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Abstract

We have studied the asymptotical behavior of the solutions of the delay differ-
ential equation models. To analyze the global stability of the equilibria of those
models, Lyapunov functions or Lyapunov functionals are useful and effective. In
many papers various techniques to construct Lyapunov functions or functionals and
various techniques to prove the nonpositivity of their time derivative have been in-
troduced. For delay differential equations, McCluskey showed the useful integration
term. To prove the nonpositivity of the time derivative of the Lyapunov functionals
the extension of arithmetic-geometric mean inequality is effective. By these meth-
ods the analysis of the global stability of equilibria has progressed. However the
general method of the construction of the Lyapunov functions or functionals are
unknown.

In this thesis we present a systematic method to construct Lyapunov function-
als of several delay differential models of infection disease in vivo. We start with
the simple model without delay and finally we consider the complexed multistrain
model. The Lyapunov functionals are constructed systematically. In the analysis of
the stability of the equilibria, there exist some mathematical difficulties. We have
made rigorous solutions for those difficulties.

The thesis is organized as follows. At first we introduce the simple model and
describe the notations and definitions. Secondary we analyze a single strain models
and prepare the analysis of successive multistrain models. Finally we analyze some
multistrain models such as the model with absorption effect and the model with
immune variables. The global stability of the equilibria with the competitive exclu-
sion principle and the coexistence of strains are explained rigorously mathematical
method.

ii



1 Introduction

There often exist multiple strains of pathogens such as HIV, hepatitis C, Epstein-Barr
virus, dengue fever, tuberculosis and malaria. For many diseases, the effect of multiple-
strain infections remains still unclear, but theoretical works and experimental results
from animal models are clarifying it gradually.

Mathematical modeling and analysis of virus dynamics have been subjects of extensive
research. It is needless to say that the stability of equilibria is important. For the
analysis of the stability, Lyapunov functions and Lyapunov functionals are useful methods
[11]. But the main difficulty we face is the lack of a general method of constructing a
Lyapunov function or a Lyapunov functional. For delay differential equations (DDE),
McCluskey [12] showed the useful technique using the integration term to construct
Lyapunov functionals for DDE. But in many papers after this the calculations for the
Lyapunov functionals are often complicated.

In this paper we propose a systematic method with small calculation to construct Lya-
punov functionals. At first we start with a simple model and a simple Lyapunov function.
Adding several appropriate terms to the known Lyapunov function or functional we can
construct a new Lyapunov functional for the complicated model. Also we can construct
Lyapunov functionals for the multistrain models by combining the Lyapunov functionals
of the single strain models. Those methods in constructing Lyapunov functionals are
simple. In the case of multistrain models, the competitive exclusion principle is found
for the model with absorption effect without immune variables, and the condition for
coexistence of multiple strains is shown for the model with absorption effect and immune
variables.

Some recent papers [9], [10] referred to the construction of the Lyapunov functions or
functionals. And the infinitely distributed delay was taken into account in several papers
[12], [17], [19]. We try to make an accurate description on the mathematical aspect. We
describe the definition of the fading memory space, the asymptotic smoothness of the
system, the uniform persistence of the virus under Ry > 1, the well-definedness of the
Lyapunov functionals and so on.

The contents of this paper is as follows. In section 3, we consider a model with
infinitely distributed delay with absorption effect without an immune variable. In section
4, we consider models with an immune variable. For the model with absorption effect
without an immune variable, we describe the detail of the mathematical argument. In the
model with immune variable, we describe only outline for several repeated mathematical
argument.



2 Preliminary model

At first we start with a fundamental one-strain model of infection [15] that contains the
uninfected cells z, infected cells y and viruses v such as

d

d—f =\ —d0x — Bz,

d

— = Bav—ay, (2.1)
d

d—: =ary — bv.

We introduce a generalized simple model, which includes (2.1) as a special case. By using
the exponential delay kernel we can reconstruct the model which has three variables from
the model with two variables z and v. For example we define the function y(t) as follows

5/ 2t - s)olt - s)ds,

where g(s) = exp{—as}/a. Then the time derivative of y(¢) becomes as follows :

Vs /Omg<s> {e(t)o(t) — (t - s)o(t - 5)} ds

= frv — ay,

and the third equation of (2.1) can be rewritten as follows :

——r,@/ x(t — s)v(t — s)ds — bu.

Generally the model with the distributional delay should be considered. It includes
the case of finite delay or discrete delay as a particular case of it. In this section we
introduce some simple models.

Recently, the construction of the Lyapunov functional of the age-structured model is
considered concerned with the delay differential equation model.

The function z(t) denotes the population of uninfected cells, v(¢) the population of
viruses and y(a, t) the age-specific concentration of infected cells with infection age a and
time t. The parameter A\ denotes the recruitment rate, 6 and b the natural death rate
of uninfected cells and viruses respectively, 5 the contact rate, n(a) the death rate of
infected cells with infection age a, k(a) the virus production rate of infected cells at age
a. Then we have

dx

T A —d0x — Bav
dy Oy _
dv

i /0 k(a)y(a,t)da — b
y(0,t) = Bz (t)v(t).
The second equation can be solved by the integral along the characteristic curve as follows
yla,t) = Po(a)z(t—a)w(t—a) (0<a<t)
va) = wa-vep{- [ weash w<a.
a—t



where yo(-) = y(-,0). Substitute this equation to the third equation of (2.2), we have
d
—x = \—0x — Bxv

——ﬂ/ v(t — a)x(t — a)da — bv + F(t),

o(a) = exp {— /Oa n(s) dS} :
p = /t " k(@)yo(a — 1) exp {— / at n(s)ds} da.

The asymptotic behavior of this model is the same as the following model [13] by
lim; 00 F'(t) =0 :

where

and

dx_)\ ox — Bxv

*_5/ k(a v(t —a)xz(t — a)da — bv.



3 Model with distributed delay with absorption effect
without an immune variable

When pathogens infect uninfected cells, the number of pathogens decreases. It is called
the effect of absorption. Iggidr et al. [7] described the global stability of the model with
absorption effect. We add the effect of absorption expressed by p, which is less than 7,
and consider the nonlinear incidence p(z) where the function p(x) satisfies p(0) = 0,
w(zx) is strictly increasing and p(x)/x is monotone nonincreasing for > 0 as in [10].
Then we have

i—f ==z — p(x)v,

dv 0o (3.1)
i /0 k(a)o(a)u(z(t — a))v(t — a)da—pp(z)v — bo.
The parameter A denotes the recruitment rate of uninfected cells, § the natural death
rate for uninfected cells, 5 the contact rate between uninfected cells and viruses, b the
natural death rate and k(a) the viral production rate of an infected cell with infection-age
a and the function o(a) is the probability that an infected cell survives to infection-age
a. It is determined by the death rate n(a) of infected cells as

o(a) = exp ( /O an(s)ds) . (3.2)

The total number of viral particles produced by an infected cell in its life span is called
the burst size r and it is defined by

r= /000 k(a)o(a)da, (3.3)

where 0 < k(a) < K for some K and o(a) is integrable. The delay kernel is defined
by g(a) = k(a)o(a)/r, and the nonnegative function g(a) satisfies [;° g(a)da = 1. The
model is rewritten to the differential equations with infinite delay as follows

— =X —dx — p(x)v,
¢ - (3.4)
i 1"/0 g(a)p(z(t —a))v(t — a)da — pu(x)v — bu,
with the following initial condition
CC(@) = ¢0(0)7 1)(9) = d)l(g)a NS (_0070]' (35)

Due to the infinite delay, an appropriate phase space is required. We use the phase
space of fading memory type [1, 5]. For A >0, let

Ca = {p: (=00,0] = R | ¢(#)e*? is bounded and uniformly continuous}, (3.6)
Ya={p € Ca| (@) >0 for all § <0}. (3.7

Define the norm on Ca and YA by

llell = sup lp(6)e?]. (3.8)



We define Ag = liminf, o [, 7(s)ds/(2a) . It is positive because we can assume, in a
biological point of view, the death rate n(s) of infection-age s does not decrease to zero.
For any A € (0,4() we can take A; which satisfies A < A; < A and there exists a
sufficiently large A such that for all @ > A it holds that
1 a
— ds > Aq. 3.9
% /., n(s)ds = Ay (3.9)
Then the following inequality holds :

o(a) = exp <— /Oa n(s)ds) < exp(—2A;a). (3.10)

Thus if the initial functions ¢ and ¢; belong to the phase space C'a then the integral
of the right hand of the second equation of (3.4) converges. We consider the solution of
system (3.4), (x4, v4) with the initial condition

z0(0) = ¢o(0), vo(0) = ¢1(0), 6 € (—o0,0],

¢i € Ya(i =0,1) and z(0) > 0,v(0) > 0. (3.11)

3.1 Positivity and boundedness
The positivity and boundedness of the solution are shown as follows.

Proposition 3.1. Let x(t) and v(t) be the solution of system (3.4) with the initial con-
dition (3.11), then x(t) and v(t) are positive for t > 0.

Proof. Suppose that ¢; is the least positive time such that x(t;) = 0, then 2'(¢;) = A > 0.
Therefore there exists small ¢ > 0 such that z(t) < 0 for t = ¢, —e > 0. It is a
contradiction and it follows that z(¢) > 0 for all ¢ > 0. Similarly suppose that ¢; is the
least positive time such that v(¢;) = 0, then v(¢) > 0 for 0 < ¢ < #; and

dv
dt

= r/ooo g(a)u(z(ty — a))v(t; — a) da. (3.12)

t=ty

Then by the positivity of p(z(t; — a))v(ty — a) for t1 —a € (0,t1] , the integral of (3.12)
is positive for t = t;. Therefore there exists a small ¢ > 0 such that v(t) < 0 for
t=1t; —e>0. It is a contradiction and it follows that v(¢) > 0 for all ¢ > 0. O

It is important that x(¢) and v(¢) are bounded for sufficient large time ¢. Moreover
it is also important that those are bounded until that time. From the first equation in
(3.4) we have

x(t) = [x(()) + /Ot(A - M(m)v)e‘%dg] e ot
o a(t) < [x(O) + /O t Aeéfdg] e % = % + (:c(()) - 2) e

Thus we have the following proposition.

Proposition 3.2. For each initial condition it holds that
A
0 < z(t) < max {:U(O)7 5} fort >0, (3.13)

and there exists T > 0 such that x(t) < A/d+1 fort >T .



To see the boundedness of v(t) we define Wi (¢) for ¢ > 0 as follows
[e9)
Wi(t) = z(t) + / w(z(t — a))v(t — a)e”?*1%da. (3.14)
0
Lemma 3.3. Put vy = min(d,2A1). For each initial condition it holds that

Wi (t) < max {Wl(O), :\1} for allt > 0. (3.15)

and there exists T > 0 such that W1 (t) < \/vn +1 fort > T.

Proof. At first we confirm that the integral defining W1 (t) converges for fixed each ¢. By
using ¢; € Ya, it holds that ¢;(6) < ||¢;]|e=2% for 6 € (—o0,0] (i = 0,1). Therefore the
integrand of the second term of Wi (t) is dominated by an integrable function as follows.
For any a > ¢

3t — 0) < lfolle 20, vt — a) < [[gn e~ 20, (3.16)

Then by the property of u(x) it holds that
p(z(t —a)) < p(l|golle =)
And [|golle™ 2= > ||¢|| leads

p(Igolle=>¢) _ p(lgol)

[polle=2=a) = oo
Therefore
p(z(t —a)) < p(l|gol)e 20, (3.17)
and
(@t — a))o(t — a)e 2217 < p(]|gol]) || ¢ [| A A e 24, (3.18)

Thus the integral converges because A — Ay < 0.



Then the time derivative of Wi (¢) becomes as follows :

dw;
dt

-2 2 { /0 W (t — a))olt — aye—19dq +/t p(a(t — a))olt — a)eQAlada}

= A 0(t) — plaO)o(t) + [ 2 (et~ a))olt — @)} e 1%da
0

)0 4 5 [ a)uue ¢ )

= A= a(t) = lal)o(t) — [ 5L (ot = a)(t - )} e 7da

0

+ ,LL(QL'(O))Q;(O)efQAn& + % (62A1t/ ,u(x(u))v(u)eQAI“du)
=\ — 6x(t) — pu(z(t))v(t) + p(z(0))v(0)e 241! (3.19)

- { (et = )it — aje 2> - [ (ot — a))olt - a) (~280672812) da}

0
0
- 2A16_2A1t/_ p(z(w))v(uw)e? 1 du
X () — pla(t))o(t) + pl(0) o 0)e 25

- {u<x<0>>v<o>emlf = ) o)e? + 28] (ot — a))olt - a>em1ada}
0

-2/, -/t(x,;(x(t —a))v(t —a)e”?21%a

0

. (63:(75) N / (= a))yo(t — a)e_ZAlada> .

Let v1 = min(6, 2A1) then

% P — (:v(t) + /OOO p(x(t — a))v(t — a)e_mlada> =A-unWi(t).  (3.20)

It follows that

A A
Wilt) < —+ (Wl(()) — ) e 1t for all t > 0, (3.21)
141 141
and the statement of this lemma follows. O

The initial value W7(0) satisfies the following inequality :
Wi0) = 2(0)+ [ n(a(-a)r(-aje > da
0

<a(0)+ [ ullonl)eonlee 2 00 = o(0) + AU (g 5

Proposition 3.4. We can choose positive C' and C that satisfy the following :
for each initial condition v(t) < max{v(0),C/b} fort >0, and there exists T > 0 such
that v(t) < CJ/b+1 fort > T .



Proof. By Lemma 3.3, it holds that for ¢t > 0

o A
/ p(z(t —a))v(t — a)e ?21%a < max {W1 (0), 1/} . (3.23)
0 1
Using this result we will show the boundedness of v(t). Assume that k(a) is bounded and
continuous. Let ||kl = sup,>¢{k(a)} and assume that o(a) is continuous. For a > A it
holds that o(a) < e241% and let C; = max {max g<q<a o(a)e”?21%, 1}. Then by using
(3.23) it holds that for ¢ > 0

/0 Fa)o(a)u(z(t — a))o(t — a) da

IA

[ TblCrom (ot~ aott - o) da

Al / p(@(t — a))o(t — a)e?1% da

A
< C’1||k:||oomax{W1(O),y}. (3.24)
1
Let C' = C1]|k||oo max {W7(0), A\/v1 }, then
dv
T < C — pu(x)v —bv < C — bu. (3.25)
Then o o
v(t) < 5+ (u(o) - b) e bt (3.26)

Therefore v(t) is bounded for ¢ > 0.
On the other hand there exists T3 > 0 such that Wy(t) < A/v; + 1 for t > T} by
Lemma 3.3. By the positivity of x(¢) it holds that for ¢ > T

/OO w(z(t — a))o(t — a)e™221%da < Wi (t) < My + 1. (3.27)
0

Therefore it holds that for t > T3

/O/:(a)o(a)u(x(t —a))v(t —a)da ALl /C:(x(t — @)t — a)e 2210 dg
0 0

IN

A

C1 k]| 0o ( + 1) . (3.28)
vy

Let C = C1||k||oo (A/v1 + 1), then it holds that for ¢t > Ty

% < C = pu(z)v —bv < C — bo. (3.29)

Then it holds that for t > T}

u(t) < f + (v(To - f) e T, (3.30)

and there exists T' > Ty > 0 such that v(t) < C/b+1 for t > T . This C does not depend
on the initial condition. 0



Theorem 3.5. Let (z,v) be the solution of system (3.4) satisfying the initial condition
(3.11). Then there exist My and My such that ||| < My and ||ve]| < Ma fort > 0 where
My and My are independent of t .

Proof. For any t > 0,

(BRI sup -'L't( )et = sup z(u)e e A
u<t
= max {Supx e ! max x(u)eA“eAt}
u<0 0<u<t
A A
<m t - _ - —du
< X{||¢0||e s <t[5+<x<o> D]
{II%II } = My, (3.31)
|ve]| = sup ve(s)e?® = sup v(u)e e 2
s<0 u<t
— Au,—At oAug—At
= max {itipov(u)e e Orggictv(u) e }
- ¢ ¢ —bu
o { o>, mas, [+ (v0) - £) |}
C’
< max H¢1||7 1}(0), 3 = Mo, (332)
where M, and M, are independent of ¢ . O

Therefore the solution (z,v) of (3.4) remains in the phase space Ya x Y for all time
t >0, thus x4(s) < ||z¢]le™2* and vi(s) < [Jvg]|e™2* for s < 0.

Let X = YA X Ya, according to (3.4). Denote by T(t),t > 0 the family of solution
operators corresponding to (3.4) such that T'(¢)u(0) = u(t) where u(0),u(t) € X. We
introduce some notations and terminology: the positive orbit v+ (u) through u € X is
defined as y*(u) = Up>o{T'(t)u}. The w-limit set w(u) of u consists of y € X such that
there is a sequence t,, — 0o as n — oo with T'(t,)u — y as n — co.

The semigroup T'(t) is said to be asymptotically smooth, if for any bounded forward
invariant subset U of X, there exists a compact set M such that d(T(t)U, M) — 0 as
t— 00 .

Put M = max {sup,,cy |¢oll,supy, ep [1¢1]l, A/, C/b}. Since U is bounded, M is

finite.

Proposition 3.6. For any bounded forward invariant subset U of X, define My and M
as follows :

Mg = {(p € Cha: supgo(s)e%S < M} , M= Myx My, (3.33)

s<0
then limy_, o, d(T(t)U, M) =

Proof. We know that M is compact in Ca x Ca from Lemma 3.2 of [2]. We write
T(t)(¢o, $1) = (x¢,v¢). We note that z(t) < M and v(t) < M for all ¢ > 0. We define
the function ¢'(s) € Mg such that

x(t+s) if —t<s<0(0<s+t<t),

o' (s) == { 2(0)e- 26+ if s <t (541 <0) (3.34)



Separating the interval (—oo, 0] to the two intervals [—t, 0], (—oco, —t] , we can conclude
that

sup |z(s) — ¢ (s)]e™* =0,
—t<s<0

sup |z1(s) — ' (s)] €2* = sup |a(s + 1) — 2(0)e~ 2 (HD[eds
s<—t s+t<0

sup_ (o260 1 a(0)e 60) e+
s+t<0

= sup ([[golle™2" +2(0)e 1)
s+t<0
= (o]l +2(0)) e,

Therefore we have d(z, Mg) < (||po]| + 2(0)) e AL
Similarly we define the function !(s) € Mg such that

IN

o [ out+s) if —t<s<0(0<s+t<t),
Yils) = { U(O)(f%(sﬂ) if s <—t(s+t<0). (3.3)

By the same argument we can also get that

sup |vy(s) — bt (s)]e =0,

—t<s<0

sup [v(s) = ¥ (s)] €2 < (]| +0(0)) e
Therefore we have d(v;, Mg) < (||¢1]| +2(0)) e~2*. Thus we get that
limy_, oo d((4,v;), M) = 0 uniformly with respect to (¢g, 1) € U. O

Therefore T'(¢t) is asymptotically smooth. The following result of the theory of per-
sistence is taken from [6]:

Theorem 3.7. Suppose that we have the following:

(i) X° is open and dense in X with X°U Xg =X and X°NXo=0 ;

(ii) the solution operators T(t) satisfy T(t) : X — X°, T(t) : Xo — Xo ;

(iii) T(t) is point dissipative in X ;

() yT(U) is bounded in X if U is bounded in X ;

(v) T(t) is asymptotically smooth ;

(vi) A = Ugea,w(z) is isolated and has an acyclic covering N, where Ay is the global
attractor of T(t) restricted to Xo and N = UK_| N; ;

(vii) for each N; € N,W*(N;) N X% =0 ; where W* refers to the stable set.

Then T(t) is a uniform repeller with respect to Xy, i.e. there is an n > 0 such that for
any x € X9 liminf; o d(T(t)z, Xo) > 7.

The basic reproduction number of (3.4) is Ry = ru(Z)/(pu(&) + b) where & = A/0.
Let

X = {(¢0, 1) € X|¢0(0)¢1(9) > 0 for some 6 < 0},
Xo = {(¢0, ¢1) € X|¢o(0)¢1(0) = 0 for all § < 0}.

Theorem 3.8. Consider system (3.4). Assume that Ry > 1 and (zg,v9) € X°, then
there exists an n > 0 such that

liminf |z¢|| > 7, liminf ||v¢]] > 7.
t—o0 t—o0

10



Proof. We check all the conditions of Theorem 3.7. It is easy to see that (i) and (ii) are
satisfied. The point dissipativity has been proved in Proposition 3.2 and Proposition 3.4
, so we have (iii). Let ||¢o|| and ||¢1]| are bounded. Then by (3.31) and (3.32) we obtain
(iv). Proposition 3.6 confirms (v).

Regarding (vi), clearly A = {Ey} (now Ey = (£,0) € X, & = A/J) and isolated. Hence
the covering is simply N = {Ey}, which is acyclic (there is no orbit which connects Fy
to itself in Xj).

It remains to show that W*(Ey) N XY = (. Suppose the contrary, there exists a
solution u; € X9 such that

tlirgo(:ct,vt) = (%,0).

We define the function V(¢) such that

V(t)=wv(t) + r/ a(a)p(z(t —a))v(t — a)da, (3.36)
0
where a(a) = [ g(T)dr. By the assumption v, — 0 we have V(t) — 0 as in the proof
of Lemma 3.3. On the other hand differentiating with respect to time gives

d

dg«w=rAwgvmw@—T»mwwmh—pmmv—m

+r/mgvnmwv—u@@—ﬂwa—7»w
0
= {rulz) — (pu(x) + )} o(t)

ru(z)
= (pu(x) +0b <—1)vt.
(o) +0) (g = 1) vl
Now we take advantage of Ry = L(z) > 1 : there exists an € and T > 0 such that
pu(E) + b
()
1>
pu(z) +b

for all t > T . Therefore, V() goes to infinity or approaches a positive limit as t — oc.
It is a contradiction. Thus we confirmed (vii) and we can apply Theorem 3.7 to obtain
that there exists an 7 such that

liminf ||z¢]| >n, liminf |lvs]] > 7.
t— o0 t— o0

We can apply the following Lemma to x; and v;.

Lemma 3.9. Suppose liminf; o ||y:]| > 1, then it holds that limsup,_, . y(t) >0’ for
all ' such that 0 <n' <.

Proof. There exists Ty > 0 such that

lye|l = sup y(t + 0)e2? > o/ for all t > Ty.
<0

11



For arbitrary positive 77 larger than T let ¢t > Tj. Separating the interval (—oo, 0] to
the three intervals (—oo, —t],[—t,T1 — ¢, [Th — t,0] , we calculate ||y;| with the initial
condition yo = ¢ € Ya. Let u =t + 6, then

sup y(t +0)e’ = supy(u)e® 7 = A4
0<—t u<0

On the second interval let K = sup_,<p<rp, 4 y(t +0) = supg<, <7, y(u), then

sup y(u)eA(“_t) < KeAM=t) = geATie—AL
0<u<Ty

Choosing t large enough makes these two values smaller than 7'/2. Then the value of
lye]| is attained at Oy in the third interval Th — ¢ < 6y < 0. Therefore

y(t + 6p)et? > 1.
Let u; =t + 90 > T3 then
y(ur) > n'e 2% =y (700) >y,

We can choose T3 larger than u; and by the same argument we can obtain us > T5 such
that
y(ug) = n'e™ 2% =5/ ed0) > 4,

Therefore the assertion follows. O
Consequently
limsupz(t) > 7" and limsupv(t) > 7' (3.37)
t—o0 t—o00

Proposition 3.10. Assume Ro > 1. Let (z,v) be a solution of (3.4) with (zg,vo) € X°
, then there exists a positive n” such that

. . 1 . . /!
htrgloglf x(t) >n" and htrglogf v(t) >n". (3.38)

Proof. We use Proposition 3.6 and Theorem 2.2 in [18] with p = x or p = v , where
p: X — (0,00) is a continuous strictly positive functional on X. O

Now we construct the Lyapunov functional for the model (3.4). We define the func-
tionals

W (b c) = C/OOO a(a)H (qﬁ(t;a)) da, (3.39)

for our construction of Lyapunov functionals, where al(a) = [ g(7)dr , H(u) =u—1—
log u and c is a positive constant. To guarantee the well-definedness of the integration we
require that there exist positive € and M such that € < ot —a) < M for all 0 < a < 0.
Suppose Ry > 1. Let (#,7) be a solution of the equation (3.4) with (Zg, %) € X°.
Then combined with Proposition 3.2, Proposition 3.4 and Proposition 3.10, it follows
that the w-limit set Q of (Z,0) is non-empty, compact and invariant. It follows that €2 is
the union of entire orbits of the equation (3.4). That is, if (¢g, ¢1) € Ya X YA is a point
in Q, then there exists an entire solution through (¢g, ¢1) such that every point on the
solution is in Q. For the solution (z,v) that lies in 2, combined with Proposition 3.2,
Proposition 3.4 and Proposition 3.10, there exist e > 0 and M > 0 such that

e<z(t) <M, e<wv(t)<MforallteR. (3.40)

Then the functional (3.39) is well defined for every solution that lies in Q.

12



3.2 Stability of the equilibria

Proposition 3.11. Suppose Ry > 1 and (x,v) is a solution of (3.4) that lies in Q, then
the time derivative of

Ui(xg,ve) = /z M(g)ﬂ_(g;(x*)df + " i p(v —v* logv)
C(u(@)v)e; p(a™)v") (3.41)

is nonpositive under the condition :
NGO LY (3.42)
r—p dx*

Proof. When we assume Ry > 1, there exists an infected equilibrium (z*,v*). We can
rewrite the first equation of (3.1) as follows

dx

dt
and at the equilibrium (z*,v*) it holds that b = (r — p)u(x*). The time derivative of U;
along (3.1) becomes as follows

=5 (2" — ) + (" — ), (3.43)

g Tt, v ) (¥ —x )" — p(x)v
00 = (1-22) 5 (00 =) 4 ey = o)

(= S )t = gt o (oot - uon)}

P plr ),
+ Lo {utor = ute (o) + atayor o M g

= (1= ) () + (-5 e ey

b (1= D) (0=t = = puta e}

+

— 3
- [ty - won
+- . . /0 (Pt log “/(f;((gizf(g) dr (3.44)
_ (1 _ ‘ﬁf@f) 5o (1 - 9;) + ()" — ‘:fg))ﬂ(x*)v* — @)t + pla )
ot [0 {J A i)
= (1) o (1= 5 ) e (25 -
e [50 (22 PR

-(-45) ‘5”0;(1 %) K 2oty (1 M) (1= M)
ts - pu(x*)v% g(¢)<2 - fL((ﬂ;)) _ u(x;((;)*);}t(f) g u/(ix;(T))yt(T))dT.

13



The monotone nonincreasing of u(x)/x leads

(1= p(@®)/p(x) (1 —2/z7) < (1= p(z")/p(x) (1 = ple)/pz")), (3.45)

and it follows that

LR I C0 CAR W GG oz
dtUl( V) < (1 r—p  ox* )6 (1 p(x) ) (1 x*)
r N by @) p(n)v(r) s (D))
+ r—p”(x )v/og(f) (2 e @) + log (o) )d . (3.46)
If _—
p plat)v
1- ey o >0, (3.47)
that is if o )
er(l—l—vglEf)),orTZp %, (3.48)

then the derivative is nonpositive and U; becomes a Lyapunov functional for the equi-
librium (z*,v*). O

Theorem 3.12. If Ry > 1, then all solutions of equation (3.4) for which the disease is
initially present converge to (z*,v*) under the condition (3.42).

Proof. We can show that the maximal invariant set M in

d
{(.1‘0,?]0) €N &Ul(l‘t,’vtﬂt:() = 0} s (349)

is the singleton {(z*,v*)}. Let (x,v) be a solution of (3.4) in Q. Then the w-limit set
and a-limit set are contained in M. They are equal to {(z*,v*)}. Since Uj(xy,vy) is
nonincreasing along the solution (x,v), (x,v) must be equal to (z*,v*) identically. Then
the w-limit set € is equal to {(x*,v*)}. It follows that all solutions of equation (3.4) for
which disease is initially present converge to (z*,v*). O

If there does not exist absorption effect, that is p = 0, then the condition (3.42) is
satisfied.
Assume Ry < 1 and define the following functional :

W5 ((zv):) = /000 ala)z(t — a)v(t — a)da. (3.50)

The integral W§* can be defined for every bounded solution. Let (Z,?) be an arbitrary
solution. As in the case Ry > 1, the w-limit set Q of (Z,?) is non-empty. Then there
exists an entire solution (x,v) through an element (¢g, 1) € Q.

Proposition 3.13. Suppose Ry < 1. Let (z,v) be a solution of (3.4) that lies in Q.
Then the time derivative of

_ [T &) — u(@) L T ol
(e = [ B e+ vt oW (@) @5

18 nonpositive.
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Proof. The condition Ry < 1 is equivalent to p(Z) — b/(r — p) < 0. We can rewrite the
model (3.4) as follows

dz
@
dv >

= ruta)o = putoyo — o+ ([ aoutate = myote = 7)dr = utee)

=0 (& —x) = p(x)v, 552
3.52

The nonpositivity of the time derivative of Us(x:,v¢) along (3.52) is shown by the
monotonous increase of u(x) and Ry < 1 as follows :

d = 7@ (T —2x) — plz)v
U = (1- 25 5@ - ) - (o)

+ ﬁ {m(a:)v — pu(x)v —bv + 1 (/Oogo(r)u(x(t — )t —7)dr — u(ac)v) }

/090(77) {p(z(®)o(t) — p(z(t —n))o(t —n)}dny

_|_
r=pJo

:5@( —Z%) (1—
e

Thus Us(z¢, v¢) is a Lyapunov functional for the disease free equilibrium (%, 0). O

R B8

(3.53)

Theorem 3.14. If Ry < 1, then all solutions converge to the infection-free equilibrium.

Proof. We can show that the maximal invariant set M in

{(a:o,vo) €N

d
V2@ ve)li=0 = 0} (3.54)

is the singleton {(A/4,0)}. As in Theorem 3.12, we can show that all solutions converge
to the infection-free equilibrium. O

15



4 Model with an immune variable

We consider a model with the immune variable z. The model is incorporated with
humoral immunity. The system of equations is

dz

i A —ox — p(x)v,

i—: = r/ g(M)p(z(t — 7))v(t — 7)dT — pu(x)v — buv—pvz, (4.1)
0

dz

< vg(z) —me,

where vq(z) represents the activation of immunity by infected cells and m represents the
death rate of immune variable.

Kajiwara et al. [10] studied a method of construction of Lyapunov functions for an
ODE model containing those terms. Several types of ¢(z) are considered. Nowak and
Bangham [15] and Murase et al. [14] used ¢(z) = gz. Inoue et al. [8] used ¢(z) = gq.
Gomez—Acevedo and Li [4] used ¢(z) = gz/(z + K) , where ¢ and K are constants. In
this paper we examine two types of ¢(z). The first type is ¢(z) = ¢, and the second
type is ¢(z) = ¢z, where ¢ is constant. Using an argument in Section 3 we can choose
YA X YA x R as a phase space for system (4.1), and the integral in (4.1) converges.
The basic reproduction number of (4.1) is Ry = ru(&)/(pu(Z) + b) where & = \/0.

The disease free equilibrium of the model (4.1) is Ey = (A/4,0,0). The infected
equilibrium is (x*,v*, 2*) that satisfies following equations :

A= oz — plx*)v* =0, (4.2)
{(r = p)u(z”) =b—pz"}v* =0, (4.3)
v q(z*) —mz* =0, (4.4)

where v* > 0.

4.1 Positivity and boundedness

By a similar argument in Proposition 3.1 we have the positivity of z,v and z. We will
show the boundedness of them. By (4.1) we obtain

dx

<) — .

3 S A —dx, (4.5)

dv o0

S<r [ ammteouds - putay - bo (4.6)
0

Then by a similar argument in Proposition 3.2 and Proposition 3.4 we can see the bound-
edness of z(t) and v(t).

In the case ¢(z) = ¢, let V be the upper bound of v. By the third equation of (4.1)
we obtain

T <qV —mz. (4.7)
Then we have the followings :
Vv 1%
<y (z(O) - q) e, (4.8)
m m



therefore it holds that
\%4
z < max {z(O), q} for all t > 0, (4.9)
m

and there exists a T such that z < ¢V /m + 1 for all t > T.
In the case q(z) = ¢z, we define the following function :

Wa(t) = x(t) + v(t) + Bz(t) Y (p+1) /°° j(z(t — a))o(t — a)e2217da.
q 0

Then the time derivative of Wa(t) becomes as follows :

o0

Wy =\—0dz — p(z)v+ /Ok(a)a(a),u(x(t —a))v(t —a)da — pp(r)v — bv — pvz

d
dt

+ g(qu —mz)+(p+1) {,u(:z:)v — 244 /OOO pw(z(t —a))v(t — a>e—2A1ada}

<A—dx— gv - mgz —2A4(p+1) / w(z(t —a))v(t — a)e**1%a
0

+Cl||k|‘oo/ M(.’L‘(t—a))v(t_a)e—QAlada
0

A
< Okl <§ ; 1) a

- <5m + gv +m- gz +2A:(p+1) /000 wlx(t —a))v(t — a)e_QAlada> . (4.10)

Let Co = C1lk]|co (A/d + 1) + X and v = min(4,b/2,m,2A;) then

d
&Wz < Co — Wy,

and it holds that

Wy < max {WQ(O), 6'2} for all £ > 0. (4.11)
)

Therefore there exists To(> T') such that Wa < Cy /vy + 1 for all ¢ > T. The positivity

of x and v leads the boundedness of z.

4.2 Stability of the infected equilibrium : ¢(z) = ¢z

If Ry > 1 then the infected equilibrium exists. At first we consider the case ¢(z) =
gz. If z(0) = 0 then z(t) = 0 for all ¢ > 0 by the third equation of (4.1). Then
the model is reduced to the model (3.4) without an immune variable. At most two
infected equilibria are obtained from (4.2),(4.3) and (4.4). The one equilibrium ET is
obtained from z' = 0 and v’ > 0. Then z' is determined by u(z") = b/(r — p). Since
Ry > 1 then it holds that u(A\/§) > b/(r — p) and A\/§ > x'. The equilibrium is
ET = (', (A — dz")/u(27),0). The other equilibrium E* is obtained from z* > 0. Then
vt = m/q. Thus z* is determined by m/q = (A — dz*)/u(z*). The immune variable z*
is determined by 2 = {(r — p)u(x*) — b}/p. If (r — p)u(z*) — b < 0 then there does
not exist an equilibrium with positive immune variable and the infected equilibrium is
only ET. Else if it holds that (r — p)u(z*) — b > 0 then there exists the equilibrium
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Et = (z*,m/q, {(r — p)u(2*) — b} /p) with positive immune variable where z* > zf. The
condition (r — p)u(x*) — b > 0 is equivalent to the following inequality :

m A=zt

Figure 1 shows the relationship of these two infected equilibria and the disease free
equilibrium.

v=(\—0x)/u(x)

(A — 6t) /(e b

1
m/q £

Ey

o 2t Ao
Figure 1: m/q < (A — dz')/u(z")

Suppose (4.12) , we define X° = {(¢o, ¢1, ) € X|¢o(6)¢1(#) > 0 for some 6 < 0} and
Xo = {(d0, ¢1, ) € X|do(6)¢1(#) = 0 for all § < 0}. Then the attractor A restricted to
Xo is {Ep}. A similar argument as Theorem 3.8, Lemma 3.9 and Proposition 3.10 leads
the following Proposition :

Proposition 4.1. Assume Ry > 1. Let (z,v,2) be a solution of (4.1) with
(w0,v0,2(0)) € X° | then there exists a positive "’ such that

. . 1 . . 1
hgg}fx(lf) >n" and htrgg.}fv(t) > (4.13)

Suppose Ry > 1. Let (&,7, 2) be a solution of the equation (4.1) with (&g, 9o, 2(0))
€ XY . Then the w-limit set Q of (%, ¥, Z) is non-empty, compact and invariant. The set
is the union of entire orbits of the equation (4.1). That is , if (¢o, Pp1,) € YA x YA xR
is an omega limit point of (Z, 7, 2), then there exists a solution through (¢g, ¢1,a) such
that every point on the solution is in 2. As in the model without immune variable, For
the solution that lies in €, there exist € > 0 and M > 0 such that

e<z(t) <M, e<wv(t)<MforallteR. (4.14)
Then the functional defined by (3.39) is well defined for every solution that lies in Q.

Proposition 4.2. Suppose that Ry > 1 and that there exists the infected equilibrium E*
with positive immune variable. Let (x,v,z) be a solution of (4.1) that lies in 2, then the
time derivative of

D Fr—t

U. =U —
3(ze, ¢, 2) 1(2e, ve) + r—p ). g7

dr (4.15)

is monpositive under the condition :

1 3
r>p(1+v§if)>,ormi>i-i". (4.16)
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Proof. If there exists the interior equilibrium (2%, v*, 2%), we define the functional Us as
follows :

B R YV S LY

+ #Wfo((u(x)v)t;u(xi)v*). (4.17)

We consider the following modified system with absorption effect :

dz

— = A=z — p(z)v,

gf} - (4.18)
T=r / g(r)ula(t — 7))ot — T)dr—pp(z)v — (b+ p2H)o.

This model has the same equilibrium as (4.1) and a Lyapunov functional similar to U;.
We rewrite the system (4.1) as follows :

dz

T A —dx — p(z)v,

d o0

= [ ammtate = nyute - ndr—puta)o = 6+ pho - oz - po (419)
0

s _

T vqz — Mmz.

The time derivative of Us along (4.19) is

d d 1 vt I
U =—Ui+—(1-— ) {~(pz —p7' r—pdt
q V) = g 1+r—p< v>{ w2 =20} + 00 L

ot 1)) 50 -

oxt
"ot atry (2 — () p(ae(r))oe(r) o HE(T)e(T)
ot )<2 W@ T a@ TR )d

P 71)71 —v Z*Zi P ZﬁZi vqgz —mze
+ (1 )( ) ( )+T_p = (vq ). (4.20)

T

The second term is nonpositive by the extension of arithmetic-geometric mean in-
equality [9]. The last two terms become

p z—2zt

(vgz — mz)

1 3 7
This is zero because v* = m/q. Therefore when r > p (1 + Y f;(“: ) =p- % the
x x
derivative of Uz holds nonpositive and Uj is a Lyapunov functional for the equilibrium
E* = (at,m/q,z"). O
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Theorem 4.3. If Ry > 1 and there exists the equilibrium E* = (z%,q/m,2%) , then
all solutions of (4.1) for which the disease is initially present converge to the infected
equilibrium (z*,m/q, 2*) under the condition (4.16).

Proof. We can show that the maximal invariant set M in

{(mo,vo,z(())) e gUl(act,vt,z)hzo = 0} , (4.21)

dt
is the singleton {(z*, v¥, 2%)}. Let (z,v, 2) be a solution of (4.1) in Q. Then the w-limit set
and a-limit set are contained in M. They are equal to {(z¥,v*, 2%)}. Since Us(zy, vy, 2) is
nonincreasing along the solution (z, v, 2), (z,v, ) must be equal to (z*, v*, 2¥) identically.
Then the w-limit set  is equal to {(z*,v¥, 2#)}. Tt follows that all solutions of (4.1) for
which disease is initially present converge to (z*,v*, 2%). O

When there does not exist absorption effect, that is p = 0, then the condition (4.16)
is obviously satisfied.

Suppose that there does not exist the infected equilibrium E¥. We define X° =
{(¢o, p1,) € X’¢o(9)¢1(9) > 0 for some 6 < 0} and Xo = {(¢o, ¢1,) € X| do(0)p1(0) =
0 for all # < 0}. Then the attractor A restricted to Xg is {Ep}. Let © be the w-limit set
of the solution of (4.1). Then by the same argument for Proposition 3.10, the functional
(3.39) is well defined for every solution that lies in Q. Figure 2 shows the absence of E¥.

| v=(A—0x)/u(x)
m/q (E)
(A= d21)/u(a") v
Ey
ot Ao

Figure 2: m/q > (A — dz') /u(x")

Proposition 4.4. Suppose that Ry > 1 , the infected equilibrium is only ET = (2T, v7,0).
Let (x,v,z) be a solution that lies in Q, then the time derivative of

1
Ui(ze, v, 2) = Uy (zg,00) + —2— [ =dr, (4.22)
r=pJo 4
is nonpositive under the condition :
T T
T>p 1+Uu(x) ,orxT>B-£. (4.23)
Szt r

Proof. The functional Uy is defined as follows :

T (6) — (et :
titrrn ) = [0, Lo stiogye 2 [ Lo

T W (u(@)o)e; (et o). (4.24)

+
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The time derivative of Uy along (4.19) is

=8 1 2) o 28
N o e
L (vl 4 rf;pé (vgz — m2) . (4.25)

The second term is nonpositive by the extension of arithmetic-geometric mean in-
equality. The last two terms become
p

1
7(—U+’UT)Z+L*(W(]—TR)Z
r—p r—pq

- (UT _ 7;) - (4.26)

When there does not exist E*, it holds that (r — p)u(x*) —b < 0 . This implies 2t <
2T and v¥ > of, that is m/q > vf. Therefore (4.26) is nonpositive. Consequently
ol p(zt)
Szt
Lyapunov functional at ET = (zf,vT,0). O

when r > p (1 + ) =p- % the derivative of Uy holds nonpositive and Uy is a
x

Theorem 4.5. If Ry > 1 and the infected equilibrium is only ET | then all solutions of
equation (4.1) for which the disease is initially present converge to the infected equilibrium
(zt, v, 0) under the condition (4.23).

Proof. We can show that the maximal invariant set M in

{(l’o,Uo,Z(O)) e dtU4(CUt,"Ut, )|t:0 = 0} (4.27)

is the singleton {(z',v",0)}. Let (z,v, 2) be a solution of (4.1) in Q. Then the w-limit set
and a-limit set are contained in M. They are equal to {(zf,v,0)}. Since Uy(z¢, vy, 2) is
nonincreasing along the solution (z,v, 2), (x,v, z) must be equal to (z', vt 0) identically.
Then the w-limit set Q is equal to {(zf,v,0)}. It follows that all solutions of (4.1) for
which disease is initially present converge to (zf,vT,0). O

4.3 Stability of the infected equilibrium : ¢(z) = ¢

Now we consider the case q(z) = ¢. The infected equilibrium derived from (4.2),(4.3)
and (4.4) is only E* = (:c v*, 2%) Where v* = mz*/q, 2" = {(r — p)u(z*) — b}/p). We
define X® = {(¢o, ¢1,0) € X|¢o ¢1(6) > 0 for some § < 0} and Xy = {(¢o, ¢1,) €
X|¢o(0)p1(8) = 0 for all § < 0}. Then the attractor A restricted to X is {Eo}. Let Q
be the w-limit set of the solution of (4.1). Then by the same argument for Proposition
3.10, the functional (3.39) is well defined for every solution that lies in .
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Proposition 4.6. Suppose Ry > 1. Let (z,v,2) be a solution of (4.1) that lies in ),
then the time derivative of

-2t
Us (¢, 01, 2) = Un (¢, 00) + . dr (4.28)
=P J= q
is monpositive under the condition :
r>p<1+v'u(x)>,orac*>p~i‘. (4.29)
dx* r

Proof. If Ry > 1 then there exists the interior equilibrium (2*,v*, z*). The functional
U5 is

x _ * 1 z ok
U5($t,vt,z):/ u(§) — >d€+ (U—U*logv)-prf;p/ T

T* M(E) r—=p q
r *\ ok
+ — W ((u(x)v)s; p(a™)v"). (4.30)
We consider the following modified system with absorption effect:
% =X —dx — pu(x)v,
dv 0o (4.31)
T T e e R )
0

This model has the same equilibrium as (4.1) and a Lyapunov functional similar to U;.
We rewrite the system (4.1) as follows :

dz

T A —o0x — p(x)v,

dv > x «

i r/ g(Mp(z(t — 7)ot — 7)dr—pu(x)v — (b+ pz*)v — (pz — pz*)v,  (4.32)
0

dz _ vg —mz

a T

If we note m = v*q/z*, the time derivative of Us along (4.32) is

%U5(xt,vt,z) = %Ul + ﬁ (1 — 1;*) {=(pz — pz*)v} + m% zj T —qz* dr
e
(e ) e st

The second term is nonpositive by the extension of arithmetic-geometric mean inequality.
Since ¢(z) = ¢ then the last two terms become

x *
p (—v+v*)(z —2") + p_Z7% <vq—q11z>
z

r=p r—p ¢
* *
P (1= ) et P (- )
r—p v r—p v z

* *
_ 2(1_2’) (1-2)
r—p z z*



This is nonpositive by arithmetic-geometric mean inequality.

v*p(x*) z o iy
Therefore when r > p ( 1+ e = p- —; the derivative of Us holds nonpositive
x x
and Us is a Lyapunov functional for (z*,v*, z*). O

Theorem 4.7. If Ry > 1, then all solutions of (4.1) for which the disease is initially
present converge to the infected equilibrium (x*,v*,z*) under the condition (4.29).

Proof. We can show that the maximal invariant set M in

{(zo,vo,z(O)) =Y/ %U5(xt,vt,z)|t:0 = 0} , (4.34)

is the singleton {(z*, v*, 2*)}. Let (z,v, z) be a solution of (4.1) in 2. Then the w-limit set
and o-limit set are contained in M. They are equal to {(z*,v*, 2*)}. Since Us (x4, vy, 2) is
nonincreasing along the solution (z, v, z), (z,v, z) must be equal to (z*, v*, z*) identically.
Then the w-limit set € is equal to {(z*,v*,z*)}. It follows that all solutions of (4.1) for
which disease is initially present converge to (z*,v*, z*). O

4.4 Stability of the infection-free equilibrium

We consider the case Ry < 1. Let (x, v, z) be an arbitrary solution. As in the case Ry > 1,
the w-limit set Q of (z,v,z) is non-empty and the Lyapunov functional is well-defined
for every solution.

PI‘OpOSitiOIl 4.8. Suppose RO < 1. Let (1’,’1},2’) be a solution Of (41) that lies in Q.
Then the time derivative Of
6 s Uty 2 ) ’ .
o o P Jo q( )

18 monpositive.

Proof. If Ry < 1 then there exists no interior equilibrium and the only equilibrium is
(Z,0,0). The functional Ug is

B (€)= p(d) 1 v p 2 or -
U@(xt,vtaz)*/j (€) ngrT—p +7"—P/0 q(T)d

W (@), (430)

Then the time derivative of U along (4.1) is as follows:
d w() R R b pm 22
—U, =0-(1-=—F% — — — . (437
ag Vol v ?) ( u(x)) (=2 + <“(x) r—p)v r—pq(z) (4.37)

Since Ry < 1 is equivalent to p(Z) < b/(r — p), then the derivative becomes nonpositive
and Usg is a Lyapunov functional for the equilibrium (&, 0,0). O

Theorem 4.9. If Ry <1, then all solutions converge to the infection-free equilibrium.

Proof. We can show that the maximal invariant set M in

{(mo,vo,z(O)) €N %Uﬁ(xt,’l)t,ZNt:O = 0} , (4.38)

is the singleton {(A/4,0,0)}. Asin Theorem 3.14 , we can show that all solutions converge
to the infection-free equilibrium. O
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5 Multistrain model with absorption effect without
immune variables

In many infection processes, there often exist multiple strains in pathogens. We consider
whether the competitive exclusion principle holds or the coexistence of multiple strains
holds in multistrain models. In this section we will show that the competitive exclusion
principle holds in the model with absorption effect without immune variables.

We consider the multistrain model with absorption extended from the single strain
model (3.1). If the variable v; denotes the virus population of i-th strain, we have

dx -
5 =)0 ;m(m)w,
dv; > 5.1
di = Tzﬂi/o gi(T)(x(t — 7))vi(t — 7)dT — pifBip(x)vi — bivi, o
(i=1.2....,n),
with the initial condition
JJ(G) :¢0(0)?Ul(0) :¢i(9)7f0r 0 S Oa (7': 1327“-5”)7 (52)
where
®0(0), 9:(0) € Ya. (5.3)

When the i-th strain satisfies the condition ¢o(0)¢;(6) > 0 for some 6 < 0 we say that
the strain is present.
All parameters concerned with i-th strain are expressed with i. The delay kernel g;(7)
is defined by
k; i >
gi(r) = BDoilT), n:/ ki(7)oi(7)dT
T 0
The phase space of (5.1) is YA xY{. We assume p; < r; and define Ri = (ri—pi)Bip(&) /b;
for every i-th strain, where # = A\/§. The parameter R} quantifies the strength of
infection. We may assume ~ ~ ~
Ry >R3> > Ry, (5.4)
without loss of generality. The exceptional case Rf) = RE)H for some ¢ is not considered
in this paper. For j # i it holds that

B4R o (rj — p;)Bijm(2) 2 (ri — pi) Bapn(Z) - (rj — p;)B; 2 (7 —béi)ﬁi_ (

5.5
b; b; b; : )

We define an order relation by
idje RY<R), i<je Ry<R) and 0<iforallieN,U{0}.
In our paper we assume (5.4), thus for the subset J C N,, the max?J is uniquely defined
b
’ max J =i« icJand j<iforalljeJ
If the initial condition of the i-th strain is ¢¢(6)¢;(#) = 0 for all § < 0 then v;(t) =0
for all ¢ > 0. Else if the initial condition of the i-th strain is ¢o(0)¢;(#) > 0 for some

6 < 0 then the positivity and boundedness of x(t) and v;(¢) are shown in the same way
as in Section 3.
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At an equilibrium (z*,v*) with v* = (v],...,v}), the following equations hold :

r n

A—dz* — Z Bip(xz*) vl =0, (5.6)
{(ri = pi)Bips(a™) — bi} v =0, (i=1,2,...,n). (5.7)

By the equation (5.6) it holds that * < \/é because v} > 0. If it holds that v} > 0 for
some i then z* < A/§ holds.

We define #; by the equation (5.7) as follows :

(ri = pi)Bi _ 1 . (5.8)
b; (Z:)

By the equation (5.5) it holds that if ¢ # j then &; # &; and if j <4 then &; < &;. By the
equation (5.7) it holds that x* = #; or v; = 0.

If Rj <1 then z* < \/§ < &;, that is 2* # &; and it leads v = 0.

If Rj =1 then z* < \/6 = #;. If 2* # &; then v} = 0. Else if 2* = &; = \/J then by
(5.6) it holds that v; = 0 for all j € N,,. In any case it holds that v; = 0.

If R) > 1 then #; < \/8. If vf > 0 then o* = &;. Therefore it holds that z* # &; and
A — 0y

s
(&)
and (0); = 0 for all j # 4. Else if it holds that «* # &; for any ¢ then the equilibrium is
Eo = (\/5,0,---,0).

vy = 0 for all j # i. Then the equilibrium is F;(#;,9), where (9); = 0; =

5.1 The competitive exclusion principle

For the variable z(¢) Proposition 3.2 also holds in this model (5.1). For each initial
condition it holds that

0 < z(t) < max {z(O), 2} for t > 0, (5.9)

and there exists T > 0 such that z(¢t) < A\/d+1fort > T .

Proposition 5.1. We can choose positive C;’s and a’s that satisfy the following :
for each initial condition, v;(t) < max{v;(0),C;/b;} for t > 0, and there exists T > 0
such that v;(t) < C;/bi+ 1 fort > T .

Proof. We define the functional W;(t) by the same way as Lemma 3.3 as follows :

Wi(t) = z(t) + Bi /000 p(z(t — a))vi(t —a)e”?21%da, (5.10)
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where A < A; < Ag. Then the time derivative of W;(t) becomes as follows :

dw;
dt
t o]

- i—f + Bi% {/O/L(x(t —a)vi(t — a)e 221%da + /tu(gg(t — )it — a)emlada}

== dn(t) = 3 Biulal)s )+ 5 [ 5 nGalt = )t — e
+ Bna@)uOe 4 55 [ ualw)n e (-

< A= a(t) = (el u(t) = 5 [ 5o An(alt = @)le = e da

0
+ Bipa(2(0))vi (0)e 23" 4 5@% <€2Alt/ N(x(u))w(u)eml“du>
= A= ba(t) = Bup((t))vi(t) + Bip((0))w; (0)e 241"

s { [ (t = a))vi(t — a)e 22 _/N(x(t —a))vi(t —a) (~2A1e%%17) da}

0
0
- 2A16ie_2A1t/_ p(z(w))v;(u)e* 1 du
=\ = 0x(t) = Bip(x(t)vi(t) + Bipa(w(0))vi (0)e 2"

—Bi {ﬂ(x(o))vi(O)SQAﬂ — p(x(t))vi(t)e” + Ay /M(fv(t — a))yu(t — a)eQAlada}

0

—2A40; /Oou(x(t —a))vi(t — a)e”221%q
¢

=\- (5w(t) +2A45; /()OZ(x(t —a))v(t — a)e_QAlada> .
(5.11)

Let v1 = min(,2A1) then

% <A—un (m(t) + B /000 w(x(t —a))v(t — a)eZAlada> =A—uW;(t). (5.12)
It follows that
Wi(t) < % + (Wi(O) - 2) e " for all t > 0, (5.13)
and
W;(t) < max {Wi(()), ;\1} for all £ > 0. (5.14)

Therefore there exists Ty > 0 such that W;(¢t) < \/vy + 1 for t > T3.
Using this result we can show the boundedness of v;(¢). It holds that

/000 p(z(t — a))vi(t — a)e *21%da < %max {Wi(O), )‘} . (5.15)

[ 151
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Assume that k;(a) is bounded and continuous. Let |[ki[lcc = sup,>o{ki(a)} and as-
sume that o;(a) is continuous. For a > A it holds that o;(a) < e~2219 and let
C§ = max {max g<a<a 0i(a)e™221% 1}, Then by using (5.15) it holds that for ¢ > 0

IN

/ Fa(@)os(@)p(z(t — a))vi(t — a) da / kil Cie=221% (a2t — a))wi(t — a) da
0 0

Collslo [ ntatt = @)uste = a)e 2" da
0

Collkilloo { A }
< ————max{ W;(0),— ;. 5.16
< 0, > (5.16)
Let C; = C}||k;|| oo max {W;(0), \/v1 }, then
dvi
dr S Ci - pi,u(x)vi — bi’Ui S Cl — bi’l)i. (517)
Then o o
v;(t) < —2 + (vi(O) — bl) e bit, (5.18)

Therefore v;(t) is bounded for ¢ > 0.
Let C; = Ci||killoo(A/v1 +1). Then by the same argument of Proposition 3.4 we can
confirm that there exist 7' > Ty > 0 such that v;(¢t) < C;/b; + 1 for t > T. O

We will state that the competitive exclusion principle holds in the multistrain model
with the absorption effect without immune variables under the condition with some
parameters. That is, the only i-th strain survives which is present and has the largest
parameter R} larger than unity.

Let us define the set of strains that can potentially survive as S as follows :

S={ieN,|R, > 1}, N,:={1,2,---,n}. (5.19)
For J C S let us consider the phase space X\’ as follows:
XS\ = {(¢o, V1, ..., ) € X| Yo (0)1;(0) =0 for all 8 <0 Vi e (S\J)}. (5.20)
Let us consider the semiflow {Ug\s(t)}i>0 @ X5\ — X%\/ such that for ug € X ,
Ug\(t)ug is a solution of (5.1).
Let s = max®.J for J # (). We also consider the sets N and ON as follows :

N = {(z,v) € XS\ ’ @0(0)s(0) > 0 for some 6 < 0},

(5.21)
ON = {(z,v) € X5\ | ¢(0)¢s(0) = 0 for all § < 0}.
For the initial condition (g, ¢1,...,¢,) € X let us define 7 C S by
T ={ieS | ¢o(0)pi() > 0 for some 6§ < 0}. (5.22)

When the i-th strain is not present, then v;(t) = 0 for all ¢t > 0. Let @ = (&,0) be
a solution of (5.1). We can confirm that the semigroup associated with this model is
asymptotically smooth as in Proposition 3.6. The w-limit set 2 of 4 is non-empty. Then
there exists an entire solution u through an element (¢g, ¢) € 2, where ¢ = (¢1,- -+ , Pn).
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Theorem 5.2. Suppose J = (. Let u = (x,v) be a solution of (5.1) that lies in Q. Then
the time derivative of

UlM(u):/f “ dn+2n
+ZT

i=1

Vi
Pi

(5.23)

/0 " (e — m)uilt — )

— Pi

is nonpositive, where * = A/§ and o;(a f gi(T

Proof. The time derivative of UM (u) along (5.1) becomes

R e T
£y rjlpjrjﬁj (/OOO ()t — 7))oyt — 7)dr — p(a())o; (t))

B /Omgxr) (((8))0;(8) = pla(t = 7))v;(t = 7)) dr

o (40 225 (o5

The nonpositivity of the time derivative of U (u) along (5.1) is shown by v; = 0 for
i €8, Ri<1fori¢S and the monotonous increase of u(x) . O

Theorem 5.3. If 7 = 0, then all solutions converge to the infection free equilibrium Ej.

Proof. We can show that the maximal invariant set M in
d
{(mo,'vo) €N &UlM(xt,'vt)h:o = 0} ,where (v¢); = (v;)s, (5.24)

is the singleton {(A\/4,0,---,0)}. Let u be a solution of (5.1) in Q. Then the w-limit
set and a-limit set are contained in M. They are equal to {Ep}. Since UM (u) is
nonincreasing along the solution u, v must be equal to Ey identically. Then the w-limit
set Q is equal to {Ep}. It follows that all solutions of equation (5.1) for which no strain
in § is present converges to Ejy. U

Theorem 5.4. If 7 # 0 then every solution on XS\ converges to the equilibrium E
under the condition : o

ps  Bsplds)0s
Ts — Ps 0T

>0, (5.25)

where s = max< J.

We will show this Theorem 5.4 by mathematical induction on #.7. For mathematical
induction of Theorem 5.4 we assume that
pi Bip(di)v;

1 _
T — pi 05

>0 for every i € S. (5.26)

This inequality (5.26) holds under the condition that the absorption effect p; is suf-
ficiently small. If p; is zero then the inequality holds unconditionally .
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5.1.1 Case #J =1

When #J = 1, it can be shown in the same way as the case of single strain. Let J = {s}
and define (NV,0N) as (5.21). Every strain except s-th is not present or will be extinct
by the condition Ry < 1.

When the s-th strain is present then we will show that the solution will not converge
to the equilibrium Ey. Let define the function V() as follows :

Vs(t) = vs(t) + 7585 /0ij as(a)u(z(t — a))vs(t — a)da, (5.27)

where ag(a) = faoo gs(T)dT . Suppose that the solution converges to the disease free
equilibrium Ey, then v, (t) — 0,2(t) — A/ as t — oco. Therefore it holds that V(¢t) — 0
as t = 0o. On the other hand it holds that

%Vs(t) = {(rs — ps)Bsp(x(t)) — bs}vs(t)
b )
= ) (1(2(t) — p(ds)) vs(t)- (5.28)

The inequality £, < A/d leads u(&s) < p(A/9). Thus for some € > 0 there exists a T' > 0
such that p(z(t)) — u(#s) > € for all t > T. Therefore it holds that £V, (t) > 0 for all
t > T and it is a contradiction.

Now we can apply Theorem 4.2 in [6] and the infection is persistent. We define the
following functional for our construction of Lyapunov functionals,

Woe (6 0) :c/ooo as(a)H (‘WC_“)) da, (5.29)

where H(u) = u— 1 —logwu and c is a positive constant for ¢ € Ya. To guarantee the
well-definedness of the integration we require that there exist positive € and M such that
E< ot —a) < M for all 0 < a < oo. A similar argument as Theorem 3.8 , Lemma 3.9
and Proposition 3.10 leads the following Proposition :

Proposition 5.5. Assume R) > 1. Let (x,v) be an entire solution of (5.1) with
(zo,v0) € N , then there exists a positive )’ such that

liminf z(t) > 0" and liminfv;(¢t) > 7", (fori=1,2,...,n). (5.30)
t—o00 t—o00

Let @ = (&,0) be a solution of equation (5.1) with (Zg,®9) € N. Then the w-limit
set Q of (Z,) is non-empty, compact and invariant. It follows that € is the union of
the entire orbits of the equation (5.1). That is, if (¢, @) € YA x YX is a point in Q,
then there exists an entire solution through (¢g, ¢») such that every point on the solution
is in Q. For the solution u = (z,v) that lies in 2, combined with Proposition 5.1 and
Proposition 3.10, there exist € > 0 and M > 0 such that

e<z(t) <M, e<uvs(t) <M forallteR. (5.31)

Then the functional (5.29) is well-defined for every entire solution that lies in €.
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Proposition 5.6. Let u = (x,v) be an entire solution of (5.1) that lies in Q, then the
time derivative of

UMy = [ BE) G Lt + L
2 /j;s ‘LL(T]) Ts — Ps Z#Zé i — pi
e AL NI ALY .

is monpositive under the condition (5.25), where s = max® J.

Proof. We denote the time derivative of U (u) by using the following SA for i =
0,1,...,n as

S = &u(is)@s(? - Z(és)) B 5(@)) ’ (5.33)
sh = (ﬁmm) - ’”pi)vi, (i #5)

And we define PA? as

Ad 715Bs,u'(i')f)s o ’ o ‘LL((i') o :U’(x(t - T))’l]s(t - T)
B = T's = Ps /0 s( )<2 1(

Then the time derivative of U} (u) along (5.1) becomes

duM
=S+ Sh > st

dt
its
s (1 - Z) rufBs (/Ooo e (Pt — 7))vs(t — 7)dr — /,L(x(t))vs(t)>
b ) 0 = ol = = ) e tog M=) N
3 " ([ arntate = e - njar = a(0))

+ ; - iipi 51‘/0 gi(7) {u(z ()i (t) — pla(t — 7))vi(t — 1)} dr
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75 Bsi(Es)0s plx)  px(t —7))os(t —7) p(a(t —7))vs(t — 7)
P [ e o MR Jao
+) sp

= S(IJX - ps 551“’(‘%3)@3 (2 - M(‘%S) - 'u(x)

T's — Ps

M [ M) el ) g et o
Ts = Ps Jo () p(&s)vs (@)vs
+ PN Sh
iF#£s
L R A e ) AT 2 (539
The monotone nonincrease of p(x)/x leads
(1= () /(@) (1= z/2s) < (1= p(ls)/p(x) (1= p(z)/p(is)), (5.36)
and it follows that
dUQNI Ps ﬁsﬂ(is)f)s A Ad A
< _ . i .
5 < (1 e s, Si 4 PAd 4 ;S (5.37)
If it holds that Bu(d)é \
Ps sHU\Ts)Ug ~ Ps
1-— : > J>2 2 .
R 52, >0 <<:> Ts > . 5> (5.38)
then dUs/dt is nonpositive. O

Proposition 5.7. All solutions of equation (5.1) for which the s-th strain is present
converge to Es under the condition (5.38), where s = max®J.

Proof. We can show that the maximal invariant set M in

{(xo,vo) €N %UQM(xt,vt)h:O = 0} , (5.39)
is the singleton {E;}. Let u = (x4,v:) be a solution of (5.1) in Q. Then the w-limit
set and a-limit set are contained in M. They are equal to {E,}. Since UM (zy,v;) is
nonincreasing along the solution u, u must be equal to E; identically. Then the w-limit
set Q is equal to {E}. It follows that all solutions of equation (5.1) for which disease is
present converge to F. O

5.1.2 Case #S5>2 and 2 < #J < #S

In this section we assume that #S > 2 and #J > 2 for a subset J C §. Our induction
hypothesis is concerned with the validity of Theorem 5.4 for each subset J' C S such
that 1 < #J' < #J.

Let s = max?J. We define N and dN by (5.21). Let J' C J\{s} then by #J' <
#J we can use induction hypothesis when #J’ > 1. That is if J’ # () then there
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exists an ' = max?J’ such that the equilibrium Ey is attractive, where J' = {i €
J\{s} | i-th strain is initially present}. Else if 7' = () then by Theorem 5.3 the solution
converges to the equilibrium FEjy. Therefore the attractor of the boundary semiflow is

EoUUie sy Bi-
Now we will show that the solution does not converge to the equilibrium in N from
N. We define the function Vi(t) by (5.27)

Va(t) = vs(t) + 1o s /0 " (@)t — a))vs(t — a)da.

Then the time derivative of this function is

d by
a0 =G

(n(x(t)) — p(s)) vs(t)- (5.40)

If v, (t) is present, then it holds that v, > 0 for all t > 0. If it holds that u — Ej(RE < R}
ie. & > &) as t — oo then it holds that vy — 0, x — & > 0 and V() — 0.

On the other hand for € > 0 there exists T' > 0 such that p(z(t)) — u(Zs) > € for all
t > T. Thus it holds that %Vs(t) > 0 for all ¢t > T'. It is a contradiction.

Proposition 5.8. For all j,k € J' ' U{0} , let u(t) be a nontrivial (nonconstant) entire
solution of (5.1) such that

lim u(t) = E; and tlim u(t) = E,

t——o0 —>0
then j <k , where J' = {i € J\{s} | i-th strain is initially present}.
Proof. At first we will show that j < k. We define the function V;(t) by (5.27)

Vi) = (o) + 155 [ " oy (@u(a(t - ) (¢ - a)da.

The time derivative is
d b;
—Vi(t) = —2Z
dt i) w(Z5)

(u(z(t)) = p(Z5)) v; (). (5.41)

Then if j >k and vy (t) is present, then it holds that 1/u(2;) > 1/u(Zk) and © — &y.
If w — Ej as t — oo, then it holds that v; — 0 and x — Z;. Therefore for an € > 0
there exist a T' > 0 such that 1/u(Z;) — 1/p(x(t)) > € for all ¢ > T. Thus it holds that
%Vj(t) > 0 for all ¢ > T and it is a contradiction. Therefore if v — Ej then j < k.
Secondary we will show that it holds that j # k. We define the following functional :

* — u(z 1 . 1
Zh w(n) Tk — Pk Z#k i — P

T BV () ) () ) (5.42)

£ 30T [ aiwntee — ) - wan
i2k 0

+

Ty — Pi
The functional W ((p(x)vg)e; 11(Zk)0k) is well-defined as follows .

We assume that j = k , then it holds that lim;, o, u(t) = Ej and lim;—, o u(t) = Ej.
Then there exists a 77 > 0 such that vy (t) < 0 +e€ for all t < =T and vg(t) < Oy +€ hold
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for € > 0 and for all ¢ > T;. The function vy, is continuous on the interval [T}, T1] and it
is upper bounded. Also for an € > 0 there exists a T» > 0 such that v (t) > 05 — € for all
t < =Ty and vg(t) > O — € for all ¢ > T, hold. On the interval [—T5, T3] the function vy
is continuous and lower bounded. Therefore the infinite integration is well-defined and
the functional is well-defined.

Then the time derivative of U} (u) becomes as follows:

duM ( Pk 5kﬂ(iﬁk)@k> A | pAd A
<(1- el SA 4+ pAd LN A, 5.43
dt — Tk — Pk 0T, 0 g #Zk (543

This is nonpositive under the condition

Lo Pe Beel@te s e N (5.44)
Tk = Pk 0L}, Tk O

It holds that dU?fw/dt = 0 if and only if v; = 0 for ¢ # k, vy = 0 and & = Zk. The value
of UM for Ej, as t — —oo is the same as the value for Ej as t — co. The nonpositivity
of the derivative of U/ leads that U should be constant. It is a contradiction. Thus
it holds that j # k. O

Therefore there does not exist a chain of boundary equilibria or homoclinic solution.
Now we can apply Theorem 4.2 in [6] and the flow Us\; on (NV,0N) is persistent. Thus
for the w-limit set of the solution, the integration W is well-defined and the functional
UM is also well-defined. Then the following Proposition holds.

Proposition 5.9. Let Q be the w-limit set of a solution of (5.1) and let u be an entire
solution that lies in 2. Then the time derivative of

Moy [T ) = p(Es) v. — B log v ! V;
Uy (u)—/is 1(n) o s 51g5)+; =i
o B (e (3)00) (5.45)

+3 [ amutate -yt - )y

ik Ty — Pi
is nonpositive under the condition (5.44) for s = max<J.

Proposition 5.10. All solutions of equation (5.1) for which the s-th strain is present
converge to Eys under the condition (5.38), where s = max< J.

Proof. We can show that the maximal invariant set M in

d
{(xo,'l)()) S Q &Uéw(xt,'l)t”t:o = O} y (546)

is the singleton {E;}. Let u = (x,v) be a solution of (5.1) in Q. Then the w-limit
set and a-limit set are contained in M. They are equal to {E,}. Since UM (zy,v;) is
nonincreasing along the solution w, u must be equal to F identically. Then the w-limit
set Q is equal to {FE,}. O

Thus Theorem 5.4 has been proved.
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6 Multistrain model with absorption effect and im-
mune variables

Inoue et al. [8] analyed the dynamics of ODE models of humoral immunity. For all
models, they proved the global stability of the disease steady state. Our purpose is to
analyze a system with delay. In this section we consider the multistrain model with
absorption effect and immune variables extended from the single strain model (4.1) such
that

dx -

5 =)0 ;@u(x)vi,

(Z; = Tzﬂi/ gi(T)p(x(t — 7))vi(t — 7)dT — pifip(x)vi — bjv; — Piviz; (6.1)
0

(ZZ = q;v; — M;iZ; (i=1,2,...,n).

We consider the case the immune activity increases at a rate proportional to the number
of virus. )

The phase space of (6.1) is X = Ya x Y{ x R%. When we define Rj = (r; —
0i)Bip(A/6)/b;, we may assume

Rt >R:>-.-> R, (6.2)

without loss of generality. The exceptional case Rf) = Ré“ for some i is not considered
in this paper. For ¢ <j it holds that

(ri — pi) Bipp(A/S)  (rj — pj)Bip(A/0) 1 1
b, < b; T @) S (25)

R < R} & & & > &5 (6.3)

We define the set of strains which can potentially survive as S defined by
S = {i € N,|R) > 1}. (6.4)

Let J be asubset of S. We introduce a phase space XS\7 = {(¥o,%0, ... o, a1,..., ) €
X | ¢o(0)vi(0) =0 for all @ < 0 Vi € (S\J)} and consider the semiflow {Ug\ s(t)}i>o0 :
XS\ — X5\ such that for ug € X , Usg\s(t)uo is a solution of (6.1).

The positivity and boundedness of x(¢) and v;(t) are shown in the same way as
Proposition 5.1, where ¢o(0)¢;(8) > 0 for some § < 0. And it holds that z(t) <
max{z(0), \/d},limsup,_, . x(t) < A\/d.

When the initial condition of immune variable is z;(0) > 0, the positivity of z; is
shown as follows. If ¢3 > 0 is the least positive time such that z;(tg) = 0 then the third
equation of (6.1) leads

dz
dt

Because of the positivity of v; it holds that z;(¢) < 0 for some positive ¢ such that ¢ < ty.
It is a contradiction. Therefore it holds that z;(¢) > 0 for all ¢ > 0.
The boundedness of z; is shown as follows.
Let V; be the upper bound of v;. By the third equation of (6.1) we obtain
dZi —

dt/ < qiVi—mgz. (6.6)

|y, = @ivilto) — mizi(to) = qivi(to) > 0. (6.5)

34



Then we have the followings :

@V aGVi\ _mit
) < — 1 0 - ! ) 6 7
therefore it holds that
Vi
z; < max {zi(O)7 g } for all ¢ > 0, (6.8)
m;

and there exists a T such that z; < ¢;V;/m; + 1 for all t > T
We denote by (z*,v*, z*) the candidate of the equilibrium. At this equilibrium the
right hand side of (6.1) becomes

A—dz* — Z Bip(x™)vl =0, (6.9)

i=1
{Bi(ri = pi)u(a™) — bi — pizi joi =0, (6.10)
qiv; —m;z; = 0. (6.11)

By (6.10), if B;(r; — pi)p(x*) — b; < 0 then v} should be zero and z] becomes zero by
(6.11). If B;(r; — z)u( *) — b; > 0 then there can exist positive v}, and if v} > 0 then it
holds that

Bi(ri — pi)u(x™) — b; — piz; = 0. (6.12)
Thus b
2= [52( i — pi)p(a”) — 1] ’ (6.13)
Di +
where ( )
a (a>0
[a]y = { 0 (a<0) (6.14)
Then by (6.11)
o = = 2 (g - poute?) — i ). (6.15)
q; qi i
The values of Z; are defined by (5.8). And we define the function hq ;(x) as follows:
hoi(z) =< Bim; (1 . ) 6.16
SD=) B (L gt -0 ) (@< ) (6:10)
q; Di
We consider the following two functions hi(x) and hg j(x):
A—dz
hi(z) = , h hai( 6.17
1() u(2) 2,7 ( ; 2, (6.17)
Then
ml_lgl_o hi(z) =00, hi(A/d) =0, (6.18)
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and hj(x) is strictly decreasing. On the other hand hg ;(0) = 0 and hg j(x) is nonde-
creasing for positive z. Then there exists a unique x* which satisfies hq(z*) = hg s(z*)
with 0 < 2* < A\/é. This z* determines z and v} by (6.13) and (6.15) respectively. The
set (z*,v*, z*) satisfies (6.9),(6.10) and (6.11).
For the initial condition (¢, ¢1,...,Pn,1,...,ap) € X let us define the set J as
follows :
T ={i €S| ¢o(0)¢;(0) > 0 for some 0 < 0}. (6.19)

When J # 0 let z* be the solution of hq(z) = he 7 () and define K7 = {i € J|&; < z*}.
The set K = K7 is the smallest set which satisfies ho g (x) = ho, 7 (z) for 0 < z < z*.
The equilibrium is represented by Ex . If 7 = 0 then K7 = () and the equilibrium is
Ey.
When the functional W is well-defined we define UM, UiMl7 UiM2 fori=1,2,...,n

by
UM (00 21) = UN @01, 20) - - BWVE (a7, (6.20)
UM, 01, 20) = UM (2,05, 20) + — ?zpﬂino((y(x)vi)t),
where ) Ny .
UM3 (2,04, 2;) = (v; — v} logv;) + P / T~ % ar (6.21)
Ti = Pi i = PiJzy
We define UM (u; K) as follows
UM (u; K) = UMO(2) + Z UM (z, v, 2;) + Z UM2 (2,05, ). (6.22)
i€K igK

Let @ = (&, 9, Z) be a solution of (6.1). We can confirm that the semigroup associated
with this model is asymptotically smooth as in Proposition 3.6. The w-limit set 2 of 4 is
non-empty. Then there exists an entire solution u through an element (¢q, ¢, 2(0)) € Q.

Proposition 6.1. Suppose J = 0. Let u = (x,v, 2) be a solution of (6.1) that lies in Q.
Then the time derivative of

UM (u; 0) = UM0(z) + Z UM2(2, v, 2;)

1€N,
() — p(A/9) ~ 1 P / T
- — s dn+ v; + Lar
/A/a p(n) ; ri— pi ; ri—piJo @ (6.23)

#30 [ amntel - myus(e - s

i1 i Pi

is nonpositive, where a;(a) = [ gi(T)dr .

Proof. By J = 0 it holds that K7 = (). The time derivative of U (u;() along (6.1)
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becomes

U ORTIeN.) AN AR
TR (1 M(x) > <>\ J ;Bzﬂ( ) 7,>

n

+ Z " i Py (Tiﬁi/o gi(T)p(z(t — 7))t — 7)dr — piBip(x)v; — bv; — pivizi)

+Y / " i) (e 0)n(0) — e = Pt )
1t 0

s
:A(l—“}%f))( A/&) Zﬂzu vi+gﬁiu(k/5)vz

(=piBip(x) = bi + rifip(x)) v;

11 — Pi

i
<_pi2ivi + Pizivi — qlm2222>
K2

o) () e

For all i € S\J = S it holds that v; = 0. The nonpositivity of the time~derivative of
UM (u; K) along (6.1) is shown by the monotonous increase of p(x) and R < 1 for all
e Np\S. O

n
Di My o
vy — —z.
pz‘) ' ;ri_pi a "

K2

Theorem 6.2. If 7 =0, then all solutions converge to the infection free equilibrium Ey.

Proof. We can show that the maximal invariant set M in

{(mo,vo,z(O)) €0 %U%(xt,vt,z)hzo _ o} (6.24)

is the singleton {(A/4,0,---,0)}. Let u be a solution of (6.1) in Q. Then the w-limit
set and a-limit set are contained in M. They are equal to {Ep}. Since UM (u;0) is
nonincreasing along the solution u, u must be equal to Ey identically. Then the w-limit
set 2 is equal to {Ep}. It follows that all solutions of equation (6.1) for which no strain
in § is present converge to Ej. 0

When it holds that J # 0, we define the sets N and N as follows :

N = {(z4, v, 2(t)) € X5\ | $0(0)¢s(#) > 0 for some 6 < 0Vie Ky},

ON = {(ze,v1,2(1)) € X5\ | 60(6)d5(6) = 0 for all 6 <0 Vi € K}, (6.25)

6.1 Coexistence of strains

We represent the equilibrium Fg , = (¢*,v*, 2*). It holds that vj > 0,2 > 0fori € Kz
and vf = zF =0fori ¢ K.
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Theorem 6.3. If 7 # () then every solution on XS\ converges to the equilibrium Ex,
under the condition :

Pi Bip(x* v}
1— . > 2
P o 20 (6.26)

€K

where J # 0 and the equilibrium is (x*,v*, z*).

We will show this Theorem 6.3 by mathematical induction on #.7.

6.1.1 Case #J =1

Let J = {s}. Other strains are not present or it holds that R} < 1 for them. If the s-th
strain is present, then the solution converges to the equilibrium Ex , = E(). Else if s-th
strain is not present, then the solution converges to the equilibrium Ey.

When the s-th strain is present then we will show that the solution will not converge
to the equilibrium Ej same as in 5.1.1. Let define the function V,(¢) by (5.27). If the
solution converges to Ey then vs(t) — 0,2(t) = A/ and z; — 0 as t — oo. Therefore it
holds that V,(t) — 0 as ¢ — co. On the other hand the time derivative of V(t) becomes
as follows :

CVA1) = (s — p2)Butsa(1)) — by — paza} us(1)

be )
~{ i et sty =t -

By s € S it holds that &5 < A/d, that is u(2s) < p(A/d). Then there exist € > 0 and
T > 0 such that u(z(t)) — u(Zs) > € and z; is sufficiently small for all ¢ > T. Thus it
holds that £V, (t) > 0 for all t > T, it is a contradiction.

Therefore we can apply Theorem 4.2 in [6], and the infection is persistent. The
similar argument in 5.1.1 will show that the w-limit set Q of (&,0y, -0, Z) is non-
empty, compact and invariant. It follows that ) is the union of the entire orbits of the
equation (6.1). That is, if (¢o, @, 2(0)) € YA x YX xR} is a point in €2, then there exists
an entire solution through (¢g, ¢, z(0)) such that every point on the solution is in . For
the solution u = (z, v, z) that lies in {2, combined with Proposition 5.1 and Proposition
3.10, there exist e > 0 and M > 0 such that

e<z(t) <M, e<uwvs(t)<M forallteR. (6.28)

Then the functional W defined by (5.29) is well defined for every solution of (6.1) that
lies in Q.

Proposition 6.4. Let u = (x,v,2z) be an entire solution of (6.1) that lies in Q. Then
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the time derivative of

UM (ui {s}) = UM (@) + UM (@, 05, 26) + Y UM (@, 05, 2)
i#£s
1 B Zs _ ok
dé + (vs — v} logws) + P / T ™ %y
T's = Ps T's = Ps Jzy ds

:/” pu(§) — px”)
z* u(&)

2z
Di T

+ V; / —dr
; 7‘1 Z ' ; rrl 0 qZ

Z

S R G L P

re — p(a*)vs
P [ et - D)t - r)dr
i#£s Ti = pi 0
(6.29)
is monpositive under the following condition
o s Bep@vs (6.30)
—ps  Ox*

where a; (1) = [ g;(a)da

Proof. The time derivative of UM (u; {s}) along (6.1) becomes

dng - (1 - “(("ZD </\ B - _Xn:,@m(x)u,)
1 ( - v> <§5/ (Tt = 7))vs(t — 7)AT — psBspu()vs — bsvg —pszsvs>

— Ps

Ps s — 2
R — % (gsvs — mis2s)
+§nip, (81 [ (e Intatt = r)te = ) = piBta)ese) = v — v
Di Zi qv mz)
z;és — Pi 4
b 1o B~ Tt =)
+ DB / 1) (oo ot = 7)on(e =) + o) log M= =T Y

Bi /OOO 9i(7) (u(z(t))vi(t) — p(x(t — 7))vi(t — 7)) dr
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) <1%*>)) (‘” s *5“261 )
ps <7"s/8/ Gs(T)p(z(t — 7))vs(t — 7)dT — psBaps((t))vs(t) — bsvg —pszsvs>

L (-t / G (PIn(alt = 7)ot = N7+ puBupa(O)0: + 0203 +
" T:ﬁﬁ; -[ontr )(M(w)vs ~ lalt = 7)ot = ) + ) tog ML= g

()
Ds N mszf — MsZs2)
+ VsZg — VgZy — ——————

Ps qs
+ Z
i#£S
Pi

: 7"15@# z)vi — piBip(x(t))vi(t) — bivi — piziv;)

= (givi — myz;)
Z;ﬁs — pPi 4

PG t—x )k — T)vs — p’) AN AT
_<1 u(x)>6< ) + Bsp(a™ vy — Bspu(w)vs Bopu(x™ )07 + Bopa(z*)vg

(@)

=D Bul@)vi + D Bipula o

N fﬁu_(wp)v /0 %:(T) (_ p(z(t ;(;)*))v;(t -7 log p(z(t —# (Tiiz(t - T)) dr

L a0 — ) . (’;ﬁs — LB 2R 7 — )+ L o,

+ Tsp_SpS <v;“zs — vyt — ﬂ + v:zs>

# 0 o (el = (a0t = b~ s
— bt (1 B ,;((g;*))) (1 - ;) + ; (Bm(w*) e ) Z pi P 7;1; 2
AL ) ) )yt

The monotone nonicreasing of p(z)/x leads

ey (2 B O ) < e (1 5E0) (1 ).
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Then it holds that

wp pe Bonlz®): () z
< _ _ _ =
dt — ox (1 Ts — Ps ox* L (1 )

s Bep(x*)vl OOT ( o) op(a(t—T))us(t —7) p(x(t —7))vs(t — T))
Rr— /og( A—s W % . ¢
DsVs 2s Zs 23 * b; Di My
M s — Ps <2 2 Zs) +#ZS (&M(x )= T _Pi> v #Zsm —p@zf' (6:32)

For all i € S\{s} it holds that v; = 0. The nonpositivity of the time derivative of
UM (u;{s}) along (6.1) is shown by the monotonous increase of u(z) , the arithmetic-

geometric mean inequality, the extension of arithmetic-geometric mean inequality and
R{ <1 for all € N,,\S under the condition 1 — _ps BeplaT)vs 5 O

Ts—pPs ox*

For the boundary equilibria there exists no homoclinic solution. It is shown by The-
orem 4.9.

6.1.2 Case #S>2 and 2 < #J < #S

In this section we assume that #S > 2 and #J > 2 for a subset J C S. Our induction
hypothesis is concerned with the validity of Theorem 6.3 for each subset J' C S such
that 1 < #J' < #J.

We define the sets N and ON as (6.25).

N = {(x, v, 2(t)) € Xs\j’the i -th strain is present for all i € K 7},

ON = {(x¢, v, 2(1)) € XS\‘7|the i -th strain is not present for some i € K 7}.
Let us define J' C J by
J ={i € T |po(0)pi(0) > 0 for some 6 < 0}. (6.33)
where (J\J')N K7 # 0 , and define K as follows :
K={Ks|7 cJand (J\J') N Kz % 0}. (6.34)

The boundary equilibrium Ex corresponds to the set K € K. It holds that 3 < x.
Because #.J' < #J we can use inductive hypothesis for #J’ > 1. That is if 7' # ()
then every solution converges to the equilibrium Ex , . If J " = () then by Theorem
6.2 every solution converges to Fy. Therefore the attractor of the boundary semiflow is

Uk ex P
Now we will show that if all strains of Ks are present the solution does not converge

to any equilibrium on ON. We define the function V;(t) by (5.27).

Vi(t) = v;(t) + r: 5 /000 ai(a)pu(z(t — a))v;(t — a)da.

The time derivative of this function is

0 = {2 a0 — (@) = pise i)
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By the assumption K 7\K # () for every K € K, there exists an ¢ such that i € K7\ K
and #; <z}, < ). Therefore it holds that pu(#;) < pu(z}). Because it holds that
u — Ex and ¢ — x% as t — oo, it is true that v; — 0, V; = 0 and 2z; — 0 for every
i¢ K.

Thus for € > 0 there exists T' > 0 such that p(x(t)) —p(&;) > e for all t > T. Therefore
it holds that V;(¢) > 0 for all t > T and it is a contradiction.

Proposition 6.5. For all K1, Ky € K, if K1 # K3 and x3; < x%., then there exists an
i such that i € K1\ K.

Proof. Suppose K1\K3 = 0, that is K1 C K. Then hg g, (7%,) < ho k. (T, )-

When z3 < 2%,, hi(zk,) = hax, (¥%,) < hok, (vk,) and hy (2}, ) > hi(vk,) =
ha i, (T, ) leads ha i, (T%,) > ha K, (T),)- It is a contradiction.

When x3. = x}, it holds that hg k, (2}, ) = ha k,(7}, ). On the other hand, by
K # K there exists an i € Ko\K;. Then for #; < 2 < 2% it holds that hy g, (7) <
he K, (x). It is a contradiction. O

Proposition 6.6. For all K1,Ky € K, let u(t) be a nontrivial (nonconstant) entire
solution of (6.1) such that

tE@m u(t) = Ek, and tgrglo u(t) = Ek,,

* *
then x3 >z, .

Proof. Let us define the function V;(t) by (5.27).

Vi(t) = vi(t) + rifi /000 a;(a)u(z(t — a))v;(t — a)da.

The time derivative of this function is

G0 = {7 (ula0) = @) = s o)

If 23 < 7%, then K; # K3 and Proposition 6.5 leads that there exists an i such that
i € K1\K» and #; < x} . Therefore it holds that u(#;) < u(z%,). lf u = Ex, ast — oo
then © — x% and it holds that v; — 0 for ¢ ¢ K. Thus for € > 0 there exists T > 0

such that p(z(t)) — u(2;) > € for all t > T. Therefore it holds that & V;(t) > 0 for all
t >T. It is a contradiction. Consequently if u — Ff, then zj > x%. . O

Proposition 6.7. For some K € K, let u(t) be an entire solution of (6.1) such that

lim wu(t) = Ex and tlim u(t) = Ex, (6.35)
—

t——o0 [e3e)

then u(t) is a constant function under the following condition :

-y -2 @'“(xf)“i >0, (6.36)
4 Ty — Pi 6-73](
ieK

where Ex = (z3,,v*,2%),vi2f >0 fori € K and v} =z =0 fori ¢ K.
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Proof. We consider the functional UM (u; K) for K € K defined by (6.22).

UM (u; K)
T o * 1 i o
:/ Md§+z A A(Ui*U;‘logyi)JrZ ‘p / T ‘ZldT
vic #e) ierx 1T P SRt TPy G
+ Z r @-u(x}})vf/ ay(r)H <M(rc( TE)UE T)) ©
iek 1T P 0 (T3 )v; (6.37)
1 Di #or
+ Z v + Z / —dr
i¢K Ti = Pi ek i —piJo G

2SS g [T et - 1)t — 1)
S, o

T — Pi

The integral of the second line is well defined by the hypothesis of induction because
K = Kz and #J' < #J. The time derivative of UM (u; K) becomes

du’ . pi Bip(xi)v; 1(wg) r
= (1—27% o )(“m)(l‘x;)

jex i Pi

*Zrﬁ;ﬂ(ji)ﬁ/ﬁﬂé _lak) el nut—r) o st )t - T)>d7

iex i P Jo p(x) (@5 )vs w(x)v;

DiV] % zi Oz . b; P my
+Z . (2_ P ,>+ E :(ﬁi#(xl{)_ — '>'Ui_ E — 222 (6.38)
e K i i¢K

ro— 0 a;
e i eK i — Pi Gi

When the inequality (6.36) holds, it holds that AU /dt < 0 for all ¢.
The assumption (6.35) leads u(t) = Ek. O

Therefore we can apply Theorem 4.2 in [6] and the flow Ug\ 7 is persistent on (N, 9N).
Let @ = (z,0, 2) be a solution of equation (6.1) with (%o, 0o, 2(0)) € N. Then same
as in Section 3, it follows that the w-limit set Q of (Z,®,Z2) is non-empty, compact
and invariant. It follows that € is the union of orbits of equation (6.1). That is, if
(0,9, ) € YA x YX x R} is an omega limit point in €, then there exists an entire
solution through (¢g, ¢, &) such that every point on the solution is in . For the solution
u = (x,v, z) that lies in , the functional UM (u; K 7) is well defined.

Proposition 6.8. Let ) be the w-limit set of the solution of (6.1) and let u be a solution
that lies in Q2. Then the time derivative of

x _ * 1 i 23 T — Z>_k
U (u; K) ————2odE+ g E—— _p_(vZ vy logv;) + E - . dr

% n(&) icK i ier i T Pi qi
ri v [ p(a(t —7))vi(t — 7)
2 i et (MR ) o

1 P /Z T
+ v; + —dr
Zri_pi ;(Ti—m o 4
+ Y b [ auulatt - et - s
i — 0

(6.39)
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is nonpositive under the condition (6.36).

Theorem 6.9. All solutions of equation (6.1) for which alli-th strain (i € Kz) is present
converge to Er , under the condition (6.36).

Proof. We can show that the maximal invariant set M in
d o n
(x0,v0,2(0)) € 2 &Uzl (@, 04, 2(t))]|t=0 =0 ¢, (6.40)

is the singleton {Ef ,}. Let u = (z,v,2) be a solution of (6.1) in . Then the w-limit
set and a-limit set are contained in M. They are equal to {Ex,}. Since UM (u; K7) is
nonincreasing along the solution u, u must be equal to Ex , identically. Then the w-limit
set 2 is equal to {Ex, }. O

Thus we have that every solution on XS\ converges to Ef,. Therefore when J = S
every solution on X\ converges to the equilibrium E Ks-
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7 Conclusion

We used constructive method to formulate Lyapunov functionals from the simple one-
strain models to the multistrain models. We have made mathematically rigorous de-
scription. These methods and techniques stated in this paper are applicable to the other
various models.

The conditions that we can construct Lyapunov functionals for the models are slightly
strong sufficient conditions. More appropriate conditions are desirable. In this thesis we
does not consider the multistrain model with immune variable such that the activation
of immunity is represented by q;v;z; for every i-th strain. This model includes much
mathematical difficulty compared to other models. The analysis of this model will be an
important study.
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