i) + O(A ).
We note that exp(ik|y|2/2|z|) = 1 +O(\™Y). Since I,(z/i) = e=™/2],(z)
by formula and since

el = ¢il0—w) — (ilr(@0) — o=ilr(§:)

we have

I(Klyl/ise) = > "I (klyl/i)

l
= Y e IR 2L (Klyl) = B_(y; £, )
l
by (2.7). Thus we get the desired asymptotic form. [

5. AB effect in resonances for magnetic scattering

In quantum mechanics, a vector potential is said to have a direct signifi-
cance to particles moving in a magnetic field. This quantum effect is called
the Aharonov—Bohm effect (AB effect) and is known as one of the most re-
markable quantum phenomena ([3]). We have studied the AB effect through
resonances of a simple scattering system in two dimensions in the previous
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work [11], where the system consists of three scatterers, one bounded obsta-
cle and two scalar potentials with compact supports at large separation, and
the magnetic field is completely shielded by the obstacle placed between the
two supports of the scalar potentials. The magnetic field does not influence
particles from a classical mechanical point of view, but quantum particles
are influenced by the corresponding vector potential which does not neces-
sarily vanish outside the obstacle. We have shown that the resonances are
generated near the positive axis by the trajectories oscillating between the
two supports of the scalar potentials and that their locations heavily depend
on the magnetic flux of the field. Our motivation of the present work lies
in studying what happens in the case of several obstacles. In particular,
the system of two obstacles yields a two dimensional model of scattering by
toroidal solenoids in three dimensions. The result depends on the location
of the obstacles as well as on the fluxes.

We begin by making a review on the results obtained in [11]. We write

2
H(A V)= (=iV - A’ +V =) (=id; —a;)* +V, 0;=0/0uj,
j=1
for the Schrédinger operator with the scalar potential V : R> — R and the
vector potential A = (a1, a2) : R> — R?. Let b € C§°(R?) be as in section
1 and let A be defined by (1.2). We recall that the field b = V x A has
« as its magnetic flux and the support suppb is contained in some simply

connected bounded obstacle O. For d € R?, we set
d_=—k_d, dy =rid, Kt >0, K_+r=1,

so that dy —d_ = d. The distance |d| > 1 is regarded as a large parameter
with the direction d = d/|d| fixed. Let V4 € C$°(R?). Then we define

(5.1) Va(x) = V_a(x) + Via(e) = Vo(z —d-) + Vi(z — dy)
and consider the operator
Hy=H(A,Vy) = (—iV — A’ +V,

over the exterior domain Q = R*\ 0. We denote by the same notation Hy
the self-adjoint realization obtained by imposing the zero Dirichlet boundary
conditions D(Hy) = H?(Q) N H}(Q).

We know that the resolvent
R(¢;Hy) = (Hg—¢)™' 1 L*(2) = L*(Q), ¢€C, Re(>0, Im(>0,

is meromorphically continued from the upper half plane of the complex plane
to the lower half plane across the positive real axis where the continuous
spectrum of Hy is located. Then R((; Hy) with Im ¢ < 0 is well defined as
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an operator from Lzomp(Q) to L2 .(Q). The resonances of Hy are defined
as the poles of R((; Hy) in the lower half plane (unphysical sheet). In [11],
we have studied how the resonances are generated near the real axis by the
trajectories oscillating between the two centers d_ and dy as |d| — oo and
how the AB effect influences the location of the resonances. The obtained
result is formulated in terms of the backward amplitudes by the potentials
Vi. Let Hy = —A be the free Hamiltonian and let Hy be the Schrodinger

operator defined by
Hy=Hy+Ve=-A+Vy, D(Hy) =D(H:)=H(R.

We denote by fi(w — 60; E) the amplitude for scattering from the incident
direction w € S! to the final one @ at energy E > 0 for the pair (Hg, H).
These amplitudes admit the analytic extensions fi(w — 6;() in a complex
neighborhood of the positive real axis as a function of F.

We now fix Ey > 0 and take a complex neighborhood

(5:2) D= {C: [Re ¢ — Eo| < 6oEo, Im¢| < (1 + 260) By (lolilld|>}

for dg, 0 < dg < 1, small enough. We define

o2ik|d)

(5.3) h(¢;d) = ( ¥ ) f-(=d = d;¢) f4(d = —d; ¢) cos® (o)

over D, where the branch k = ¢%/2 is again talfen in such a way that
Rek > 0 for Re( > 0. Assume that fi(£d — Fd; Ep) # 0 and that « is
not a half integer. Then the equation

(5-4) h(¢;d) =1
has the solutions
{G@}, G €Ds ReGi <ReGy < -+ < ReC,
such that (;(d) behaves like
Im Gj(d) ~ —Ey*(log |d])/|d],  Re (Gjea(d) — G(d)) ~ 2By /|d],
for] |d| > 1. The following theorem has been established as [11, Theorem
1.1].

Theorem 5.1. Let the notation be as above. Assume that o is not a half
integer and fi(+d — Fd;Ey) # 0 at energy Ey > 0. Then we can take
do > 0 so small that the neighborhood Dy defined by (5.2) has the following
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property: For any € > 0 small enough, there exists d. > 1 such that for
|d| > d., Hq has the resonances

{gres,j (d)}7 Cres,j (d) S Dda Re Cres,l(d) <---<Re Cres,Nd (d)
wn the neighborhood

{ceciic-gal <</

and the resolvent R((; Hy) is analytic over Dg \ {Cres’l(d), e ,Cres’Nd(d)}

as a function with values in operators from Lgomp(Q) to L2 ().

We can explain intuitively how reasonable (5.4) is as an approximate
relation to determine the location of the resonances. Recall that ¢o(z;w, F)
defined by (2.4) denotes the plane wave with w as an incident direction at
energy £ > 0. We write x4 for x4+ = x — d4. The incident plane wave
¢o(z_; —d, F) takes the form

f-(=d = d B) (=1 2| 1/2)

after scattered into the direction d = d/|d| by the potential V_g, and the
scattered wave hits the other potential V4. Since |z_| behaves like

| = |z —d_| = |d+ 24| = |d| +d- 4 + O (jd )

around d, the scattered wave behaves like the plane wave
B2 12 £ (—d = dy B)po(xy;d, E
f ) YolL+;a,

when it arrives at the support of V.4, provided that the vector potential
vanishes identically. If, however, it does not necessarily vanish, then the wave
function undergoes a change of the phase factor by the AB quantum effect.
We consider the particle moving from d_ to dy under the assumption that
the center d+ of supp Vi is located on the x1 axis. We distinguish between
the trajectories passing over xo > 0 and x2 < 0 to denote the former and
latter trajectories by [ and [_, respectively. The vector potential A(x)
defined by (1.2) satisfies the relation A(x) = oV () for the azimuth angle
v(x) from the positive x1 axis. Then the AB effect causes the change in the
phase factor of the wave function, which is given by the line integral

/li A(z) - dz = o /li O(z) - dw = Far

along l4. The factor cos(ar) is generated from the sum of €/ and e~ T,
Thus the scattered wave takes

(eiEl/2|d|/|d|1/2) f_(—Ci—> d, E) Cos(aﬂ)gpo(ﬂ?+;6i, E)
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as an approximate form, when it hits the support of V4. A similar argument
applies to the plane wave g (z; d E) after scattered into the direction —d
by the potential V, 4, so that it again returns to the support of V_,, taking
the approximate form h(FE;d)po(z—; —d, E). Hence the contribution from
the trapping effect between d_ and d is described by the series

(Z h(E; d)”) po(z—;—d, E).

For example, the term with h(E;d)™ describes the contribution from the
trajectory oscillating n times. This is the reason why the location of the
resonances is approximately determined by the relation h((;d) = 1. If ais a
half integer, then cos(ar) vanishes by cancellation, and the resonances can
be shown to be generated by the second longest trajectory oscillating be-
tween O and supp Vi4. Thus the location of the resonances heavily depends
on the magnetic flux «a, even if the magnetic field vanishes in €.

As stated above, our motivation comes from a generalization of the above
result to the case of several obstacles. We consider the case of two obstacles.
The results depend on the location of the obstacles. We discuss the two
typical cases. One is the case when the obstacles are placed horizontally
along the segment joining the centers d_ and d; of the scalar potentials
Vi4, and the other is the case when the obstacles are placed vertically to
the segment. We are going to discuss the two results above in details in the
separate works [12, 13].

We set up our problem more precisely. Let bi € C5°(R?) be a given
magnetic field with the flux oy = (27) 7! / by (z)dx. We assume that the
support of b4 satisfies
(5.5) suppby C O C B ={|z| < 1}

for some simply connected bounded obstacle O, where O is assumed to
have the origin as an interior point and the smooth boundary 00+. We can
take the vector potential A (x) associated with by to fulfill

Ai(x) = ar®(x)

over Q. = R?\ O4, where ®(x) is defined by (1.3). For p+ € R? with
lp£] > 1, we set

Qp:RQ\(@_pU@+p), inZ{mim—piGOi}.
and define
Ap(@) = A_p(w) + Agpl) = A_(z = p_) + Ai(x — py).
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Let Vy(x) be defined by (5.1). Then we consider the self-adjoint operator
(56) Hp,d = H(A,m Vd)v D (Hp,d) = HQ(QP) n H&(Qp)a

in L?(2,) under the zero Dirichlet boundary conditions. We again denote
by fi(w — 0; F) the scattering amplitude for the pair (Hy, HL).

We first deal with the horizontal case when the four centers d+ and p4+
are located as follows :

(5.7) d_ = (—k-d,0), pr=(£kod,0), dy = (kyd,0),
for d > 1, where
ke >0, Kot+ryr =1 —Kk_ <—ko<0<Kg<Ky.

Here the distance |d| = |d4 — d_| is identified d and the direction of d; —d_
is fixed as w; = (1,0). We write Hgpor for the self-adjoint operator H, 4
defined by (5.6) with dy and py as above. We define the angle vy by

ke — o\ V2 Ky — ko 1/2
(5.8) cos Yy = <1, 0<y<m/2,

K_— + Ko K4+ + Ko
and set
(5.9) T = <1 - @> Cos((onr + oz_)7r) + Yo cos((a+ — a_)w).
T T
We further define
2ikd

(&

Phor(C5d) = < y ) fo (w1 = w13 Q) fo (w1 = —wi; ()mh

over Dy, where Dy is the complex neighborhood defined by (5.2). If mg #
0 and fi(+wi — Fwi;Ep) # 0, then the resonances in Dg of Hgper is
approximately determined by the solutions to the equation Ay, (¢;d) =1 in
the same sense as in Theorem 5.1.

We move to the vertical case when the four centers d+ and p are located
as follows :

(5.10)  d_ = (—k_d,0), pi=(0,+xd"?), dy = (k4d,0), & >D0.

We write Hgvert for the self-adjoint operator H, ; defined by (5.6) with d4
and py as above. We define

71(C) = (1 — Io(C)) cos((a+ + a_)w) + Io(0) exp(ii(a+ - a_)7r)

over Dg, where

. 1/2
() = @/m) e [Tt a T:r<<>:n(i+i) .

0 k— ky
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and the contour is taken to be the segment from 0 to 7. We further define

e2ikd

hren(G5) = (S ) I-(on = @i Q)1 = —onsOme (-0

If fi(tw — Fwi;Ep) # 0 and 71 (Ep) # 0, then the resonances in Dy
of Hgjvery is approximately determined by the solutions to the equation
hyvert((;d) = 1 in the same sense as in Theorem 5.1. The critical case is
that the width p = |p4 — p_| is comparable to d'/2. If, for example, we
consider a system with the total flux vanishing (a4 + a— = EO0), then the
AB effect is not observed when p < d*/2 or d*/? < p < d.

6. An application to compositions

In this section we consider the composition of two resolvent kernels as
an application of Theorems 1.1 and 1.2. The obtained result is used in
analyzing the behaviors along forward directions of the resolvent kernel of
the magnetic Schrodinger operator Hgpor in the horizontal case above.

We set up the problem precisely. Let the four centers di+ and py =
(£r0d,0) be as in (5.7), and let

i, = Rz\@ip, Oip={2z:2—pr € O+},
for O4 as in (5.5). We consider the magnetic Schrodinger operator
Hy, = H(Aip)v D(Hip) = Hz(Qip) N H(% (Qip)a
over {24, under the zero Dirichlet boundary conditions and denote by
R(G; Hep)(z,y),  (2,y) € Qip X Oy,

the resolvent kernel of Hy, for ( € Dy, where A, (v) = ax® (z — p+) and
Dy is defined by (1.5) with

A= |pt — p—| = 2kod ~ d.
We take a nonnegative function ¢; € C*°(R) such that
v1 =1 on (—o0,—kKod/2], 1 =0 on [kod/2,00), c,ogn) =0(d™),
and we set
902(22) =X (|22|/d1_u)

for the cut—off function y € C§°[0,00) with properties in (3.1). Then we
define the integral G4(z,y; () by

(6.1)  Gg=2 /R(C;H+p)($,Z)(<91901)(Z1)902(22)313(C;H—p)(z,y) dz,
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where 2z = (21,22) and 1 R(¢; H_,)(2,y) = OR((; H-,)(2,y)/0z1. Our aim
here is to analyze the behavior as d — oo of the integral Gy(z,y;(). The
obtained result is formulated as the following proposition.

Proposition 6.1. Let the notation be as above and let
Big = {|x —dy| < 1}

for dy asin (5.7). Define the angle 1, 0 < 1y < 7/2, through (5.8) and m
by (5.9). If (x,y) € Big X B_q, then the integral Gg = G4(x,y; () defined
by (6.1) behaves like

iklz1—y1|
Gd(%y; C) = (;—yﬂl/z> (CO(C)WO + O <d—(1/2—u))>

uniformly in x, y and ¢ € Dy, where co(C) is defined by (1.10).
Remark 6.1. If we define G4(z,y; () by

Gy = — / R(C H_ ), 2) (0101) (21)o2(22) 01 R(C; Hop) (2, y) dz

for (z,y) € B_4q X Big4, then the same asymptotic formula as above is
obtained.

The proposition above shows how the constant my appears in the asymp-
totic formula obtained from the composition of the two resolvent kernels.
Before going to the proof, we first discuss the two particular cases of Corol-
lary 1.1 in the way adapted to the proof of the proposition. In what follows
R((; H)(z,y) denotes the resolvent kernel of H in Corollary 1.1.

Case 1. Assume that z = (21, 22) and y = (y1,y2) fulfill
(6.2) Me < —yar <, |yl =0(1), M/e<|za| <eATH
for some ¢ > 1. Then £o(x,y) > 0 according as x5 > 0, and we have

@ =yl = |21 — y1] +23/(2]z1 — ya]) + ONTH),
yl =l (1+0T2),  zf = |aa] (1 +ON)).

Hence it follows that |z| + |y| = |z1 — v1] (1 + O(A7?*)). We further have
o(z,y) = (w2/laa]) (14+0().
Let zo(z,y; () be defined by (1.9). If we define

(6.3 = (@:0) = (Inl/anllen — D) ol
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then it follows that zy = 2_ (1 +O(A™?*)). Under (6.2), R(¢; H)(z,y) be-
haves like

eik‘xl_yﬂ lkxz
6.4)  R(C:H)(z,y) = co(¢)——08— —2> X
04)  RGH)w0) = Qe (7

<cos(a7r) T (2/m)1/2eim/4 sin(om)/ eis?/2 ds>

0
+ eik|:r1—y1||x1 . y1’—1/20 ()\—u)
according as +xo > 0.

Case 2. Assume that z = (z1,22) and y = (y1,y2) fulfill

(6.5) Ne < =y, o <ch, o] = O0(1), M/e<|ya| < cATH

for some ¢ > 1, and hence +o(z,y) > 0 according as £ys > 0. If we define
1/2 14

(6.6) 22, y:Q) = (ol /(nller = i) Tyl

then it follows that zg = 24 (1 +O(A™?)). Under (6.5), R(¢; H)(z,y) be-

haves like

iklz1—y1] ik 2
67 RGH)@) = al) e (7@’) .

|21 — 2|lz1 — y1
. 4
(Cos(om) T (2/m)/ 2/ sin(om)/ eis°/2 ds)
0

4+ eik7|f’31—y1||x1 _ y1|—1/20 ()\—#>
according as +yo > 0.

Proof of Proposition 6.1. 'To prove the proposition, we use Theorem 1.1
and Corollary 1.1 with A = |[p; — p—_| = 2kpd. We deal with the case
(x,y) € Byg X B_4 only. A similar argument applies to the other case
(z,y) € B_4g X Byq also. Note that |z1| < A\/4 = kod/2 for z; € supp 01,
and hence y; < z;1 < x1. The proof is long and is divided into several steps.

(1) We first summarize the asymptotic properties of 01 R((; H-,)(2,y)
and R(¢; Hy,)(z,2). Among the four properties mentioned below, the first
and second ones are immediate consequences of Theorem 1.1, and the third
and fourth ones follow from Cases 1 and 2 discussed above.

o If |yo| = O(1) and |22 = O(d*), then

etklzi—y| ' —(1/2—p)
81R(C;H—P)(Zay) = m (Zk’co(o cos(a_m) + O(d # )) .
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o If |x9] = O(1) and |22| = O(d*), then

eik|x1—21|

R(G Hyp)(w,2) = T (o) cosarym) + O~/

- lz1 — z1]1/2
o If yo = O(1) and d*/c < |29| < cd!™#, then

. eik|21—y1| ’Lk22
ARG ) = e e (g5 )

61;92 /2 d S>

(cos(a_w) + (2/m)Y2 e/ gin(a_7) /

0
+ eik|21—y1||z1 _ y1|—1/20 (d—u)
according as +2z9 > 0, where u_ = u_(z,y; () is defined by

Y1 + Kod| >1/2 1/4
6.8 Uu_ =2z_(2—p—,y —p—;() = z .
(65) ey = (i)l

o If 29 = O(1) and d*/c < |z| < cd' ™, then

cikle1—z1] ikz3
R(G Hep)(,2) = eolQ) 7o &P <2|x1——2zl|) "

: Ut
(COS(CM+7T) T (2/m) 2™ sin(ay ) / eit’/2 dt)
0

+ eik‘xl_zluxl — 21‘_1/20 (d_“)

according as +2z9 > 0, where uy = uy(z, z;() is defined by

6.9 Uy = 24X — P4, 2 — P43 = z .
p p |$1 - 21“21 - Ii()d| 2

The asymptotic formulas above allow us to decompose 01 R(¢; H_,)(2,y)
into the sum of the three terms

NR(G H-p)(2,Y) = Geos(2,45C) F Gy (2,43 C) + GLrom (2,45 C)
according as d"/c < 29 < cd' ™, where

. etklzi—u] ik23
Gcos = ’L]{ZCO(C) COS(Oé_ﬂ')m exp (m)

G, = ikeo(¢)(2/m) 2™ 4 sin(a_n) x

S1
ik|z1—y1] 27,2 U_
e’ ikz .2
—1/2 X exp <—2> / els /2 dS,
|21 — 1] 2lz1 — w1l /) Jo

and the remainder term G, (2, y; () obeys

Girem = €7 72|z — gy |7V20 (d 1) .
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The kernel R((; Hi,)(x,2) also admits a similar decomposition

R(C; Hyp)(w,2) = Giog (@, 25Q) F Gy (@, 21€) + Gliem (@, 7€)
with natural modifications. By definition, we have the following relations
Gloos(21, =22, 43 Q) = Goos (21, 22,45 €)

Gan(21, =22, ¥ C) = G (21, 22,43 Q)
and similarly for GE(z, z;¢) and G _(z, z; ().

Sin

(6.10)

(2) We set Ga(22) = x (|2a/d"). Since i < 1 — i, we have Faps = o
for d > 1, so that pa(z2) admits the decomposition

p2(22) = P2(22) + (1 — Pa(22)) p2(22) = P2(22) + @3(22).

tklei=z1]giklzi—u] — gikle1=v1l then it is easy to see that

/ / R(C: Hop) (2, 2) (0r01) (1) B2 (22)0 R(C; H_) (2.) d

ik|z1—y1|
ikler—yil g1y = [ £ " Vo (qg-1/2-m) .
‘ @ <|x1—y11/2> (a707)

Since 1/2 —2p < —1/2 4 p, we can also easily see that
[ [ Gt 5 0@ 0 1) 0n(e2) 0 R(G Hoy) 1) d

ik:|:c1—y1|
iklz1—y1 | —2uy _ [ _© —(1/2—p)
e O (d2) <x1y11/2>0(d )

and similarly for the integral

/ / R(C Hop) (2, 2)(0101)(21)03(2) Coem (2 : €) d

If we take (6.10) into account, then it follows that

// s (5 2:C) (0101) (21)p3(22) (s8n 22) G,y (2,95 ¢) dz = 0,
/ / sgn ) G (2,21 C) (Bron) (21) 03 (22) G (2,43 C) dz = 0.

Thus the leading term comes from the two integrals I..(z, y; ) and Iss(z, y; ¢)
defined by

If we note that e

Lo =2 / / £ (02 O (Or1) (21) s (22) G (221 C) 2,
Io=2 / / £ (2,5 0 (O101) (21)03(22) G (2,1 C) iz
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(3) We analyze the behavior as d — oo of the integral I..(z,y; () defined
above. We compute

z)exp | m—— |exp | =———=— | dz
/%( 2) (2121 — 1 2lx1 — 21| ’

_ /(902(22) —4,52(22))exp< ikz5len — | |) iz,

2|1 — 21{|21 — 1

We make a change of variable zy — d'~#t and the method of steepest descent
to the first integral with @9 on the right side. If we note that

( 1 — 1| > z% N d1_2“t2,
\-%’1 - Zlel - y1|

then we see that the integral behaves like
: 1/2
@n/k) 2™ (for = 21lJ21 = il /lan = wal) (14 O@@072)).
On the other hand, the second integral with (o is easily seen to obey the
bound O(d*). Since /(81g01)(21) dz; = —1 and since

_2ik<27r)1/2k—1/26i7r/4 _ (87T)1/26—i7r/4k1/2 _ 1/CO(C)7
we obtain the asymptotic form
eik|m1_y1|

\-%’1 —y1|1/2

(6.11) I.c = co(C) cos(aym) cos(a_m) ( ) (1 4+ O(d—(1/2—u)))

for the integral I..(x,y; ().

(4) We analyze the behavior of I(z,y;(). As in the previous step, we
first consider the integral in the variable zo. We again decompose 3 =
w2 — po and define the integral I = I(x, 21,y;() as

(6.12) [:/w(@)exp( ikzy|T1 — Y1 )X

2|w1 — 21]|21 — 1|

u— . U4 .
[/ eis?/2 ds/ eit?/2 dt} dzs,
0 0

where u— = u_(z,y;() and uy = u4(z, z;() are defined by (6.8) and (6.9),
respectively. The integral associated with @y is easily seen to obey O(d*).
We consider the integral in the brackets. We set

’Uf(Z,y; g) = Reu*(zvy;C) > 07 U+(2§‘,Z;C) = RGU+(£B,Z;C) > 0.
Then vy = O (dl/z_“> and

T (2,55 )] + [y (2,2 Q)] = O (4712 log d)



34 HIDEO TAMURA

for z3 € supp 2 (and hence |z3| < 2d'™#). Hence

u_ Ut v— vt
/ 6232/2 dS/ ezt2/2 dt — / 6132/2 dS/ e2152/2 dt+0O <d—1/2_l~4 log d) .
0 0 0 0

Thus we have

7{32 o
IZ/@z(zz)eXp< thzylo1— )x

2|z — 21]]21 — v

v— . v+
l/ 6252/2 dS/ 6“2/2 dt] dZQ + 0 (d“) .
0 0

We consider the integral in the brackets in the polar coordinate system. We
define the angles 64 (x, z1,y) through the relations

(6.13)  cosfy = vy (v} +v%)_1/2, 0<by<m/2, O+0_=m/2,

and the functions p_(0;z1,y) and py(6;z, z1) by
p+(0) =vy/cosh, 0<6<m/2.

Then the integral in question is calculated as follows :

0 0
0 [ -(0) 0 [ [p2(0)
= / / e’ 2p dr | do + / / e 2 ar | do
0 0 0 0
- i (et 1) dp - / " (e 1) ag
0 0

0_ 0
- —i/ eip—(6)2/2d0—i/+eip+(9)2/2d9+i7r/2.
0 0

(5) We now set

ly1 + rod| )1/2

|21 — y1l[21 + Kod] ’
|x1 — Kod| 1/2

(T 21) = (|$1 — 21]|z1 — ﬁod\)

’371 - yl’ 1/
w(x, 21,y) = | )

lz1 — 21|21 — 1

w—(z1,y) = (

We further define

Iy(z,21,y;¢) = (i7r/2)/cp2(z2)exp (zkz§w2/2) dz,
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Lwaw®) = [ deap00m
where

Jr=—1 /(pg(zg) exp ((ik25/2) (w* + w}/ cos® 0)) dzo.
By (6.8) and (6.9), w+ are related to v+ = Reus through the relation
(6.14) vy = w29 (Re k1/2)

and the integral I admits the decomposition

I(:ﬂ,Zl,y;C) = Io(x,Zl,y; C) +I+(x7217y; C) +I_($,Zl7y; C) +O(dﬂ) :

After making a change of variable zo — d'™#t, we apply the method of
steepest descent to the integrals Iy and J+. Then we have

Iy = (27r)l/zk_l/Qe_i”/4(—7r/2)w_1 (1 + O(d_(l—Qu)))
Ji = (2m) 22 (w? 4 wd f cos? 0) T (14 0(a07) )

uniformly in 0, 0 < 6 < . We calculate the integral

0+
Jro(x, z1,y) = / (w2 + wi/cos2 9)
0
The integrand equals
(w? 4+ w3 / cos® 9)_1/2 =w! ((w}/w?* + 1) — sin® 9)_1/2 cos 0

and hence

12 0.

o [ 212
Jrg = w ((wi/w” +1) —sin” 0) cos 6 df
0

1 [7F 2/, 2 2\ —1/2
= w / (wi/w® +1) —s%) ds
0

= w !arcsin (si(wi/w2 + 1)_1/2)

with s = sinfy. We combine these results to obtain that the integral
I(x, z1,y;¢) under consideration behaves like

= (2m) /212141 <(_7T/2 S 4 y) + O(d_(l—Qﬂ))) +0(d"),
where

(6.15) Y4 = arcsin (si(wi/w2 + 1)_1/2) :

We assert that

(6.16) by 4o = o+ 0 (d7)
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for 19 in the proposition. We proceed with the arguments, accepting this
relation as proved. Then we have

21 — 21 1/2
I — (2ﬂ)1/2k—1/2€—m/4 z1 — 21|21 — | %
|21 — 1l

(/24 o) + O V2.

(6) We are now in a position to see the asymptotic behavior of the
integral Iys = Iss(x,y; () in question. The integral takes the form

Iy = 2ik sin(aym)sin(a_m)c2(¢)e™2(2/m)eFlmr—vil x
/ (21— 21ll21 — 1) 2 @101)(21) (I, 21, : €) + O(d™)) day

and behaves like

eik|m1—y1|

Iys = Cyssin(agm) sin(a_m)c3 (C) ( ) (1 + O(d—(l/z—u)))

|21 — 1 |1/2
where

Clo = —2ik(2m) k=267 (<1 4 2450/7) = (1/e0(C)) (=1 + 24h0/)
Hence we have

Iy = co(C) (—1 4 29 /m) sin(a47) sin(a_m) X
ik|z1—y1|
<—;1 — y11/2> (1+0(a0/2))

We combine this relation with (6.11). A simple computation yields
cos(aym) cos(a_m) + (—1 4 2ty /m) sin(a47) sin(a_m) = g

for my in the proposition. Thus we get the desired asymptotic form of
Ga(z,y; Q).

(7) It remains to prove (6.16). From (6.13) and (6.14), we recall that
vy = wy|z| (Rek/?) and

sinfx = cosfy = wy (w?F + wQ_)_l/2 .
We also recall the definition of ¢4 from (6.15). If we make use of the relation
S+ = sin 64, then

sin S4w WEw
:I: p— P
(w2+w2i)1/2 (wi%—wz_)l/z (w2—|—wi)1/2
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and hence

PR T S (i ST B
T\ ) @)

A direct computation shows

cos(y4+1_) = cos by cosh_ —siny; sintp_ = W+ w-—

(w? + w2)"? (w? + w2 )"?

By definition,

wiw_ = ( |21 — Kod||y1 + Kod] )1/2
o |21 — 21|21 — Kodl|21 — y1]|z1 + Kod]

and
— kad d
[y1 — Kod| Cwrtw? = @1 + Kod]
|21 — y1||z1 — I€0d| |l’1 — 21||Z1 -+ I€Qd|
Hence it follows from (5.8) that

'wz-i-wi:

ly1 + Kod||T1 — Kod|
ly1 — Kod||z1 + Kod|

1/2
cos (Y +1_) = ( > = cos (1o + O(d_l)) ;

because (z,y) € Byg X B_4. Thus (6.16) is established and the proof of the
proposition is now complete. [l

The next proposition is more easily verified than Proposition 6.1. We skip
a proof.

Proposition 6.2. Let the notation be as in Proposition 6.1. Assume that
@1 € CL(RY) has support in |z1| < rod/2 and obeys |p1| = O(d~'7")
for some v > 0 and that p2(z3) preserves the same properties. Define the
integral

Gal,3:0) = [ (G Heg),2)21 (1) 2 22 RIG Ho ) (39)
for (z,y) € Byq X Bxq. Then one has
Galw,y;¢) = ™0l jzy —y[7120 (d7)
uniformly in x, y and ( € Dy.
We end the paper by discussing the other special cases of Corollary 1.1.
These results are used in the resonance problem for H e in the vertical

case. Let R((; H+,)(x,y) be the resolvent kernel of Hy, defined with p4 =
(0, £kd"/?) as in (5.10). Define Dy by (1.5) with X\ = d, and set

or(x,y) =o(xr — p+,y — p+)
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for o(z,y) defined by (1.6). If (z,y) € B1q X B_4, then o_(x,y) > 0 and
o_(z,y) =k (1/k_ 4+ 1/k)d Y2 +0@d™).
On the other hand, if (z,y) € B_4 X B4, then o_(z,y) < 0 and
o_(z,y) = —k (1) +1/ky)d™ V2 +0(d7Y).
By (1.9), we see that zo(z — p—,y — p—; () behaves like
20z —pyy—p_; ) =7(Q) +O(d™'?),
for (z,y) € B1q X Bx4, where

1/2
(6.17) 7(¢) = H(l//@_ n 1//<;+) VA,
Similarly we have

20(x — iy — p+;C) = 7(¢) + O(d?).

As a consequence of Corollary 1.1, we can obtain the following proposition.

Proposition 6.3. Let the notation be as above and let p+ = (0, £rd"/?).
Assume that ( € Dy. Then R((; Hyp)(x,y) takes the following asymptotic
form:

R(G H-p)(2,y) =
+ eRleryilip — g |7120 (d")
for (z,y) € Byg X Bgq, and
R(¢; Hyp)(w,y) =
w0 (“) (COS(QM) + (2/m)"/2 e/ sin(avy ) /OT ¢is*/2 d5>
+ eRleryil|p — o |7120 (d")
for (xz,y) € Big X Bxq, where 7 = 7(C) is defined by (6.17).
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