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1. Introduction
Knowledge of the properties of silicate liquid is essentially important in Earth
science, metallurgy and glass industry. The transport properties and densities of silicate
liquids at pressure are used for the study of magmatic process and early Earth process.
The silicate liquids appears as slag in metallurgy. The silicate liquids appears as raw
material of glass forming process. The physical properties such as viscosities, densities,
electrical conductivity and more, are reported by various researchers in various fields.
The atomic structure, especially near neighbor structure and network structure of silicate
liquids have been investigated using various spectroscopic method such as X-ray
diffraction, neutron diffraction, nuclear magnetic resonance and Raman scattering, etc.
The silicate liquids composed of corner shared SiO4 tetrahedra and network modifiers
such as alkali or alkali earth elements under atmospheric pressure (Waseda and Toguri,
1977). It means that the silicate liquids has no three-dimensional periodic structure but
short-range-ordered structure.
Basicity, B is used to characterize the structure and properties of silicate liquids as
simple binary system. The basicity is written as fallows;
𝐵=

𝑚𝑜𝑙%𝑅2 𝑂
𝑚𝑜𝑙%𝑆𝑖𝑂2

The basicity represents growth of network of corner shared SiO4 tetrahedra that
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controls various physical properties. Proportion of corner shared SiO4 tetrahedra
decrease with increasing basicity of liquids (Maekawa et al. 1990), then viscosity of
liquid decrease (Bockris et al. 1955).
The properties of silicate liquids at pressure must be investigated to understand
volcanic process and early Earth process. The physical properties of silicate liquids
show peculiar behaviors under pressure. The viscosities of low basicity liquids decrease
with increasing pressure (Kushiro 1976; Scarfe et al. 1979; Suzuki et al. 2002).
Moreover, the self-diffusivity of O and Si atoms in liquids increases with increasing
pressure (Rubie et al. 1993; Poe et al. 1997). These shows the softening of silicate
liquids at pressure.
The atomic structure of silicate liquids have been investigated by various
spectroscopic method. Si-O distance remains constant up to several giga-pascals
whereas Si-Si distance shortens, according to X-ray diffraction studies (Meade et al.
1992; Funamori et al. 2004). This indicates that the compression of silicate liquids is
caused by shrinking of –Si-O- network. NMR studies about glass quenched at pressure
reported that pressure induced polymerization occur and higher coordinated Si species
appear over 10 GPa (Xue et al. 1989, 1991). This type of structural change was also
reported by Raman scattering studies (Mysen 1990; McMillan et al. 1984).
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Several mechanism have been proposed to explain the softening of the silicate
liquids under pressure. On hypothesis is that weakening of Si-O bonds caused by
bending of Si-O-Si angle from ideal angle during compression (Kushiro 1976, 1980).
Other hypothesis is that oxygen atoms diffuse via weak-bonded higher coordinated Si
species which appear gradually at pressure (Xue et al. 1991). However, those hypothesis
are not verified by spectroscopic studies because they are only able to investigate
inter-atomic distance of near neighbors or quantity of species.
I investigated the structure and properties of silicate liquids by force-field molecular
dynamics (MD) simulations. The trajectories of each atom are implicitly able to obtain
in MD simulations. Moreover, it is also possible to identify the individual atoms or
groups of atoms which play a deciding role in diffusion processes by use of MD
simulations.
I here show the relationship between structural change and physical properties of
Na2O-SiO2 liquid as functions of pressure and basicity. I also show the characteristic
structure on the interface of silicate liquids which controls transport properties of
partially molten rock.
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2. Experimental studies of silicate liquids at pressure: a review
2.1 Experimental studies of physical properties of silicate liquids and glasses at
pressure
The pressure dependence of shear viscosities of silicate liquids have been
investigated since 1970’s. Viscosities at pressure are measured using falling sphere
method in high pressure vessel (Kushiro, 1976). It is a well-known fact that viscosities
of acidic silicate liquids have a negative correlation with pressure (Fig. 2.1). The
viscosity of diopside liquid (B = 1.0) increase with increasing pressure, however,
viscosities of acidic silicate liquids (B > 2.0) decrease with increasing pressure. The
viscosities of fully networked liquids (e.g. Albite liquid) have strong negative
correlation with pressure (Fig. 2.2). The viscosity of Na2O･2SiO2 liquid (B = 2.0)
increase with increasing pressure up to 1.5 GPa, then start to decrease with increasing
pressure. These experimental results suggest pressure induced increase of oxygen and
silicon diffusivity in acidic silicate liquids considering the Eyring’s equation (eq. 2.1),
𝜂=

1
𝛽𝜆𝐷

(2.1)

where η is shear viscosity, β is reciprocal temperature, λ is the jump distance and D is
self-diffusion coefficients. This equation has been used with remarkable success in a
variety of silicate liquids to relate diffusivity of network forming atoms and shear
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viscosity (e.g., Oishi et al., 1975; Dunn, 1982; Shimizu and Kushiro, 1984; Rubie et al.,
1993; Lacks et al., 2007). In fact, the self-diffusion coefficients of network forming
elements in acidic silicate liquids increase with increasing pressure (Fig. 2.3). In
contrast, the increase of mobility of network forming elements induced by pressure does
not affect to electrical conductivity. The relationship between electrical conductivity and
ion mobility can be expressed by Nernst-Einstein relation as follows,
𝜅 = 𝛽𝑒 2 ∑ 𝑛𝑖 𝑞𝑖 2 𝐷𝑖
𝑖

where κ is the electrical conductivity, β is the reciprocal temperature, e is the elementary
charge, ni is the number density of i-th ion, qi is the charge of i-th ion and Di is the
self-diffusion coefficients of i-th ion. The electrical conductivity of Na2O･3SiO2 liquid
decrease with increasing pressure (Fig. 2.4). This indicates the diffusivity of Na ion is
much larger than that of network forming elements.
Density is one of the important physical properties. However, there are no precise
data about pressure dependence of density of silicate liquids at pressure because of the
difficulty in density measurement at high-pressure vessel. Anomalous compression
behavior of silicate liquids is supposed from compression data of silicate glass. Albite
glass have density jump at 1.5 to 2.0 GPa (Fig. 2.5). Silica glass quenched at 10 GPa
have different compression curve comparing with that quenched at ambient pressure

9

(Fig. 2.6). There is no anomalous compression behavior in peridotite liquid (Fig. 2.7)

2.2 Experimental studies about structure of silicate liquids and glasses at pressure
X-ray diffraction method is widely used for study of average structure of the
structurally disordered matter. The ideal intensity of scattered X-ray at detector is
written as follows,
2

𝐼(𝑸) = 𝐴 |∑ 𝑓𝑝 (𝑸) exp(𝑖𝑸･𝑹𝑝 )|

(2.3)

𝑝

where I is intensity, Q is momentum transfer vector, A is the coefficient, fp(Q) is the
square root of scattering cross-section at point p in sample and Rp is the vector from
origin in sample to point p in sample. Normalizing eq.2.3 by scattering cross-section of
one electron and approximating electrons are just around the nuclei, the intensity can be
written as follows,
2

𝐼𝑒𝑢 (𝑸) = |∑ exp(𝑖𝑸･𝑹𝑖 )| |𝑓𝑎 (𝑸)|2

(2.4)

𝑖

where Ieu is normalized intensity, Ri is coordinates of i-th atom in the sample and fa is
atomic scattering factor. The former factor of the right side in eq. 2.4 is defined as
structural factor, S,
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2

|∑ exp(𝑖𝑸･𝑹𝑖 )| ≡ 𝑁𝑆(𝑸)

(2.5)

𝑖

where N is the number of atoms in the sample. The radial distribution function g(r) (see
chapter 3.4) can be obtained using Fourier transformation as follows,
𝑔(𝑟) = 1 +

∞
1
𝑠𝑖𝑛 𝑄𝑟
∫
𝑑𝑄(𝑆(𝑄) − 1)
4𝜋𝑄 2
3
8𝜋 𝑛0 0
𝑄𝑟

(2.6)

where n0 is the number density of the sample. This is the only ideal case considering no
inelasticity and mono-element system. However, the radial distribution function of real
material can be obtained from extending the eq. 2.3 to eq. 2.6.
The structures of silicate liquids at pressure is investigated by various
spectroscopic method. For instance, X-ray diffraction studies give the of radial
distribution function and changes of inter-atomic distance. In compression of SiO2 glass,
Si-O bond length increase with increasing pressure above 10 GPa (Fig. 2.8). The Si-O
length is between the variation of that in SiO2 polymorphs consists of SiO4 tetrahedra
(e.g. α-quartz, coesite) up to 10 GPa. Above 10 GPa, the Si-O length leach to the
compression curve of Si-O length of SiO6 octahedra in stishovite. This indicates the
increase of coordination number of Si above 10 GPa. The T-O (T = Si, Al) length
remains almost constant at lower pressure in the in-situ X-ray diffraction study about
jadeite liquids at pressure (Fig. 2.9). However the T-T length decrease and T-O-T angle
decrease with increasing pressure. This indicates the collapse of TO4 corner shared
11

network.
The structural changes reported by X-ray studies are also reported by other
spectroscopic method. The coordination states is quantitatively obtained by using
nuclear magnetic resonance (NMR) spectroscopy. The pressure induced change of
coordination number of network former elements is reported by NMR spectroscopy
study about acidic sodium silicate and sodium aluminosilicate glass quenched at high
pressure (Fig. 2.10). This experimental data shows that the high-coordinated network
forming elements start to exist above 4 GPa and increase with increasing pressure. The
pressure induced decrease of T-O-T angle is also reported by NMR spectroscopic study
of SiO2 glass (Fig. 2.11).

2.3 Relationship between structure and properties of silicate liquids at pressure
The densification mechanism of silicate liquids is explained by collapse of -T-Onetwork and increase of higher coordinated network forming elements (Stolper and
Ahrens 1987). The TO4 tetrahedra is hard to be compressed, however the average T-O-T
angle decrease and silicate liquids densify (Sakamaki et al. 2012). The decrease of
T-O-T angle and collapse of -T-O- network finally makes higher coordinated network
forming elements (Fig. 2.12). Al atom easily becomes higher coordinated state than Si
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atom (Fig. 2.10). In the compression of anorthite system, 4-fold Al in anorthite becomes
6-fold Al in kyanite and grossular (Hariya and Kennedy, 1968). Kaolinite contains
6-fold Al even though that is not high-pressure mineral (Bish, 1993). The fact that Al
easily become higher coordinated state by pressure can explain the density jump in
compression of the albite glass because the increase of coordination number increases
the density (Fig. 2.5). However the increase of coordination number cannot explain the
existence of two different compression curve of SiO2 glass (Fig. 2.6 )because the
increase of higher coordinated Si occur above 10 GPa. SiO2 has 3 high-temperature
polymorphs and 2 (or more) high-pressure polymorphs. Stishovite that exist above ~7
GPa has rutile-type structure. However the coesite that exist between about 2 to 7 GPa
have network structure of corner shared SiO4 tetrahedra. The difference between coesite
structure and α-quartz is the size of membered ring. α-quartz crystal consist of
6-membered ring unit (Levien et al. 1980), however, coesite crystal consist of
4-membered ring unit (Gibbs et al. 1977). The few-membered ring has smaller T-O-T
angle than multi-membered ring. That means silicates consisting of few-membered ring
is dense than that consisting of multi-membered ring. The difference between glass
quenched at 10 GPa and that quenched at ambient pressure might be explained by the
difference of membered ring units in -Si-O- netwrok.
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The mechanism of pressure induced softening of acidic silicate liquids is considered
as the change of coordination number of network former elements (Xue et a. 1989, Poe
et al. 1997). Their hypothesis is that the higher coordination network forming atoms act
as the intermediate state of diffusion. In fact, the pressure induced change of abundance
of 5-fold aluminum in aluminosilicate liquid related to oxygen diffusivity (Poe et al.
1997). Higher-coordinated Si do not seems to exist in Na2Si4O9 glass below 4 GPa (Poe
et al. 1997). Adding to that, the increase of abundance of higher coordinated Si in acidic
silicate glass by pressure is faster than those in basic glass (Xue et al. 1991). However
the decrease of viscosity of Na2O･nSiO2 liquid (n = 2, 3) starts below 4 GPa.
Consequently, not only the higher coordinated network former elements but also other
structural change enhance the diffusion and decrease the viscosity of liquid. One
possible structural change is decrease of T-O-T angle. The decrease of Si-O-Si angle
weaken the Si-O bonding because of the existence of lone-pair electron around oxygen
(Newton and Gibbs, 1980; Kubicki and Sykes, 1993). If aluminum atoms are in
tetrahedra, the decrease of T-O-T angle increases the total energy by the charge
compensation (Geisinger et al., 1985). I postulate that the molecule in Eyring’s viscosity
model of liquid is SiO4 tetrahedra. The Eyring’s viscosity equation is written as follows,
𝜂=

𝑁𝐴 ∆𝐸𝛽
𝑒
𝑉𝑚
14

(2.6)

where h is Plank’s constant, NA is Avogadro’s number, Vm is the volume of molecule and
ΔE is the activation energy. The T-O bond strength cannot be used directly for the
activation energy because the activation energy expresses not only the exchanging of
one bond but also the sliding of bulk liquid. However, the change of bonding energy
affect the activation energy because the activation energy is the energy barrier between
two states and the height of energy barrier is affected by the sum of interatomic energy
that expresses the total energy of state in thermal processes. T-O-T angle in SiO2 glass
and jadeite melt decrease with increasing pressure (Fig. 2. 9, 2.11). Consequently, the
pressure-induce softening of silicate liquids can be explained by T-O bond weakening
by decrease of T-O-T angle.
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Fig. 2.1. The plots of logarithm of viscosity of various silicate liquids at 1448 K (Na2O･
3SiO2), 1473 K (Na2O･2SiO2), 1913 K (Diopside composition) and 1573 K (K2O･
MgO･5SiO2) versus pressure. The data are taken from Kushiro (1976, 1977) and Scarfe
et al. (1979).
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Fig. 2.2. The plots of viscosity of albite liquid versus pressure. This figure is taken from
Suzuki et al. (2002).
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Fig. 2.3. The plots of diffusivity of network former elements in silicate liquids at
pressure. This figure is taken from Poe et al. (1997).
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Fig. 2.4. The plots of logarithm of electrical conductivity of Na2O･3SiO2 liquids versus
pressure. This figure is taken from Noritake et al. (2012)
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Fig. 2.5. The plots of density of albite glass versus pressure. This figure is taken from
Kushiro (1978).
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Fig. 2.6. The plots of densities of SiO2 glass and that quenched at 10 GPa versus
pressure. This figure is taken from Wakabayashi et al. (2013).
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Fig. 2.7. The plots of density of peridotite liquid at pressure. This figure is taken from
Sakamaki et al. (2009)
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Fig. 2.8. The plots of Si-O bond distance in SiO2 glass along compression. This figure is
taken from Meade et al. (1992)
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Fig. 2.9
The plots of bond length, T-O-T angle and Viscosity of jadeite liquid at pressure. This
figure is taken from Sakamaki et al. (2012)
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Fig. 2.10. The plots of abundance of high-coordinated Al and Si, and diffusivity of
oxygen as functions of pressure. This figure is taken from Poe et al. (1997).
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Fig. 2.11.
The plots of distribution of Si-O-Si bond angle in SiO2 glass at atmospheric pressure
(solid line) and 5 GPa (dashed line). This figure is taken from Devine et al. (1987)
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Fig. 2.12. The schematic figure of collapsing of -Si-O- network and changes in
coordination. This figure is taken from Stolper and Ahrens (1987)
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3. Basic concept of molecular dynamics simulations
In Molecular Dynamics (MD) simulations, all the atoms are firstly given initial
positions and velocities, then atoms move according to the classical mechanics with
given force fields under desired ensemble. We can observe pico-second dynamical
phenomena with atomistic or molecular scale and instantaneous structure because we
can obtain the trajectories of each atoms by use of MD simulations.

3.1 Verlet algorithm

The Verlet algorithm that has been most frequently used in molecular dynamics
simulations is the method to solve differentiation equation of motions of atoms.
Newtonian equation is given by
𝑭𝑖 (𝑡) = 𝑚𝑖

𝑑 2 𝒓𝑖 (𝑡)
𝑑𝑡 2

(3.1)

where Fi is force that apply to i-th atom and ri is coordination of i-th atom. After Δt
(Δt<<1), the coordination of i-th atom ri(t + Δt) can be written as follows by Taylor
expansion.
𝒓𝑖 (𝑡 + ∆𝑡) = 𝒓𝑖 (𝑡) +

𝑑
1 𝑑2
1 𝑑3
2
(𝑡)∆𝑡
𝒓𝑖 (𝑡)∆𝑡 +
𝒓
+
𝒓 (𝑡)∆𝑡 3 + ⋯ (3.2)
𝑑𝑡
2! 𝑑𝑡 2 𝑖
3! 𝑑𝑡 3 𝑖

Similarly, the coordination of i-th atom ri(t - Δt) can be written as follows.
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𝒓𝑖 (𝑡 − ∆𝑡) = 𝒓𝑖 (𝑡) −

𝑑
1 𝑑2
1 𝑑3
2
(𝑡)∆𝑡
𝒓𝑖 (𝑡)∆𝑡 +
𝒓
−
𝒓 (𝑡)∆𝑡 3 + ⋯ (3.3)
𝑑𝑡
2! 𝑑𝑡 2 𝑖
3! 𝑑𝑡 3 𝑖

Adding both side of (3.2) and (3.3), we can obtain (3.4),
𝒓𝑖 (𝑡 + ∆𝑡) = 2𝒓𝑖 (𝑡) − 𝒓𝑖 (𝑡 − ∆𝑡) +

𝑑2
𝒓 (𝑡)∆𝑡 2 + 𝑂(∆𝑡 4 )
𝑑𝑡 2 𝑖

(3.4)

where O is Landau symbol. Therefore, we can obtain the Verlet algorithm by
substituting (3.1) to (3.4).
𝒓𝑖 (𝑡 + ∆𝑡) = 2𝒓𝑖 (𝑡) − 𝒓𝑖 (𝑡 − ∆𝑡) +

𝑭𝑖 (𝑡) 2
∆𝑡
𝑚𝑖

(3.5)

This means that it is possible to calculate the coordinated at (t = t + Δt) from the
coordinate at (t = t) and (t = t - Δt), and force apply to i-th atom at (t = t). The velocity of
i-th atom is possible to obtain by same procedure.
𝒗𝑖 (𝑡) =

1
,𝑟 (𝑡 + ∆𝑡) − 𝑟𝑖 (𝑡 − ∆𝑡)2∆𝑡 𝑖

(3.6)

where vi(t) is the velocity of i-th atom. The value of Δt should be chosen properly so as
to reproduce physical properties.

3.2 Symplectic molecular dynamics method
Symplectic Condition
I denote the pair of generalized coordinates q and generalized momentum p as
follows.
𝒑
𝜞 = . 𝒒/
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(3.7)

p and q have 3N component if the system is composed of N atoms. The time evolution
of coordinates and momentum can be written as follows by canonical equation,
𝑑𝑞𝑖
𝜕𝐻
=
,
𝑑𝑡
𝜕𝑝𝑖

𝑑𝑝𝑖
𝜕𝐻
= −
𝑑𝑡
𝜕𝑞𝑖

(3.8)

where H is Hamiltonian of the system. The time evolution can be written as follows by
use of Γ,
𝑑
𝜕𝐻
𝜞=𝑱
𝑑𝑡
𝜕𝜞

(3.9)

where J is 6N×6N matrix as follows
0 𝟏
/
−𝟏 0

𝑱= .

(3.10)

where 1 is the 3N×3N unit matrix. Now I consider the non-time dependent canonical
transformation of Γ to pair of other coordination and momentum, Γ’.
𝜞′ = (

𝒑′(𝒑, 𝒒)
)
𝒒′(𝒑, 𝒒)

(3.11)

Canonical equation about Γ’ holds since Γ’ is derived by canonical transformation
of Γ.
𝑑
𝜕𝐻
𝜞′ = 𝑱
𝑑𝑡
𝜕𝜞′

(3.12)

The time evolution of Γ’ can be written as follows by considering that Γ’ is the
function of Γ.
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6𝑁

6𝑁

6𝑁

6𝑁

𝑗=1

𝑗=1

𝑗,𝑘=1

𝑗,𝑘,𝑙=1

𝑑 ′
𝜕𝛤 ′ 𝑖 𝑑
𝑑
𝜕𝐻
𝜕𝛤 ′ 𝑙 𝜕𝐻
𝛤𝑖=∑
𝛤𝑗 = ∑ 𝑀𝑖𝑗 𝛤𝑗 = ∑ 𝑀𝑖𝑗 𝐽𝑗𝑘
= ∑ 𝑀𝑖𝑗 𝐽𝑗𝑘
𝑑𝑡
𝜕𝛤𝑗 𝑑𝑡
𝑑𝑡
𝜕𝛤𝑘
𝜕𝛤𝑘 𝜕𝛤𝑙
6𝑁

= ∑ 𝑀𝑖𝑗 𝐽𝑗𝑘 𝑀𝑙𝑘
𝑗,𝑘,𝑙=1

𝜕𝐻
𝜕𝛤𝑙

(3.13)

That is,
𝜞′ = 𝑴𝑻𝑴𝑇

𝜕𝐻
𝜕𝜞

(3.14)

where M is Jacobian matrix as fallows.
𝜕𝛤 ′ 𝑖
𝑀𝑖𝑗 =
𝜕𝛤𝑗

(3.15)

Comparing (3.12) and (3.14),
𝑴𝑱𝑴𝑇 = 𝑱

(3.16)

(3.16) holds. (3.16) called symplectic condition. When the generalized coordinates q
and generalized momentum p temporally develop according to the Hamiltonian, the
time evolution after Δt can be considered as canonical transformation since the both pair
follow the canonical equation with same Hamiltonian.
𝒒(𝑡 + ∆𝑡)
𝒒(𝑡)
(
)→(
)
𝒑(𝑡)
𝒑(𝑡 + ∆𝑡)

(3.17)

The time evolution of generalized coordinates and generalized momentum derived from
Hamiltonian satisfies the symplectic condition (3.16) since canonical transformation
(3.17) holds symplectic condition. The ‘real’ body moves symplectic condition. In the
computation of solving equation of motion, does symplectic condition hold?
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Derivation of Verlet Algorithm from symplectic condition
Time evolution of an arbitral physical quantity A which written as a function of q
and p is written as follows.
3𝑁

3𝑁

𝑑𝐴
𝜕𝐴 𝑑𝑞𝑖 𝜕𝐴 𝑑𝑝𝑖
𝜕𝐴 𝜕𝐻 𝜕𝐴 𝜕𝐻
= ∑(
+
) = ∑(
+
)
𝑑𝑡
𝜕𝑞𝑖 𝑑𝑡 𝜕𝑝𝑖 𝑑𝑡
𝜕𝑞𝑖 𝜕𝑝𝑖 𝜕𝑞𝑖 𝜕𝑞𝑖
𝑖= 1

(3.18)

𝑖= 1

I here define operator DH as follows.
3𝑁

𝐷𝐻 ≡ ∑ (
𝑖= 1

𝜕𝐻 𝜕
𝜕𝐻 𝜕
+
)
𝜕𝑝𝑖 𝜕𝑞𝑖 𝜕𝑞𝑖 𝜕𝑞𝑖

(3.19)

Then the time evolution of A can be written as follows.
𝑑𝐴
= 𝐷𝐻 𝐴
𝑑𝑡

(3.20)

The formal solution of (3.20) is written as follows.
𝐴(𝑡 + ∆𝑡) = 𝑒 𝐷𝐻∆𝑡 𝐴(𝑡)

(3.21)

If the Hamiltonian can be decomposed into momentum-dependent and
coordination-dependent term as follows,
𝐻(𝒒, 𝒑) = 𝐾(𝒑) + 𝑈(𝒒)

(3.22)

then the operator DH can be decomposed.
3𝑁

3𝑁

𝜕𝐾 𝜕
𝜕𝑈 𝜕
𝐷𝐻 = ∑
− ∑
= 𝐷𝐾 + 𝐷𝑈
𝜕𝑝𝑖 𝜕𝑞𝑖
𝜕𝑞𝑖 𝜕𝑝𝑖
𝑖=1

𝑖=1
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(3.23)

3𝑁

3𝑁

𝜕𝐾 𝜕
𝜕𝑈 𝜕
𝐷𝐾 ≡ ∑
, 𝐷𝑈 ≡ − ∑
𝜕𝑝𝑖 𝜕𝑞𝑖
𝜕𝑞𝑖 𝜕𝑝𝑖
𝑖=1

(3.24)

𝑖=1

The time evolution operator 𝑒 𝐷𝐻∆𝑡 can be decomposed by using Suzuki-Trotter
decomposition.
∆𝑡

∆𝑡

𝑒 𝐷𝐻∆𝑡 = 𝑒 𝐷𝑈 2 𝑒 𝐷𝐾∆𝑡 𝑒 𝐷𝑈 2 + O(∆t 3 )

(3.25)

The operators 𝑒 𝐷𝑈∆𝑡 and 𝑒 𝐷𝐾∆𝑡 are the time evolution operator which U and K are
considered as Hamiltonian, respectively. This means symplectic condition holds in time
evolution using time evolution operator above. Consequently, symplectic condition
∆𝑡

∆𝑡

holds in time evolution with operator 𝑒 𝐷𝑈 2 𝑒 𝐷𝐾 ∆𝑡 𝑒 𝐷𝑈 2 because each part of operator
satisfies symplectic condition. The operations using DK and DU to p and q are written as
follows.
𝐷𝐾 𝑞𝑖 =

𝜕𝐾
𝜕𝑈
, 𝐷𝐾 2 𝑞𝑖 = 0, 𝐷𝑈 𝑞𝑖 = 0, 𝐷𝑈 𝑝𝑖 =
, 𝐷𝑈 2 𝑝𝑖 = 0, 𝐷𝐾 𝑝𝑖 = 0 (3.26)
𝜕𝑝𝑖
𝜕𝑞𝑖

The time evolution of p and q can be written as follows by using (3.26).
1
𝜕𝐾
𝑒 𝐷𝐾 ∆𝑡 𝑞𝑖 = (1 + 𝐷𝐾 ∆𝑡 + 𝐷𝐾 2 ∆𝑡 2 + ⋯ ) 𝑞𝑖 = 𝑞𝑖 +
∆𝑡
2
𝜕𝑝𝑖

(3.27)

𝑒 𝐷𝐾∆𝑡 𝑝𝑖 = 𝑝𝑖

(3.28)

𝑒 𝐷𝑈∆𝑡 𝑞𝑖 = 𝑞𝑖

(3.28)

𝑒 𝐷𝑈∆𝑡 𝑝𝑖 = 𝑝𝑖 −

𝜕𝑈
∆𝑡
𝜕𝑞𝑖

(3.29)

When the Hamiltonian is written using the coordinates of i-th particle, ri and its
momentum pi as follows,
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𝑁

H= ∑
𝑖=1

𝒑𝑖 2
+ 𝑈(𝒓𝑖 )
2𝑚𝑖

(3.30)

The time evolution of the system can be written as follows using the time evolution
operator (3.25),
1

𝒑𝒊 𝑛+2 = 𝒑𝑖 𝑛 −

𝜕𝑈 𝑛 ∆𝑡
𝜕𝒓𝑖 𝑛 2

(3.31)

1

𝒓𝑖 𝑛+1

𝒑𝑖 𝑛+2
𝑛
= 𝒓𝑖 +
∆𝑡
𝑚𝑖
1

𝒑𝒊 𝑛+1 = 𝒑𝑖 𝑛+2 −

𝜕𝑈 𝑛+1 ∆𝑡
𝜕𝒓𝑖 𝑛+1 2

(3.32)
(3.33)

where n is step in solving difference equation. The equations (3.31-33) is called
velocity-Verlet algorithm. Verlet algorithm satisfies symplectic condition because Verlet
algorithm can be derived from velocity-Verlet algorithm which satisfies symplectic
condition.

Conservative quantity in symplectic condition
Baker-Campbell-Hausdorff formula is written as follows.
𝑒 𝐴𝑒𝐵 = 𝑒𝐶

(3.34)

If (3.34) holds in any operator A, B and C, then the formula written below holds,
C=A+B+

1
1
,𝐴, 𝐵- +
{[𝐴, ,𝐴, 𝐵-] + [,𝐴, 𝐵-, 𝐵]} + ⋯
2
12

where [ , ] is commutator defined as follows.
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(3.35)

,𝐴, 𝐵- ≡ 𝐴𝐵 − 𝐵𝐴

(3.36)

I here apply the Baker-Campbell-Hausdorff formula to the relation below.
𝐴

𝐴

𝑒𝐶 = 𝑒 2 𝑒𝐵𝑒 2

(3.37)

Then,
C=

1
1
1
𝐴+𝐵−
[𝐴, ,𝐴, 𝐵-] +
[,𝐴, 𝐵-𝐵] + ⋯
2
24
12

(3.38)

(3.38) can be obtained.
Here I define the time evolution operator as follows.
∆𝑡

∆𝑡

𝑒 𝐷𝐻′ ∆𝑡 ≡ 𝑒 𝐷𝑈 2 𝑒 𝐷𝐾∆𝑡 𝑒 𝐷𝑈 2

(3.39)

And then, the time evolution operator 𝑒 𝐷𝐻′ ∆𝑡 become as follows.
𝐷𝐻′ = 𝐷𝐾 + 𝐷𝑈 +

1
.2[,𝐷𝑈 , 𝐷𝐾 -, 𝐷𝐾 ] − 0𝐷𝑈, ,𝐷𝑈 , 𝐷𝐾 -1/ ∆𝑡 2 + ⋯
24

(3.40)

To express (3.40) using Poisson’s bracket, the terms in (3.40) become as follows
3𝑁

3𝑁

𝜕𝐻 𝜕
𝜕𝐻 𝜕
𝐷𝐾 + 𝐷𝑈 = ∑
−∑
= * , 𝐻+ = 𝐷𝐻
𝜕𝑝𝑖 𝜕𝑞𝑖
𝜕𝑞𝑖 𝜕𝑝𝑖
𝑖=1

(3.41)

𝑖=1
3𝑁

𝜕𝐻 𝜕𝐻
}
𝜕𝑝𝑖 𝜕𝑞𝑖

(3.42)

𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
}
𝜕𝑞𝑖 𝜕𝑝𝑖 𝜕𝑝𝑗 𝜕𝑞𝑗

(3.43)

𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
[,𝐷𝑈 𝐷𝐾 -, 𝐷𝐾 ] = { , ∑ ∑
}
𝜕𝑝𝑖 𝜕𝑞𝑖 𝜕𝑞𝑗 𝜕𝑝

(3.44)

,𝐷𝑈 , 𝐷𝐾 - = − { , ∑
𝑖=1
3𝑁 3𝑁

[𝐷𝑈 , ,𝐷𝑈 𝐷𝐾 -] = { , ∑ ∑
𝑖=1 𝑗=1
3𝑁 3𝑁

𝑖=1 𝑗=1

And then,
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𝐷𝐻′

3𝑁 3𝑁

3𝑁 3𝑁

𝑖=1 𝑗=1

𝑖=1 𝑗=1

1
𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
= * , 𝐻+ + {, (2 ∑ ∑
− ∑∑
)} ∆𝑡 2
24
𝜕𝑝𝑖 𝜕𝑞𝑖 𝜕𝑞𝑗 𝜕𝑝
𝜕𝑞𝑖 𝜕𝑝𝑖 𝜕𝑝𝑗 𝜕𝑞𝑗
+⋯

(3.45)

(3.45) is obtained. This means that quasi-Hamiltonian H’ as follows conserves in the
Verlet algorithm.
3𝑁 3𝑁

3𝑁 3𝑁

𝑖=1 𝑗=1

𝑖=1 𝑗=1

1
𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
𝜕𝐻 𝜕 2 𝐻 𝜕𝐻
′
𝐻 ≡𝐻+
(2 ∑ ∑
− ∑∑
) ∆𝑡 2 + ⋯ (3.46)
24
𝜕𝑝𝑖 𝜕𝑞𝑖 𝜕𝑞𝑗 𝜕𝑝
𝜕𝑞𝑖 𝜕𝑝𝑖 𝜕𝑝𝑗 𝜕𝑞𝑗
Consequently, the Verlet algorithm is suitable for MD simulation because
quasi-Hamiltonian conserves and the simulated system become stable.

3.3 Ewald summation
Treatments of long-ranged force terms such as the Coulombic interactions must be
optimized in order to reduce the calculation costs. The Ewald summation is an efficient
method to calculate the Coulombic interactions in periodic boundary conditions. In the
Ewald summations, the Coulombic interactions are decomposed into two terms which
are real space and wave number space terms. The real space term can be calculated by
direct summations within a limited cut-off distance. The wave number space term can
be calculated by Fourier transformation using periodic boundary conditions within a
limited cut-off distance in the reciprocal space.
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Coulombic potential Φ is written by following form,
𝑞𝑖 𝑞𝑗
𝑒2
𝛷𝑖 = ∑ ∑
4𝜋𝜀0 |𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|

(3.47)

𝒏,𝒏≠0 𝑗,𝑗≠𝑖

where ε0 is the permittivity of vacuum, e is the elemental charge, ri is the coordinates of
i-th atom, C is the unit cell matrix, and qi is partial charge of i-th atom. Firstly, I
introduce the function below.
𝑎(𝑟) =

1
𝑟

(3.48)

Then, (3.47) become as follows.
𝛷𝑖 = ∑ ∑
𝒏,𝒏≠0 𝑗,𝑗≠𝑖

𝑒 2 𝑞𝑖 𝑞𝑗
𝑎(|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|)
4𝜋𝜀0

(3.49)

Here I introduce the new function a0(r) which shows similar attenuation to the function
a(r).
𝑎1 (𝑟) = 𝑎(𝑟) − 𝑎0 (𝑟)

(3.50)

The function a0(r) will be chosen as 𝑎1 (|𝑪|⁄2) <<1. Then, (3.49) become as
follows by addition and subtraction of a0.
𝑒 2 𝑞𝑖 𝑞𝑗
𝛷𝑖 = ∑ ∑
[𝑎(|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|) − 𝑎0 (|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|)]
4𝜋𝜀0
𝒏,𝒏≠0 𝑗,𝑗≠𝑖

+ ∑ ∑
𝒏,𝒏≠0 𝑗,𝑗≠𝑖

𝑒 2 𝑞𝑖 𝑞𝑗
𝑎 (|𝒓 − 𝒓𝑗 + 𝒏𝑪|) = 𝛷𝑖 𝑟𝑒𝑎𝑙 + 𝛷𝑖 𝑤𝑎𝑣𝑒+𝑐𝑜𝑟𝑟 (3.51)
4𝜋𝜀0 0 𝑖

Φireal is a function which rapidly converges to zero. Φiwave+corr is a function which
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slowly attenuates. I here add and subtract the term in which n = 0 and i = j.
𝛷𝑖

𝑤𝑎𝑣𝑒+𝑐𝑜𝑟𝑟

𝑒 2 𝑞𝑖 𝑞𝑗
𝑒 2 𝑞𝑖 2
= ∑∑
𝑎 (|𝒓 − 𝒓𝑗 + 𝒏𝑪|) −
𝑎 (0)
4𝜋𝜀0 0 𝑖
4𝜋𝜀0 0
𝒏

𝑗

= 𝛷𝑖 𝑤𝑎𝑣𝑒 + 𝛷𝑖 𝑐𝑜𝑟𝑟

(3.52)

Fourier series expansion can be used for Φiwave because Φiwave is the summation of the
periodic system.
𝛷𝑖 𝑤𝑎𝑣𝑒 = ∑ ∑
𝒏

𝑗

𝑒 2 𝑞𝑖 𝑞𝑗 1
∫ ∫ 𝑑𝒓𝑑𝒌𝑎0 (𝒓)𝑒 (−𝑖𝒌･𝒓) 𝑒 [𝑖𝒌･(𝒓𝑖 −𝒓𝑗+𝒏𝑪)]
4𝜋𝜀0 (2𝜋)3

(3.53)

(3.54) can be used for (3.53) because nC covers whole space.
∑ 𝑒 𝑖𝒌･𝒏𝑪 =
𝒏

(2𝜋)2
∑ 𝛿(𝒌 − 𝑮)
|𝑪|

(3.54)

𝑮

where G is reciprocal lattice vector written as follows.
𝑪𝑎
𝐂 = ( 𝑪𝑏 )
𝑪𝑐
𝑪𝑎 ∗ =

𝑪𝑏 × 𝑪𝑐
𝑪𝑎 ･(𝑪𝑏 × 𝑪𝑐 )

𝑪𝑏 ∗ =

,

𝑪𝑐 × 𝑪𝑎
𝑪𝑎 ･(𝑪𝑏 × 𝑪𝑐 )

(3.55)
, 𝑪𝑐 ∗ =

𝑮 = 2𝜋(𝑪𝑎 ∗ + 𝑘𝑪𝑏 ∗ + 𝑙𝑪𝑐 ∗ )

𝑪𝑎 × 𝑪𝑏
𝑪𝑎 ･(𝑪𝑏 × 𝑪𝑐 )
(, 𝑘, 𝑙 ∈ 𝒁)

(3.56)
(3.57)

Then, Φiwave become as follows.
𝛷𝑖 𝑤𝑎𝑣𝑒 =

𝑒 2 𝑞𝑖 𝑞𝑗 1
1
∑
∑ ∫ ∫ 𝑑𝒓𝑑𝒌𝑎0 (𝒓)𝑒 (−𝑖𝒌･𝒓) ∑ 𝛿(𝒌 − 𝑮) 𝑒 [𝑖𝒌･(𝒓𝑖 −𝒓𝑗)]
|𝑪|
4𝜋𝜀0 (2𝜋)3
𝑗

𝑮

𝑮

𝑒 2 𝑞𝑖 𝑞𝑗 [𝑖𝑮･(𝒓 −𝒓 )]
1
(−𝑖𝑮･𝒓)
𝑖
𝑗
(𝒓)𝑒
=
∑ ∫ 𝑑𝒓𝑎0
∑
𝑒
|𝑪|
4𝜋𝜀0
𝑮

(3.58)

𝑗

The function for a0 might be a function of potential energy of charge Q at r in the
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electric field made by charge distribution which only depends on the distance from the
center r’. In Ewald’s method, the Gaussian distribution is used for charge distribution as
follows,
3

𝛼2 2
2
𝜌0 (𝒓 − 𝒓′ ) = 𝜌0 (𝑟) = 𝑄′ ( ) 𝑒 −(𝛼𝑟)
𝜋

(3.59)

where α is the parameter indicating the variance of the charge distribution. The electric
field υ0 can be obtained from Poisson’s equation as follows.
∆𝜑0 = −

𝜌0
𝜀0

(3.60)

(3.60) can easily be solved using polar coordinates because (3.59) does not depend on
the angular components.
3

𝜕 2 𝑟𝜑0
𝑄 ′ 𝛼 2 2 −(𝛼𝑟)2
= − ( ) 𝑟𝑒
𝜕𝑟 2
𝜀0 𝜋

(3.61)

The electric potential made by the Gaussian-distributed charge is written bellow.
𝜕𝑟𝜑0
𝜕𝜑0
|
= 𝑎0 𝑟=∞ + 𝑟
|
=0
𝜕𝑟 𝑟=∞
𝜕𝑟 𝑟=∞

(3.62)

Then, (3.61) becomes as follows by integrating the both sides from ∞ to r.
3

3

𝜕𝑟𝜑0
𝑄 ′ 𝛼 2 2 𝑟 −(𝛼𝑟)2
𝑄′ 𝛼 2 2
1 −(𝛼𝑟)2 𝑟
= − ( ) ∫ 𝑟𝑒
𝑑𝑟 = − ( ) [− 2 𝑒
]
𝜕𝑟
𝜀0 𝜋
𝜀0 𝜋
2𝛼
∞
∞
3

𝑄 ′ 1 2 −(𝛼𝑟)2
= ( ) 𝛼𝑒
𝜀0 𝜋

(3.63)

Again, (3.63) becomes as follows by integrating the both sides from 0 to r.

39

1

𝑄′
𝛼2 2 𝑟
2
𝑟𝜑0 (𝑟) =
2 ( ) ∫ 𝑒 −(𝛼𝑟) 𝑑𝑟
4𝜋𝜀0
𝜋
0

(3.64)

The integration can be solved by the variable transformation ar =x.
1

𝑄′
𝛼 2 2 𝑎𝑟 −𝑥 2 𝑑𝑟
𝑟𝜑0 (𝑟) =
2( ) ∫ 𝑒
𝑑𝑥
4𝜋𝜀0
𝜋
𝑑𝑥
0
𝑄 ′ 2 𝑎𝑟 −𝑥 2
𝑄′
=
∫ 𝑒 𝑑𝑥 =
erf(𝑎𝑟)
4𝜋𝜀0 √𝜋 0
4𝜋𝜀0

(3.65)

As a result, the electric filed υ0 and function a0(r) are found as follow.
𝜑0 (𝑟) =

𝑄 ′ erf(𝑎𝑟)
,
4𝜋𝜀0 𝑟

𝑎0 =

4𝜋𝜀0
erf(𝑎𝑟)
𝜑0 (𝑟) =
𝑄′
𝑟

(3.66)

Then Φireal is found as follows postulating the rapid convergence.
𝛷𝑖

𝑟𝑒𝑎𝑙

𝑒 2 𝑞𝑖 𝑞𝑗
1
= ∑ ∑
[1 − erf(𝛼|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|)]
4𝜋𝜀0 |𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|
𝒏,𝒏≠0 𝑗,𝑗≠𝑖

= ∑ ∑
𝒏,𝒏≠0 𝑗,𝑗≠𝑖

𝑒 2 𝑞𝑖 𝑞𝑗 erfc(𝛼|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|)
4𝜋𝜀0
|𝒓𝑖 − 𝒓𝑗 + 𝒏𝑪|

𝑒 2 𝑞𝑖 𝑞𝑗 erfc(𝛼|𝒓𝑖 − 𝒓𝑗 |)
= ∑
4𝜋𝜀0
|𝒓𝑖 − 𝒓𝑗 |

(3.67)

𝑗,𝑗≠𝑖

Here I derive the Fourier integration in (3.58) to find Φiwave. The formula of Fourier
integration about differentiation is written as follows.
∫ ∆𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓 = −𝑮2 ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
Then, (3.69) can be obtained substituting (3.60).
3

𝑄′ 𝛼 2 2 −(𝛼𝑟)2 (−𝑖𝑮･𝒓)
∫ ( ) 𝑒
𝑒
𝑑𝒓 = −𝑮2 ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 𝜋
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(3.68)

3

𝑄′
𝛼2 2
2
(
) ∫ 𝑒 −(𝛼𝑟) 𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
2
𝜀0 |𝑮| 𝜋

(3.69)

The direction of G is selected as z axis.
3

𝑄′
𝛼 2 2 2𝜋 𝜋 ∞ −(𝛼𝑟)2 (−𝑖|𝑮||𝒓|𝑐𝑜𝑠𝜃) 2
( ) ∫ ∫ ∫ 𝑒
𝑒
𝑟 sin𝜃𝑑𝑟𝑑𝜃𝑑𝜑 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
2
𝜀0 |𝑮| 𝜋
0
0 0
3

2

𝑄′
𝛼 2 2 ∞ 2𝜋𝑟 2 𝑒 −(𝛼𝑟) (−𝑖|𝑮||𝒓|𝑐𝑜𝑠𝜃) 𝜋
(
) ∫
[𝑒
]0 𝑑𝑟 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2 𝜋
𝑖|𝑮||𝒓|
0
3

2

𝑄′
𝛼 2 2 ∞ 2𝜋𝑟𝑒 −(𝛼𝑟) (−𝑖|𝑮||𝒓|)
( ) ∫
[𝑒
− 𝑒 (−𝑖|𝑮||𝒓|) ]𝑑𝑟 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2 𝜋
𝑖|𝑮|
0
3

𝑄′
𝛼 2 2 ∞ 2π −(𝛼𝑟)2
(
) ∫
𝑟𝑒
2𝑖sin(|𝑮||𝒓|)𝑑𝑟 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2 𝜋
𝑖|𝑮|
0

(3.70)

The Fourier part of (3.58) become as follows using variable transformation x = ar.
3

|𝑮|𝑥 𝑑𝑟
𝑄′
𝛼 2 2 ∞ 4π 𝑥 −𝑥 2
(
)
∫
𝑒
sin
(
) 𝑑𝑥 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2 𝜋
𝛼 𝑑𝑥
0 |𝑮| 𝛼
3

2

𝑄′
𝛼 2 2 4π 1 1 √𝜋 |𝑮| −(|𝑮|2 )
(
)
𝑒 4𝛼 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2 𝜋 |𝑮| 𝛼 𝛼 4 𝛼
2

|𝑮|
𝑄′
−( 2 )
𝑒 4𝛼 = ∫ 𝜑0 (𝒓)𝑒 (−𝑖𝑮･𝒓) 𝑑𝒓
𝜀0 |𝑮|2
2

∫ 𝑎0

(𝒓)𝑒 (−𝑖𝑮･𝒓)

4𝜋 −(|𝑮|2 )
𝑑𝒓 =
𝑒 4𝛼
|𝑮|2

Then Φiwave become as follows.
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(3.71)

𝑒 2 𝑞𝑖 𝑞𝑗 [𝑖𝑮･(𝒓 −𝒓 )]
1
(−𝑖𝑮･𝒓)
𝑖
𝑗
(𝒓)𝑒
∑ ∫ 𝑑𝒓𝑎0
∑
𝑒
|𝑪|
4𝜋𝜀0
𝑮

𝑗

2

𝑒 2 𝑞𝑖 𝑞𝑗
1
4𝜋 −(|𝑮| )
=
∑ 2 𝑒 4𝛼2 ∑
[cos{𝑮･(𝒓𝑖 − 𝒓𝑗 )}
|𝑪|
|𝑮|
4𝜋𝜀0
𝑮

𝑗

+ 𝑖sin{𝑮･(𝒓𝑖 − 𝒓𝑗 )}]

(3.72)

There are pairs of reciprocal lattice vector such as 𝑮 = −𝑮′ because the summation
about G includes whole reciprocal space. Then Φiwave can be obtained as follows.
2

𝛷𝑖

𝑤𝑎𝑣𝑒

𝑒 2 𝑞𝑖
1 −(|𝑮|2 )
=
∑ 2 𝑒 4𝛼 ∑ 𝑞𝑗 cos{𝑮･(𝒓𝑖 − 𝒓𝑗 )}
|𝑪|𝜀0
|𝑮|
𝑮

(3.73)

𝑗

Φicorr can be obtained using Maclaurin expansion.
𝛷𝑖 𝑐𝑜𝑟𝑟 =

(𝛼𝑟)3
𝑒 2 𝑞𝑖 2
𝑒 2 𝑞𝑖 2 erf(𝑎𝑟) 𝑒 2 𝑞𝑖 2
1 2
𝑎0 (0) =
=
lim
(𝛼𝑟 −
+⋯)
4𝜋𝜀0
4𝜋𝜀0
𝑟
4𝜋𝜀0 𝑟→0 𝑟 √𝜋
3
𝑒 2 𝑞𝑖 2 𝛼
=
2𝜋𝜀0 √𝜋

(3.74)

3.4 Calculation of the physical properties from MD
Static properties
The static properties can be obtained from the molecular dynamics simulations by
thermo-dynamical theory excluding entropy. The internal energy, U is written as
follows,
1
𝑈 = 〈∑ 𝛷𝑖 〉 + 〈 ∑ 𝑚𝑖 𝒗𝑖 2 〉
2
𝑖

(3.75)

𝑖

where Φi is the potential energy of i-th atom, mi is the mass of i-th atom and vi is the
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velocity of i-th atom. The temperature, T is written as follows by the law of
equipartition of energy,
𝑇=

1
1
〈∑ 𝑚𝑖 𝒗𝑖 2 〉
3𝑁𝑘𝐵
2

(3.76)

𝑖

where N is the number of the atom in unit cell and kB is the Boltzmann’s constant. The
pressure, P is derived from virial theorem as follows,

𝑃=

1
(3𝑁𝑘𝐵 〈𝑇〉 + 〈∑ 𝛁𝛷𝑖 ･ 𝒓𝑖 〉)
3𝑉

(3.77)

𝒊

where V is the volume of the unit cell and ri is the coordinates of i-th atom.
The radial distribution function of atoms is the useful properties for explaining or
understanding the structure of non-crystalline materials, easily comparable with
experimental data by X-ray diffraction by weighting of electron density, and
theoretically important for statistical physics of liquids. The radial distribution function,
g(r) is defined as following form using Dirac’s delta function.
𝑔(𝑟) =

𝑉
〈∑ ∑ 𝛿(𝑟 − |𝒓𝑖𝑗 |)〉
𝑁2
𝑖

𝑗(𝑖<𝑗)

The function g(r) can be obtained for desired pairs of elements because the
trajectory of each atoms can be obtained in molecular dynamics simulations. The
function g(r) which calculated about is called pair correlation function.
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(3.78)

Dynamics properties
The auto-correlation function is a fundamental function which is obtained from
molecular dynamics simulation to calculate dynamics properties. The auto-correlation
function is defined as follows,
𝑁

1
〈𝐴(𝑡)𝐴(0)〉 = ∑ 𝐴(𝑡𝑖 + 𝑡)𝐴(𝑡)
𝑁

(3.79)

𝑖=1

where A(x) is a certain physical quantity, t is the time and ti is the step of the simulation.
This means the auto-correlation function is indicates the ensemble average of the
correlation between the certain physical quantity and that after time t.
Many dynamics properties can be obtained by linear response theory. The linear
response theory is written as follows,
𝑩(𝑡) − 𝑩𝑒𝑞 = 𝑳𝑿(𝑡)

(3.80)

where B(t) is the value of flux which has a linear relation with force at time t, Beq is the
value of B(t) at equilibrium, L is the transfer coefficient matrix and X(t) is the force at
time t. Considering the time delay of response, (3.80) should be extended as
non-Markovian form as follows,
𝑒𝑞

𝑩(𝑡) − 𝑩

𝒕

= 𝑳𝑿(𝑡) + ∫ 𝑑𝑠𝝋(𝑡 − 𝑠) 𝑿(𝑠)

(3.81)

−∞

where the matrix φ is the function indicating the time delay. Here omitting details,
Kubo-Green equation is derived from (3.81) as follows.
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∞
𝑉
𝐿=
∫ 〈𝐵(𝑡)𝐵(0)〉𝑑𝑡
𝑘𝐵 𝑇 0

(3.82)

For example, shear viscosity η can be obtained when the stress is chosen as flux,
∞
𝑉
𝜂=
∫ 〈𝜍 (𝑡)𝜍𝑖𝑗 (0)〉𝑑𝑡
𝑘𝐵 𝑇 0 𝑖𝑗

(3.83)

where σij is the off-diagonal component of stress tensor. Self-diffusion coefficient D also
can be obtained by choosing the velocity of atom as flux and adjusting the dimension as
follows,
∞

𝐷 = ∫ 〈𝒗𝑖 (𝑡)𝒗𝑖 (0)〉𝑑𝑡

(3.84)

0

where vi is velocity of i-th atom. The convergence of auto-correlation function is
generally slow. Therefore the Einstein relation as follows is used for obtaining the
self-diffusion coefficient,
𝑁

1 1
〈∑|𝒓𝑖 (𝑡) − 𝒓𝑖 (𝑡0 )|2 〉
𝐷 = 𝑙𝑖𝑚
𝑡→∞ 6𝑡 𝑁

(3.85)

𝑖=1

where t is the time, N is the number of atoms in unit cell, ri is the position of i-th atom
and t0 is the reference time. The life time of bonding between atom is calculated from
the time dependence of probability P(r, t), the ensemble average of the existence
probability of bonds between atoms of desired element and coordinated atoms those
were presented at time zero, written as follows using Heaviside’s function,
𝑁 𝑁𝑐𝑟𝑑

1
𝑃(𝑟, 𝑡) = 〈∑ ∑ 𝐻𝐶 [𝑟 − |𝒓𝑖 (𝑡) − 𝒓𝑗 (𝑡)|]〉
𝑁
𝑖

𝑗
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(3.86)

where N is the number of atoms of desired element, Ncrd is the number of atoms bonded
with i-th atom, r is the maximum bond length and ri is the position of i-th atom. The life
time of bonding τ is determined as follows.
𝑃(𝑟, 𝜏) = 𝑒 −1
The exchanging rate of bond can be obtained from inverse of the life time of the
bonding.
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(3.87)

4. Nature of Si-O-Si bonding via molecular orbital calculation
Understanding the nature of Si-O bonding and Si-O-Si bridging is important for
mineralogy, material science and metallurgy. It is well known that the variation of
Si-O-Si angle in silicates is caused by difference of composition, temperature and
pressure. The change of angle of Si-O-Si bridging affects the strength of Si-O bonding.
For instance, the increase of Si-O-Si angle decreases the Si-O bond length in coesite
crystal (Gibbs et al., 1977). The decrease of Si-O-Si angle of liquid silicates as a result
of compression is reported by various researchers (e.g. Navrotsky et al., 1985; Ohtani et
al., 1985; Sakamaki et al., 2012). The decrease of Si-O-Si angle is thought to be the
trigger of decrease of viscosity of liquid silicates. (Navrotsky et al., 1985; Noritake et al.,
2012). Quantum chemical properties of Si-O-Si bridging is investigated to understand
the relationship between Si-O-Si angle, Si-O bond length and its strength (e.g., Newton
and Gibbs, 1981; Tsuneyuki, 1996; Kubicki and Sykes, 1993). Newton and Gibbs
(1981) reports the pyrosilisic acid molecule has energy minimum at Si-O-Si angle of
145° using STO-3G basis set (Hehre et al. 1969) by Hartree-Fock method. Tsuneyuki
(1996) reports that the bending of Si-O-Si is not reproduced using double-zeta function
basis set nevertheless the increase of the number of basis function generally increase the
reproducibility. However, the nature of Si-O-Si bridgings seems not to be reproduced by
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increase of basis function using Hartree-Fock method. In this paper, I show the
molecular orbital calculation about pyrosilisic acid molecule using post-Hartree-Fock
method and more precise basis set to understand the nature of Si-O-Si bridging.

4.1 Computational Method
Molecular orbital calculations were performed using the GAUSSIAN 09 code. We
firstly calculate the optimized structure of disiloxane by Hartree-Fock (HF),
second-order Møller-Plesset perturbation theory (MP2) (Head-Gordon et al., 1988), and
two density functional theory (Becke’s density functional (Becke, 1988) with three
correlation functionals by Lee, Yang and Parr (B3LYP, Lee et al., 1988), and generalized
gradient approximation by Perdew, Burke and Ernzerhof (PBE, Perdew et al., 1996))
with 6-311G(d,p) split valence double zeta basis set (McLean and Chandler, 1980;
Raghavachari et al., 1980). The optimized parameter by various model chemistry and
experimental data by Almenningen et al. (1963) is shown in Table 4.1. The bending of
Si-O-Si bridging is not reproduced by HF method as shown in Tsuneyuki (1966). The
bending of Si-O-Si bridging is reproduced by use of MP2 and density functional theory
with PBE. The optimized angle of Si-O-Si in disiloxane molecule by MP2 is closer to
experimental value than that by PBE. Then we apply the MP2 method with 6-311G(d,p)
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basis set to the calculation of pyrosilisic acid, H6Si2O7. In optimizing the molecular
structure of pyrosilisic acid, hydrogen bonding is made in the molecule as shown in
Kubicki and Sykes (1993). I optimized with z-matrix to define the point symmetry of
pyrosilisic acid molecule to avoid the effect of hydrogen bonding. Two types of
structure is optimized, one is the C2v point symmetry as shown in Figure 4.1a, the other
is structure in which each tetrahedra is in conformational relation of 60° torsion as
shown in Figure 4.1b. The optimized parameter is shown in Table 4.2.
Then we calculate the energy surface of two pyrosilisic acid molecules varying the
Si-O(brd) bond length and Si-O-Si angle with fixing other parameters obtained by
optimization. To analyze the bonding, I use the Natural Bonding Orbital (NBO) analysis
method (Foster and Weinhold, 1980; Reed et al., 1985, 1988). NBO analysis originated
as a technique for studying hybridization and covalency effects in molecular wave
functions. In NBO analysis, the each calculated molecular orbitals are decomposed and
recomposed visualized bond orbital that corresponds to the picture of interatomic bonds
and lone pairs. It gives us energy of bonding, degree of hybridization of bonding,
overwrap integration weighted bond order and charge of atoms. In NBO analysis, I
firstly define natural atomic orbital and attribute the electrons. Natural atomic orbital
can be obtained by block diagonalization of density matrix by each angular momentum
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of atomic orbital of each atoms. Then I define the spλ natural hybrid orbitals, hλ(θ) as
follows,
1

𝜆 (𝜃) = 𝑁 (𝑠 + 𝜆2 𝑝𝜃 )

(1)

where pθ is a normalized p orbital pointing in the direction θ and N is a normalization
constant. Then I can obtain the natural bond orbital σAB between atom A and B from
directed orthonormal hybrid orbitals hA and hB (natural hybrid orbitals) as follows,
(2)

𝜍𝐴𝐵 = 𝑐𝐴 𝐴 + 𝑐𝐵 𝐵

where c is constant and calculated numerically from the result of density by molecular
orbital calculations. More precise about NBO analysis is written in Foster and Weinhold
(1980) and Reed et al. (1985, 1988).

4.3 Results and Discussion
The optimized parameter of pyrosilisic molecules is shown in Table 4.2. Stable
Si-O-Si angle and total energy of C2V symmetry are larger than those of 60° torsion.
However, the bond length between Si and bridging oxygen (Obr) does not change
significantly by change of torsion angle. Figure 4.2 and 4.3 are contour maps of
potential energy surface of pyrosilisic acid molecules (C2V symmetry and 60° torsion)
varying Si-O-Si angel and Si-Obr length, respectively. The stable Si-O bond lengths
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decreasing Si-O-Si angle in both molecules. The total energy at minimum of twisted
pyrosilisic at energy minimum is lower than that of molecule which has C2V symmetry.
Figure 4.4 shows sum of orbital energy of valence electrons of bridging oxygen and
each orbitals, and overlap weighted bond order of Si-Obr. The Sum of the orbital energy
of valence electrons of bridging oxygen decrease with decreasing Si-O-Si angle.
Decomposing into each orbital, orbital energy of sum of two lone pairs decrease with
increasing Si-O-Si angle, however the orbital energy of Si-O bonding increase with
decreasing Si-O-Si angle. Note that the calculated orbitals are decomposed based on
natural Lewis and lone pairs those are orthogonal with each other. The overlap weighted
bond order has locally minimum at 140 to 145 degree whereas the changes in orbital
energy shows monotonic increase or decrease. Contribution ratio of d character of Si
atom to σ bonding between Si and O atom is showed in Figure 4.5. The calculated point
charge at Si and Obr are also showed in Figure 4.5. In NBO analysis, the point charge at
each atom is calculated from occupancy of natural atomic orbital. The absolute value of
atomic charge increase with increasing Si-O-Si angle. Figure 4.6 shows the coefficient
cSi and cO with varying Si-O-Si angle. The coefficient of cSi decrease and cO increase
with increasing Si-O-Si angle.
The bending of Si-O-Si bridging is reproduced in this study using Møller-Plesset
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perturbation theory and 6-311G(d,p) split valence double zeta basis set. The bending of
Si-O-Si bridging is often explained by three contributes, coulombic repulsion between
two SiO4 tetrahedra, lone pair (or valence shell electron pair repulsion rule) of bridging
oxygen, and the d-p π-bonding model. The contributes coulombic repulsion between
second-nearest to energy surface seems to be important. Because the bending
configuration cannot be reproduced in some combinations of model chemistry and basis
set (Tsuneyuki, 1996). The contribute of lone pair electrons of bridging oxygen decrease
the bridging angle. Oxygen atom has 6 valence electrons. The electrons make sp3 hybrid
orbital and tetrahedral configuration of bonding orbital and lone pair because of
coulombic repulsion between orbitals. The stabilization by bending is represented in
figure 4.4. The sum of the energy of valence orbital decrease with bending. The orbital
energy of lone pair split and the energy of the one of the lone pair does not change
because of the orthogonal decomposing of lone-pair electrons unlike with bonding
orbitals. However the changes in orbital energy of valence orbital of oxygen atom
shows the tendency of equalization of each orbital. Consequently the effect of lone pair
potentially bend the Si-O-Si bridging. The d-p π-bonding between Si and O atoms is
considered to act an important role in Si-O-Si bridging (Cruickshank, 1961). Newton
and Gibbs (1980) calculated the contributes of 3d-orbital to Si-O bonding from the
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results of MO calculation with Hartree-Fock method and STO-3G basis by Mulliken
population analysis (Mulliken, 1955). In Newton and Gibbs (1980), the total overlap
populations in Si-O bonding is 0.832 to 0.862. The population of σ-bonding between sp
hybrid orbital of Si and O is 0.556. Population of σ-bonding and π-bonding which
3d-orbital involves are 0.113 and 0.163, respectively. The results of population analysis
in our calculation are shown in Figure 4.5 and Table 4.3. Figure 4.5 shows the ratio of d
character from Si in Si-O σ-bonding. The contribution of d character to σ-bonding is
only about 2% whereas the population analysis by Newton and Gibbs (1980) shows
several tens of percent. The occupancy of valence orbitals analyzed by natural atomic
orbital analysis are shown in Table 4.3. The ratio of occupancy of d-orbital to s- and
p-orbital is about 1%. The effect of d-p π-bonding seems to be negligible in Si-O-Si
bridging. Consequently, the bending of Si-O-Si bridging can be explained by the
balance of Coulombic repulsion between tetrahedra and lone pair electrons of bridging
oxygen atom.
The relationship between Si-O-Si angle and Si-O bond length or strength have been
discussed by Newton and Gibbs (1981), Navrotsky et al. (1985), Geisinger et al. (1985),
etc.. The general result of these works is Si-O bond lengthen with bending Si-O-Si
angle. This phenomenon is also reported by experiments (Gibbs et al., 1977). This study
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shows same tendency in energy surface map (Figure 4.2 and 4.3). The mechanism of
Si-O bind lengthening by bending of Si-O-Si angle can be explained by orbital energy
of Si-O bonding and overlap weighted bond index. The energy of Si-O bonding orbital
increase with bending Si-O-Si angle (Figure 4.4). This means that the Si-O bonding
stabilize when the Si-O-Si angle is 180°. The ideal orbital energy of sp hybrid orbital
should be lower than that of sp3 hybrid orbital because of energy difference between sand p-orbital, qualitatively. The changes in orbital energy during bending of Si-O-Si
angle is the result of increase of ratio of p character in spλ hybrid orbital in Si-O
bonding in contribute of bridging oxygen. The weakening of Si-O bonding with bending
Si-O-Si angle can be explained by hybridization from the viewpoint of energy of
bonding orbital. Another view point is overlap-integration weighted bond index. The
overlap weighted bond order is considered to be simply related with bond strength and
bonding energy, especially in the case of homonuclear diatomic molecule. However the
calculated overlap weighted bond order has locally minimum at Si-O-Si angle of 140 to
145 degree whereas the orbital energy of Si-O bonding simply decrease with bending
Si-O-Si angle (Figure 4.4). The locally minimum of overlap weighted bond represents
the transition of the type of hybridization of spλ orbital of bridging oxygen. The changes
in the point charge of atom (Figure. 4.5) seems to support the weakening of Si-O
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bonding with bending Si-O-Si angle. The point charge at Si and O atom increase with
increasing Si-O-Si angle. This means the coulombic interaction increase with increasing
Si-O-Si angle. Consequently the Si-O bonding strengthen with increasing Si-O-Si angle
because of stabilization of Si-O bonding orbital with decreasing the hybridization index
λ in spλ orbital of bridging oxygen and increase of coulombic interaction between Si and
bridging oxygen atom.
I hypothesize the variation of Si-O-Si angle strongly affect to the transportation
coefficient of silicates. The decrease of Si-O-Si angle and viscosity of acidic silicate
liquid by escalation of pressure is well known experimental fact (See Chapter 2.). The
softening phenomena of silicate liquids can be explained by weakening of Si-O bonding
by bending of Si-O-Si angle, from the view point of quantum chemical study. The
Eyring’s viscosity equation is written as follows,
=

𝑁𝐴 ∆𝐸𝛽
𝑒
𝑉𝑚

(3)

where h is Plank’s constant, NA is Avogadro’s number, Vm is the volume of molecule
and ΔE is the activation energy. Then we postulate that the molecule in Eyring’s
viscosity model of liquid is SiO4 tetrahedra. The Si-O bond strength cannot be used
directly for the activation energy because the activation energy expresses not only the
exchanging of one bond but also the sliding of bulk liquid. However the change of
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bonding energy can affect to the activation energy because the activation energy is the
energy barrier between two states and the height of energy barrier is affected by the sum
of interatomic energy that express the express the sum of total energy of each state in
thermal processes.

4.3 Conclusion
I here showed the results and discussion of molecular orbital calculations of
pyrosilisic acid molecule. I found the equilibrium geometries for two pyrosilisic acid
molecules (C2V and 60° torsion) using Møller-Plesset perturbation theory and with
6-311G(d,p) split valence double zeta basis set. The bending of Si-O-Si angle in
equilibrium geometries can be explained by explained by the balance of Coulombic
repulsion between tetrahedra and lone pair electrons of bridging oxygen atom without
concerning the contribution of d-p π-bonding. I calculated the energy surface with
varying Si-Obr length and Si-O-Si angle and found the relationship between Si-Obr
length and bridging angle. The Si-O bonding strengthen with increasing Si-O-Si angle
because of stabilization in energy of Si-O bonding orbital with decreasing the
hybridization index λ in spλ orbital of bridging oxygen and increase of coulombic
interaction between Si and bridging oxygen atom.
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Figure 4.1. Calculated equilibrium geometries of pyrosilisic acid molecule. (a) C2V
symmetry. (b) Each tetrahedra mutually twisted 60° degree (60° torsion).
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Figure 4.2. The contour map of energy surface of pyrosilisic acid molecule (C2V) with
varying Si-Obr and Si-O-Si angle.
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Figure 4.3. The contour map of energy surface of pyrosilisic acid molecule (60° torsion)
with varying Si-Obr and Si-O-Si angle.
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Figure 4.4. The plots of (a) sum of energy of the valence orbitals of bridging oxygen
atom, (b) orbital energy of each valence orbitals of bridging oxygen atom and (c)
overlap weighted bond order of Si-Obr bonding with varying Si-O-Si angle in the case
of 60° torsion.
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Figure 4.5. The plots of d character in Si-O σ-bonding, and point charge of Si and
bridging oxygen atoms with varying Si-O-Si angle in the case of 60° torsion.
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Figure 4.6. The plots of bonding coefficients Si and O atoms for Si-Obr σ-bonding with
varying Si-O-Si angle in the case of 60° torsion
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Exp.
Si-O
1.634
Si-H
1.486
Si-O-Si 144.1
O-Si-H 109.9.
H-Si-H 109.1

HF
1.621
1.476
180.0
109.9
109.0

MP2
-0.013
-0.010
35.9
0.0
-0.1

B3LYP

1.642
1.476
156.5
110.4
109.0

0.008
-0.010
12.0
0.5
-0.1

1.640
1.485
179.2
109.9
109.0

PBE
0.006
-0.001
35.1
0.0
-0.1

1.635
1.488
169.7
110.1
109.0

0.001
0.002
25.63
0.2
-0.1

Table 4.1. The optimized parameters and difference from experimental value in
angstrom and degree of disiloxane molecule, (SiH3)2O by MO calculation using various
model chemistry. The experimental value is taken from Almenningen et al. [17].
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C2V

60° torsion

Si-Obr
Si-Onbr
O-H
Si-O-Si

1.601171
1.648782
0.954669
172.006

1.604154
1.648563
0.954561
159.647

Si-O-H
Total Energy (Hartree)

117.705
-1107.5476706

117.857
-1107.5482842

Table 4.2. The optimized parameters in angstrom and degree of pyrosilisicacid molecule,
H6Si2O7 by MO calculation using MP2 level and 6-311G(d,p) basis set.
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3s
3px + 3py + 3pz
3dxy + 3dyz + 3dzx +
3dx2y2 + 3d2

130°

155°

180°

0.44388
0.92376
0.05959

0.43775
0.91504
0.05834

0.43546
0.91303
0.05808

Table 4.3. The occupancy of natural atomic orbital of Si in various Si-O-Si angle in
pyrosilisic acid (60° torsion).
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5. Na2O-nSiO2 liquid at pressure
Several mechanisms have been proposed by various researchers in order to explain
the softening of silicate melts at high pressure. One hypothesis is that weakening of the
Si-O bond is caused by bending of the Si-O-Si angle from the ideal angle and the
distortion of the SiO4 network during compression. The other hypothesis is that
diffusion of oxygen is likely to occur via minor highly coordinated Si species which
appear gradually with increasing pressure (see Chapter 2). However, those hypotheses
have not been verified by spectroscopic methods because they investigate inter-atomic
lengths of near neighbor atoms or amounts of coordination species.
In order to obtain more precise information on structure of silicate melt under high
pressure, knowledge of network conformation are needed as well as inter-atomic
distances. In this study, the structure and properties of Na2O･nSiO2 melt under high
pressure are investigated using molecular dynamics (MD) simulation and electrical
conductivity measurement in order to understand the relationship between the structure
and properties of silicate melts.

5.2 Computational method
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Molecular dynamics simulations of Na2O･nSiO2 liquids were performed using the
MXDORTO code. The simulated pressure range is from 0.1 MPa to 12 GPa with NPT
ensembles (N = 8000, T = 1873 K) and the potential model which well reproduces
structures various silicate crystals (Noritake et al. 2012). We imposed periodic boundary
conditions in all directions. The Ewald summations were applied for evaluating the
long-ranged Coulombic interactions. The pressure and temperature were kept constant
at a given value through a scaling procedure. All the atoms were moved by application
of the Verlet algorithm under a time interval of 0.5 fs.
The function of inter-atomic potential model used in this work is as follows .
𝑎𝑖 + 𝑎𝑗 − 𝑟𝑖𝑗
𝑐𝑖 𝑐𝑗
1 𝑍𝑖 𝑍𝑗 𝑒 2
𝑈𝑖𝑗 =
+ 𝑓0 (𝑏𝑖 + 𝑏𝑗 ) 𝑒𝑥𝑝 (
)+ 6
4𝜋𝜀0 𝑟𝑖𝑗
𝑏𝑖 + 𝑏𝑗
𝑟𝑖𝑗

(5.1)

+ 𝐷1𝑖𝑗 𝑒𝑥𝑝(−𝛽1𝑖𝑗 𝑟𝑖𝑗 ) + 𝐷2𝑖𝑗 𝑒𝑥𝑝(−𝛽2𝑖𝑗 𝑟𝑖𝑗 )
This model explicitly includes Coulomb potential as the 1st term, short-range
repulsion as the 2nd term, van der Waals force as the 3rd term and radial part of
covalent effect as the 4th and 5th terms. Adding to two-body term, the three body term
is also used.
𝑈𝑖𝑗𝑘 = −𝑓[𝑐𝑜𝑠{2(𝜃𝑘𝑖𝑗 − 𝜃0 )} − 1]√𝑘𝑖𝑗 𝑘𝑖𝑘
𝑘𝑖𝑗 =

1
𝑒𝑥𝑝[ 𝑔𝑟 (𝑟𝑖𝑗 − 𝑟𝑚 )] − 1

(5.2)
(5.3)

Stating with a randomly generated structure and randomly generated velocities of
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atom, I firstly calculate through 2.0 ns (4,000,000 steps) as relaxation at 0.1 MPa. Then
the static and dynamic properties are obtained from 500,000 steps production run.
Starting from relaxed structure, the relaxation and production runs for 1 GPa higher
pressure are performed.

5.3 Result and Discussion
Transport coefficients
Figure 5.1 shows the pressure dependence of diffusion coefficients. The diffusion
coefficients of Na atom decrease with increasing pressure in every compositions. The
diffusion coefficients of network forming elements shows complex behavior as various
past study reports by measurement of shear viscosity and direct measurement of
diffusion coefficients (see chapter 2). The diffusion coefficients simply decrease with
increasing pressure in Na2O･SiO2 liquid. However, the inclination become shallower
with increasing pressure. The diffusion coefficients of network forming elements in
Na2O･2SiO2 shows two types of pressure dependence. The diffusion coefficients
decrease with increasing pressure up to 3 GPa, then increasing with increasing pressure
above 3GPa. The diffusion coefficients increasing with increasing pressure in acidic
liquids. The decrease around 10 GPa is similar to the result of Diefenbacher et al.
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(1998). However there are two types of power laws between self-diffusion coefficients
of network forming elements and exchanging rate of Si-O bonding. Figure 5.3 shows
logarithm of self-diffusivity of oxygen versus logarithm of exchanging rate of Si-O
bonding. The relation between bond exchanging rate Rexc and self-diffusivity of network
forming elements Dnwf of basic liquid at lower pressure is written as follows,
𝐷𝑛𝑤𝑓 = 𝑎𝑅𝑒𝑥𝑐 + 𝑐

(5.4)

where a and c is constant. Meanwhile the relation of acidic liquid at higher pressure is
written as follows.
1

𝐷𝑛𝑤𝑓 = 𝑎𝑅𝑒𝑥𝑐 4 + 𝑐

(5.5)

These anomalous pressure dependence might be caused by distortion of corner
shared network of SiO4. One obvious structural distortion is a decrease in the Si-O-Si
angle (Figure 5.4a). The Si-O-Si angle has a stable angle by the balance of Coulombic
repulsion between tetrahedra and lone pair electrons of bridging oxygen atom (see
chapter 4). The bending of Si-O-Si angle weaken the Si-O bonding by destabilization
of Si-O bonding orbital by increase the hybridization of p-orbital. The bending activate
diffusion of oxygen atoms and SiO4 tetrahedra because the energetic destabilization of
Si-O bonding decrease the energy barrier of exchanging of SiO4 network. The distortion
of SiO4 tetrahedra also affect the bond strength. In a regular tetrahedron, the O-Si-O
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angles are 109.47°. However the average O-Si-O angle decreases from 109.47° with
increasing pressure (Figure 5.4b). Oxygen atoms is unstabilized when the tetrahedron
distorts because of repulsion between oxygen. Consequently, the Si-O bond weakens
with elevating pressure. The decrease of the O-Si-O angles is due to deformation from
the regular tetrahedron to the distorted one. The distortion factor of polyhedra, α is
written as follows,
𝑛

1
α = 〈 ∑,𝑟𝑎 − |𝑥0 − 𝑥𝑖 |-2 〉
𝑛

(5.6)

𝑖=1
𝑛

1
𝑟𝑎 = ∑|𝑥0 − 𝑥𝑖 |
𝑛

(5.7)

𝑖=1
𝑛

1
𝑥0 = ∑ 𝑥𝑖
𝑛

(5.8)

𝑖=1

where n is coordination number of the atom at center and xi is the position of
coordinating atom. The SiO4 tetrahedra actually distorts by using these criteria (Figure
5.5). However the distortion factor of Na2O･SiO2 liquid does not change in elevating
pressure. One possible deformation is that Si and 3 oxygen atoms are located in one
plane and one oxygen atom is located out of the plane (deformation in C3v symmetry).
The other is that the silicon atom and 4 oxygen atoms are located into one plane. If the
former deformation occurs under high pressure, the diffusion process below is
conceivable. A silicon atom and 3 oxygen atoms are located on one plane are
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disconnected from bridged SiO4 as SiO3,

and then SiO3 is connected to the other

non-bridging oxygen atom (see Fig. 17 of Noritake et al. 2012). Changes in the
distribution of ring size also possibly affect the transportation coefficients of liquid
(Figure 5.6). The liquids mechanically softens by decrease of 4-membered rings and
with increasing pressure, because the structure of the network is likely to deform by
formation of a more flexible structure through the decreasing of 4-membered rings at
pressure.
The difference of pressure dependence of transportation coefficient is caused by
transition from simple liquid to networked liquid with increasing pressure or SiO2
content. When the network forming element move certain distance r by each bond
exchanging event, the relation between self-diffusivity D and bond exchanging rate Rexc
is written as follows,
𝐷=

𝐶1 2
𝑟 𝑅𝑒𝑥𝑐 + 𝐶2
6

(5.9)

where C1 and C2 are coefficient those represent probability of diffusion direction and
thermal component, respectively. The silicate liquids act like simple liquid when the
exchanging rate of Si-O bonding has linear relation with diffusion coefficient of
network forming elements. When the SiO4 network entangles, the probability of
stabilization of diffusing group at site moved. When the probability of success to diffuse
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is 1/4, equation 5.9 become as follows.
𝐷=

1
𝐶1 2
𝑟 𝑅𝑒𝑥𝑐 4 + 𝐶2
6

(5.10)

Consequently, the change in exponent represents the transition from simple liquid to
networked liquid. The changes in distortion factor along pressure represent the
difference between simple liquid and networked liquid (Figure 5.5). The distortion
factor of Na2O･SiO2 liquid does not change with increasing pressure whereas the
factors of other acidic liquids increase with increasing pressure. The networked of
corner shared SiO4 tetrahedra in acidic liquid act as a framework of liquid and controls
elastic properties and viscosities. The distortion of network and tetrahedra only occurs
and acts as the cause of softening in entangled networked, meanwhile the both
tetrahedra and polyhedra of modifiers controls the elasticity and viscosities.

Densification Mechanism
Figure 5.7 gives a compression curvature of sodium silicate liquids. The plots of
V/V0 along basicity are shown in figure 5.8. The compressibility of liquids does not
show simple dependence on composition and pressure. Bulk moduli of each liquids are
displayed in figure 5.9. The jumps in moduli are confirmed in figure 5.9. Each
continuous pressure regions seem to represent the change of densification mechanisms.
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T1 region in figure 5.9 is the region where the relation between exchanging rate of Si-O
bonding and self-diffusivity of network former is liner. The main mechanism of
densification of simple liquid-like silicate liquid is thought to be increase of
coordination number. The coordination number of Si remains constant, however the
coordination number of Na increases with increasing pressure (Figure 5.10). The liquids
densify via increasing coordination number of Na in the pressure-composition region
where the self-diffusivity of network former decrease. The silicate liquids act like
simple liquid consist of Na and SiO4 group in this region. T2 region in figure 5.10 is the
region where the self-diffusivity of network former is proportional to the exchanging
rate of Si-O to 1/4. The collapsing of network of SiO4 also contributes to the
densification because the there are no jumps in bulk moduli when the densification
mechanism does not change. This means that network of SiO4 is forced and distorts at
pressure. In the collapsing of network of SiO4, to types of structural change exist. The
one is decrease of Si-O-Si angle (Figure 5.4a), the other is decrease of 4-membered
rings (Figure 5.6). These characteristics represent that the collapse of network consist of
increase of degree of freedom of deformation of network via decrease of 4-memebered
ring, and bending of Si-O-Si angle. In this densification, the softening of silicate liquids
appears. In T3 region, the 4-membered ring increase with elevating pressure. This type
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of change is also confirmed in coesite transition of SiO2 crystal triggered by pressure.
The similar behaviour is reported in the compression of SiO2 glass (Wakabayashi et al.
2013). These compression behaviour suggests that silicate liquids gradually changed to
coesite-like network structure in T3 composition-pressure region. The densification
mechanism changed from simple liquid-like, through collapse of SiO4 network to
coesite-like with increasing SiO2 content and pressure. The densification will change to
increase of coordination number of Si above the pressure region investigated (Meade et
al. 1992).

Conclusions
In this chapter, the structure-property relationship of Na2O･nSiO2 liquids at pressure
via force field molecular dynamics simulations. The pressure induced softening of
silicate liquids is reproduced in this simulations. Distortion of SiO4 tetrahedra and
decrease of Si-O-Si angle enhance exchanging of Si-O bonding. These structural change
energetically enhance the exchanging of Si-O bonding. Decrease of 4-memebered rings
might affect the decrease of viscosity at pressure because the decrease of 4-membered
ring increase the degree of freedom of deformation. There are two types of relationship
between Si-O bond exchanging rate and self-diffusivity of network formers those are

74

written by power law. Each relations represent the simple liquid-like and entangled
liquid behaviour. In the compression, three types of densification are confirmed in this
composition-pressure range investigated. The main mechanism of densification is
increase of coordination number of Na like simple liquid consist of Na and SiO4 group
at lower pressure and high basicity. High SiO2 content liquids densify via collapsing of
SiO4 network. The collapse of network is consist of bending of Si-O-Si bridging and
decrease of 4-membered rings. The acidic liquid become coesite like structure by
elevation of pressure.
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Figure 5.1. Plots of logarithm of diffusion coefficients versus pressure.
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Figure 5.2. Plots of logarithm of bond exchanging rate versus pressure.
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Figure 5.3. Plots of logarithm of oxygen diffusivity versus logarithm of bond
exchanging rate. The dotted line represent the lines those exponent is 1 and 1/4.
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Figure 5.4. The plots of average Si-O-Si angle (a) and O-Si-O angle versus pressure.
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Figure 5.5. The plots of distortion factor of SiO4 tetrahedra versus pressure.
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Figure 5.6. The plots of the abundance of 4-membered ring per 100 Si atom versus
pressure.
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Figure 5.7. Plots of V/V0 as functions of pressure.
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Figure 5.8. Plots of V/V0 as functions of basicity.
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Figure 5.9. Plots of bulk modulus of various composition versus pressure NS1, NS2,
NS3 and NS4 represent Na2O･SiO2, Na2O･2SiO2, Na2O･3SiO2 and Na2O･4SiO2 liquids,
respectively.
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Figure 5.10. Plots of coordination number of Na versus pressure.
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6. Silicate crystal/liquid interface
Knowledge of viscosity and permeability of partially molten rocks is important for
understanding volcanism and the thermal history of the earth. To understand the results
obtained by experiments, and to estimate physical properties in extreme conditions that
are difficult to reproduce in laboratory experiments, it is necessary to know the local
structure and the properties of silicate crystal–liquid interfaces. In particular, knowledge
of the nano-scale structure and properties of silicate crystal–liquid interfaces might be
useful in estimating the properties of rocks containing a small degree of melting. Hiraga
et al. (2002) reported the presence of nano-scale melt films using high-resolution
electron microscopy and energy dispersive X-ray profiling in scanning transmission
electron microscopy. The properties of melt in such thin regions are considered to be
different from properties in a bulk melt because of the effect of crystal surfaces. For
instance, the lateral self-diffusivity of water to a crystal surface is different from a bulk
surface in the case of a water–brucite surface (Sakuma et al. 2003), a water–muscovite
mica surface (Sakuma and Kawamura 2009), and others. The dynamic property
anomalies on solid–liquid interfaces affect the properties of bulk rock, e.g., permeability
(Ichikawa et al. 2001).
Molecular dynamics simulations are widely used to investigate the physical
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properties and structures of crystals, liquids, gasses, and interfaces. In these simulations,
we set the initial positions and velocities of all atoms, then the atoms are forced to move
according to given force fields under a proper ensemble. Molecular dynamics
simulations are useful methods for investigating the nano-scale structure and properties
because they give us the trajectory of each atom. In this study, the structure and
properties of the forsterite–MgSiO3 liquid interface are investigated by application of
molecular dynamics simulations. It is essential to know the structure and physical
properties of forsterite–MgSiO3 liquid interfaces because forsterite is the liquidus
mineral of primordial magmas.

6.1 Computational Method
Molecular dynamics simulations were performed with the NPT ensemble at ambient
pressure and various temperatures by application of the MXDORTO code (Sakuma and
Kawamura 2009). The initial structure contains 21,440, 26,440, 43,440, and 63,440
atoms in which sheets of MgSiO3 liquid consisting of 8,000, 15,000, 30,000, and 50,000
atoms (~4, ~7, ~16, and ~28 nm thickness, respectively) are sandwiched between the
(010) surfaces of forsterite. First, we simulated the equilibrated MgSiO3 liquid film in a
vacuum, starting with a randomly generated structure and randomly generated velocities
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of atoms through 0.5 ns (1,000,000 steps) at 1973 K, and quenched to 300 K. Second,
we simulated bulk forsterite with 13,440 atoms (11 × 5 × 8

unit cells of forsterite),

starting with the given experimental crystal structure, which was obtained by an
experiment (Fujino et al. 1981) and with randomly generated atom velocities, then we
cut along the (010) surface. Finally, we combined forsterite sheets along the (010)
surface and an MgSiO3 liquid film. We defined the z-axis perpendicularly to the (010)
axis. Maintaining isobaric and isothermal conditions, we performed the relaxation up to
1.5 ns with a time step of 0.5 fs. Then, the statistical averages of the structure and
physical properties were obtained from the velocities and coordinates of each atom in
the simulations, through 500 ps. We confirmed that relaxation has been achieved by a
plot of enthalpy versus time (Figure 6.1). The enthalpy of the system fluctuated around
a constant value after 1.5 ns of relaxation (Figure 6.1a, 6.1b). The enthalpy of the
system in the process of melting decreased, although 4 ns elapsed in the simulation
(Figure 6.1c).
We imposed periodic boundary conditions in all directions. The Ewald summations
were applied for evaluating the long-ranged Coulomb interactions. The pressure and
temperature were kept constant at a given value through a scaling procedure. All the
atoms were moved by application of the Verlet algorithm under a time interval of 0.5 fs.
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The function of the inter-atomic potential model was the same as that used in our
previous work (Noritake et al. 2012):

𝑍𝑖 𝑍𝑗 𝑒 2

1

𝑈𝑖𝑗(𝑟𝑖𝑗) = 4𝜋𝜀

0

𝑟𝑖𝑗

𝑎𝑖 +𝑎𝑗 −𝑟𝑖𝑗

+ 𝑓0 (𝑏𝑖 + 𝑏𝑗 ) 𝑒𝑥𝑝 (

𝑏𝑖 +𝑏𝑗

𝑐𝑐

) + 𝑟𝑖 6𝑗 + 𝐷1𝑖𝑗 𝑒𝑥𝑝(−𝛽1𝑖𝑗 𝑟𝑖𝑗 ) +
𝑖𝑗

𝐷2𝑖𝑗 𝑒𝑥𝑝(−𝛽2𝑖𝑗 𝑟𝑖𝑗 )

(5.1)

where Uij(rij) is the potential energy, ε0 is the permittivity of a vacuum, Zi is the effective
charge of the i-th atom, e is the elementary charge, rij is the distance between the i-th
and j-th atoms, and f0 is the constant 4.1865 kJ Å -1 mol-1. The values ai, bi, and ci are the
repulsion diameter, softness coefficient, and van der Waals coefficient of the i-th atom,
respectively. The values D1ij, β1ij, D2ij, and β2ij are the parameters for the radial covalent
bonds. The first term of this model gives the Coulomb potential, the second term gives
the short-range repulsion, the third term is the van der Waals force, and the fourth and
fifth terms are the radial part of the covalent bond. The three-body interactions between
i, j, and k are represented as follows:

𝑈𝑘𝑖𝑗 = −𝑓[𝑐𝑜𝑠{2(𝜃𝑘𝑖𝑗 − 𝜃0 )} − 1]√𝑘𝑖𝑗 𝑘𝑖𝑘
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(5.2)

𝑘𝑖𝑗 = 𝑒𝑥𝑝[ 𝑔

1

(5.3)

𝑟 (𝑟𝑖𝑗 −𝑟𝑚 )]−1

where f is the force constant, θkij is the angle among the atoms k, i, and j, and θ0, gr, and
rm are parameters for adjusting the angular part of the covalent bonds. Atomic and pair
parameters are given in Table 6.1. The potential parameters used in this study are the
same as those used in Noritake et al. (2012) for silicon and oxygen atoms. We added
new parameters for magnesium atoms empirically. We verified the potential parameters
by calculating the lattice parameters and compressibility of forsterite and enstatite
crystals (Table 6.2). The bulk modulus, K0, and the pressure derivative of the bulk
modulus, K’, are obtained by fitting the simulated compression results along the
3rd-order Birch–Murnaghan equation of state. The calculated lattice parameters and
compressibility show good agreement with the experimental data (Fujino et al. 1981;
Duffy et al. 1995; Morimoto and Koto 1969; Angel and Hugh-Jones 1994). We also
simulated the bulk MgSiO3 liquid (N = 8000) at ambient pressure to verify our
inter-atomic potential model by comparing the self-diffusion coefficients of oxygen
with other force fields and Car-Parrinello molecular dynamics (de Koker et al. 2009;
Adjaoud et al. 2011; Lacks et al. 2007). The calculated diffusion coefficients show good
agreement with other molecular dynamics studies (Figure 6.2a). Figure 6.2b shows the
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calculated viscosity using the Einstein–Stokes relation with the effective radius reported
by Lacks et al. (2007). The viscosity is lower than the experimental data (Bockris et al.
1955) by approximately half an order of magnitude. However, the activation enthalpy
shows good agreement with the experimental data.

6.2 Result and Discussions
4 nm liquid film: The structuralized liquid film
Figure 6.3 shows snapshots of molecular dynamics simulations perpendicular to the
a-axis of forsterite using the visualization software VESTA (Momma and Izumi 2011).
The liquidus temperature appears to be 1873 K in Figure 6.3 because the crystal
structure of the forsterite is altered. However, equilibrium is not achieved in a 4.5 ns run
at 1873 K (Figure 6.1c). The liquidus temperature of the simulated system is
approximately 150 K lower than expected from the phase diagram (Jung et al. 2004).
Figure 6.4a shows a distribution of elements perpendicular to the (010) surface of
forsterite at 1773 K. Figure 6.4b gives a distribution of Q-species of Si atoms
perpendicular to the forsterite surface at 1773 K. The threshold length of Si–O bonding
for calculating the Q-speciation is 0.22 nm. The altered crystal surfaces exist at z = 2–
2.5 nm and 7–7.5 nm. The abundance of Mg atoms is higher than that of Si atoms in this
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region. The nesosilicate structure is disturbed, and 20%–40% of the SiO4 tetrahedra
form Si–O–Si bridging in this region. In the near crystal surface, the Si-rich layer exists
in the liquid domain. The Mg-rich layer exists on the inside of Si-rich layer. Figure 6.5
shows a distribution of the direction of the Si–O–Si bridging perpendicular to the
forsterite surface as a square of the cosine between the z-axis and the vector Si–Si
calculated as an inner product. The orientation of the Si–O–Si bridging in the
sandwiched liquid film is clearly parallel to the crystal surface. Figure 6.6b gives a
distribution of the two-dimensional self-diffusion coefficients of oxygen parallel to the
forsterite surface, and Figure 6.6c shows the calculated viscosities determined using the
Einstein–Stokes relation with the effective radius obtained by Lacks et al. (2007). The
two-dimensional self-diffusion coefficients of oxygen are consistently lower than that of
the bulk MgSiO3 liquid (dotted line) by an order of magnitude. The two-dimensional
self-diffusion coefficients of oxygen are strongly related to the Mg/Si ratio of the layer
to which the oxygen atoms belong (Figure 6.6a). In the high Mg/Si ratio layer, the
self-diffusion coefficients of oxygen show higher values than those in the low Mg/Si
ratio layer.

16 nm liquid film
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Figure 6.7 shows snapshots of molecular dynamics simulations perpendicular to the
a-axis of forsterite. The volume of the melting part increased at 1773 K, and the system
is completely melted at 1873 K. Figure 6.8a shows the distribution of elements
perpendicular to the (010) surface of forsterite at 1673 K. Figure 6.8b gives the
distribution of Q-species perpendicular to the forsterite surface at 1673 K. The altered
crystal surfaces exist at z = ~3 nm and ~20 nm. The nesosilicate structure is altered, and
~20% of the SiO4 tetrahedra formed Si–O–Si bridging in this region. In the near crystal
surface, the Si-rich layer exists in the liquid domain. In the domain between the
disturbed crystal surface and the Si-rich layer, Si–O–Si bridging is formed, and Q1
becomes the dominant species. The Mg-rich layer exists on the inside of the Si-rich
layer. The composition of the sliced layer of the MgSiO3 liquid is heterogeneous and
oscillates, whereas the sliced layer is distant from the crystal surface (Figure 6.8a).
Figure 6.9 shows the distribution of the direction of the Si–O–Si bridging perpendicular
to the forsterite surface. The orientation of the Si–O–Si bridging in the sandwiched
liquid film is clearly parallel to the crystal surface. However, the orientation in the
disturbed crystal surface is strongly perpendicular to the crystal surface. Figure 6.10b
gives the distribution of two-dimensional self-diffusion coefficients of oxygen parallel
to the forsterite surface, and Figure 6.10c shows the calculated viscosities. The
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two-dimensional self-diffusion coefficients of oxygen are all slightly lower than those of
bulk MgSiO3 liquids (dotted line). The two-dimensional self-diffusion coefficients of
oxygen are strongly related to the Mg/Si ratio of each layer in which the oxygen atoms
belong in the liquid region. In the high Mg/Si ratio layers, the self-diffusion coefficients
of oxygen show larger values than in the low Mg/Si ratio layers (Figure 6.10a).
However, coefficients in altered crystal surface regions are lower than those in liquid
regions, in contrast to the case of the 4 nm liquid film.

Effect of film thickness
We show the result of simulation of the system containing films of 7 nm and 28 nm
thickness. The layered structure is also found in this system. However, the global
decrease of self-diffusion coefficients is much smaller than the interface system with the
4 nm liquid film (Figure 6.11). Figure 6.12 shows the distribution of the Mg/Si ratio,
elements and the two-dimensional self-diffusion coefficients of oxygen of the system
with a 28 nm liquid film. The layered structure is similar to the case of the 16 nm liquid
film. The two-dimensional self-diffusion coefficients of oxygen in the middle part (z =
12–23 nm) of the liquid films are the same as those of bulk liquids. This means that the
MgSiO3 liquid film sandwiched by the forsterite (010) surface acts like a bulk liquid in
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the region 7 nm apart from the crystal surface. Figure 6.13 shows the calculated
viscosities for various film thicknesses. The average viscosity approaches the viscosity
of a bulk liquid with increasing film thickness. The average viscosity in the liquid films
of 28 nm thickness is nearly the same as that of a bulk liquid. The average viscosity in
the thin (<5 nm) liquid film is much higher than that of a bulk liquid.

General discussion
The layered structure that exists in the liquid films in these simulations is caused by the
difference in bond strength between Si–O semi-covalent bonds and Mg–O ionic bonds.
Si–O–Si bridgings are excessively formed between the altered crystal surface and the
Si-rich layer because the strength of Si–O bonding is much higher than that of Mg–O
bonding. The excess formation of Si–O–Si bridging in these compositions produce free
oxygen atoms. Formation of Si–O–Si bridging depletes the non-bridging oxygen as an
acceptor of magnesium atoms and concentrates silicon atoms. The excess free oxygen
atoms concentrate magnesium atoms. Consequently, an Si-rich layer is formed in the
nearest surface region of the liquid domain, and an Mg-rich layer is formed on the
inside of the Si-rich layer on the liquid film (Figure 6.6a and 6.10a). The Q-speciation
reflects the Mg/Si ratio on the Si-rich layer because Q4 species increase in the case of
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the 4 nm liquid film. However, the Q-speciation does not reflect the Mg-rich layer. The
abundance of Q0 is too small in the case of the 4 nm film (Figure 6.4), meaning free
oxygen atoms are produced. Clustering of the -Si–O– network also occurs. The
Q-speciation does not reflect the Mg/Si ratio because the -Si–O– corner shared network
makes the cluster. The clustering and layering weaken with increasing film thickness.
The weakening can be explained by the degree of freedom in the film structure. The
excess free oxygen and magnesium atoms from altered surfaces could not be accepted
in the liquid film in the case of a thin film because the degree of freedom in the film
structure is small. However, they can be accepted in a liquid film with increasing film
thickness. Consequently, the degree of clustering decreases with increasing film
thickness (Figure 6.6 and Figures 6.10–12).
The layered structure is also reported by Gurmani et al. (2011). They investigated
forsterite–MgSiO3 liquid with a film thickness of up to 8 nm by the classical molecular
dynamics method. However, the contrast of composition and decrease of self-diffusion
coefficients by the interface was much smaller than in our study. The difference between
Gurmani et al. (2011) and our studies is caused by the area of the surface cross section.
Horbach et al. (1996) reported the finite-size effects in simulations of silicate glass.
According to their study, the system should contain more than 8000 atoms (4–5 nm for
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each side of the periodic cell) to avoid the size effects. Gurmani et al. (2011) simulated
the same system with approximately 2 nm length sides for the cross section of the
interface. The length of the cross section of our simulation is approximately 5 nm to
avoid the size effects reported by Horbach et al. (1996).
The structure of the altered crystal surface seems to be different because of the
thickness of the liquid films. The concentration of magnesium in the altered crystal
surface with the 4 nm liquid film is much higher than that with the 16 nm liquid film
(Figures 6.4a and 6.8a). In addition, the orientation of Si–O–Si bridging in the altered
crystal surface with the 16 nm liquid film is strongly perpendicular to the crystal surface
compared with the surface with the 4 nm liquid film (Figures 6.5 and 6.9). These
differences might be explained by the degree of freedom of the configuration of the
liquid films. There might be no structural flexibility in the liquid domain to accept the
excess magnesium atoms in altered crystal surfaces because there are only 5 layers in
the 4 nm liquid film. In contrast, the concentration of magnesium in the altered crystal
surface with the 16 nm liquid film is lower than that with the 4 nm liquid film because
of the structural flexibility of the liquid film. The surface becomes well-ordered by
acceptation of magnesium in liquid and disordered by existence of excess magnesium
atoms.
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The two-dimensional self-diffusion coefficients parallel to the crystal surface are
dependent on their distance from the altered crystal surface. Those coefficients show
larger values in Mg-rich layers and smaller values in Si-rich layers. The regional
dependences are simply explained by the composition of the sliced layer. Self-diffusion
coefficients of network-forming elements in binary silicate liquids depend on their SiO2
contents (Keller et al. 1982; Keller and Schwerdtfeger 1979). Self-diffusion coefficients
of Si and O atoms decrease with increasing SiO2 contents in bulk silicate liquids
because of the difference in bond strength between Si–O covalent bonds and ionic
bonds. Consequently, the self-diffusion coefficients of oxygen atoms decrease in Si-rich
layers and increase in Mg-rich layers. The two-dimensional self-diffusion coefficients of
oxygen in the 4 nm liquid film are lower than those in the 16 nm liquid film by an order
of magnitude (Figures 6.4b and 6.8b). The difference in the self-diffusion coefficients
might be explained by the structural flexibility of liquid films. The variety of Mg/Si
ratios in the 4 nm liquid film is larger than that in the 16 nm liquid film. The degree of
freedom of the configuration in the 4 nm liquid film is lower than that in the 16 nm
liquid film. The liquid film is strongly structured by the crystal surface in the case of
thin liquid films. Consequently, the flexibility of motion of each atom in the 4 nm liquid
film is lower than in the 16 nm liquid film, and mobility is decreased by the lower
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flexibility.
The oxygen diffusivity is related to shear viscosity by the Einstein–Stokes relation.
The Einstein–Stokes relation is stated as

D = kT/6πrη,

(4)

where D is the self-diffusion coefficient, k is the Boltzmann constant, T is temperature, r
is the radius of diffusing particles, and η is shear viscosity. This equation has been used
with remarkable success in a variety of silicate liquids to relate diffusivity of network
forming atoms and shear viscosity (e.g., Oishi et al. 1975; Dunn 1982; Shimizu and
Kushiro 1984; Rubie et al. 1993; Lacks et al. 2007). Applying the Einstein–Stokes
relation to the results of this study, the viscosity of thin film silicate liquid might be
considered to have higher viscosity than bulk liquid by one order of magnitude (Figure
6.6c). In the 16 nm film liquid, the viscosity of the liquid is slightly lower than that of
bulk liquid in the near surface region, the same as with bulk liquid in the Mg-rich layer,
and oscillates with distance from the crystal surface (Figure 6.10c).

Implications
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The melt segregation velocity in partially molten rock is inversely proportional to the
melt viscosity (McKenzie 1989). In texturally equilibrated partially molten rocks, melts
reside at the grain corners and edges (see Figure 1 of Zhu and Hirth 2003). A melt
channel exists on the grain edge, and its cross-sectional area is determined by the
dihedral angle, the melt fraction, and grain size. Von Bargen and Waff (1986) showed
that the minimum channel cross-sectional area of partially molten rock consists of
tetrakaidekahedron grains of varying melt fraction and dihedral angle θ. We calculated
the viscosity at melt channels using the results of our simulations (Figure 6.13) and
geometrical calculation by von Bargen and Waff (1986). Figure 6.14 shows the
logarithm of normalized viscosity of melts in melt channels versus melt fraction with
two grain sizes and two dihedral angles. Waff and Bulau (1979) showed that the
distribution of dihedral angles in partially molten ultramafic rocks is between 30° and
47°. The viscosity becomes higher than bulk liquids by one order of magnitude at lower
melt fractions and 1 μm grain. However, viscosity seems to be constant with varying
melt fractions in the case of 10 μm grain size. The effect of the silicate crystal–liquid
interface is negligible in melt flow in the mantle conditions, postulating the textural
equilibrium, because the range in grain size of the mantle is 1 mm to 50 mm (Faul and
Jackson 2005). However, a melt film of 0.6 to 3.0 nm thickness was found in deformed
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partially molten olivine–orthopyroxene rocks (de Kloe et al. 2000). Consequently, the
crystal–liquid interface can affect the melt flow in deformed samples.

6.3 Conclusions
We showed the results of molecular dynamics simulations of forsterite–MgSiO3 liquid,
which contribute to our understanding of the nano-scale structure of the interface and
diffusivity of atoms in the interface. From these simulations, the characteristic structure
of liquid films in forsterite–MgSiO3 liquid interface is observed. We also observe the
layered structure of an altered crystal surface, an Si-rich layer, and an Mg-rich layer in
the crystal–liquid interface. The layered structure is formed by the strength difference
between Si–O covalent bonds and Mg–O ionic bonds. Si–O–Si bridging and free
oxygen atoms are excessively formed in the near surface because Si–O bonding is much
stronger than Mg–O bonding. The difference in the layered structure indicated by the
thickness of MgSiO3 liquid films might be caused by the difference in degree of
freedom of the configuration in liquid films. The two-dimensional diffusivity of oxygen
is controlled by two factors. One factor is the thickness of the liquid films that decreases
oxygen diffusivity with decreasing film thickness because of the decrease of degree of
freedom of the configuration in the liquid films. The other factor is the composition of
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the sliced layer, where oxygen diffusivity increases with increasing Mg/Si ratio because
Si–O bonding is much stronger than Mg–O bonding. The degree of Mg/Si layering
strongly depends on film thickness and decreases with increasing film thickness. The
effect of the crystal–liquid interface is negligible in texturally equilibrated rocks.
However, the interface can affect the melt flow in deformed samples because the grain
boundary melt film of several nanometer thickness exists stably in deformed partially
molten rocks.
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Figure 6.1. Plots of enthalpy of the simulated systems as a function of time. The
enthalpy is plotted as molar enthalpy of (a) Mg1.5459Si1.0000O3.5480, (b)
Mg1.2425Si1.0000O3.24345, and (c) Mg1.5459Si1.0000O3.5480.
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Figure 6.2. Comparisons of self-diffusion coefficients of oxygen and viscosities. (a)
Comparison of diffusion coefficients of oxygen MgSiO3 bulk liquid with other
molecular dynamics studies. Closed squares indicate our study, and purple, green,
and blue open squares indicate data of forsterite liquid from de Koker et al.
(2009), Adjaoud et al. (2011), and enstatite liquid by Lacks et al. (2007),
respectively. (b) Comparison of calculated viscosities with experiment results.
The experimental data are taken from Bockris et al. (1955). Viscosities are
calculated using the Einstein–Stokes relation and the effective radius reported by
Lacks et al. (2007).
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Figure 6.3. Snapshots of molecular dynamics simulations. The simulations are for the
system forsterite-8000 atom MgSiO3 liquid perpendicular to the forsterite a-axis at
various temperatures. The red, blue, and orange spheres represents O, Si, and Mg
atoms, respectively.
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Figure 6.4. Distribution of elements and Q-species at 1773 K. (a) Distribution of
elements perpendicular to the (010) surface of forsterite. (b) Distribution of
Q-species perpendicular to the forsterite surface.
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Figure 6.5. Distribution of the direction of Si–O–Si bridging perpendicular to the
forsterite surface. The directions are shown as the cos2θ of the Si–Si vector and
z-axis.
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Figure 6.6. Distribution of Mg/Si ratios, self-diffusion coefficients of oxygen, and
viscosities at 1773 K. (a) Distribution of Mg/Si ratios perpendicular to the (010)
surface of forsterite. (b) Distribution of two-dimensional self-diffusion coefficients
of oxygen parallel to the forsterite surface. (c) Distribution of viscosities. The dotted
line represents the value of bulk MgSiO3 liquid.
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Figure 6.7. Snapshots of molecular dynamics simulations. Simulations are for the
system forsterite-30,000 atom MgSiO3 liquid perpendicular to the a-axis of forsterite
at various temperatures. The red, blue, and orange spheres represents O, Si, and Mg
atoms, respectively.
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Figure 6.8. Distribution of elements and Q-species at 1673 K. (a) Distribution of
elements perpendicular to the (010) surface of forsterite. (b) Distribution of
Q-species perpendicular to the forsterite surface.
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Figure 6.9. Distribution of the direction of the Si–O–Si bridging perpendicular to the
forsterite (010) surface. The directions are shown as the cos2θ of the Si–Si vector
and z-axis.
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Figure 6.10. Distribution of Mg/Si ratios, self-diffusion coefficients of oxygen, and
viscosities at 1673 K. (a) Distribution of Mg/Si ratio perpendicular to the (010)
surface of forsterite. (b) Distribution of two-dimensional self-diffusion coefficients
of oxygen parallel to the forsterite surface. (c) Distribution of viscosities. The dotted
line represents the value of bulk MgSiO3 liquid.

112

Figure 6.11. Mg/Si ratios, elements, and self-diffusion coefficients of oxygen for
forsterite–MgSiO3 with 7 nm liquid film. (a) Distribution of Mg/Si ratio
perpendicular to the (010) surface of forsterite at 1673 K. (b) Distribution of
elements perpendicular to the (010) surface of forsterite at 1673 K. (c) Distribution
of two-dimensional self-diffusion coefficients of oxygen parallel to the forsterite
surface at 1673 K.
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Figure 6.12. Mg/Si ratios, elements, and self-diffusion coefficients of oxygen for
forsterite–MgSiO3 with 28 nm liquid film. (a) Distribution of Mg/Si ratio
perpendicular to the (010) surface of forsterite at 1673 K. (b) Distribution of
elements perpendicular to the (010) surface of forsterite at 1673 K. (c) Distribution
of two-dimensional self-diffusion coefficients of oxygen parallel to the forsterite
surface at 1673 K.
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Figure 6.13. Plots of viscosity as a function of film thickness. Max. and min. denote the
maximum and minimum viscosity in the liquid region, respectively. Avg. means the
average of the entire liquid film (4 and 7 nm) and the average of the region 5 nm
apart from the crystal surface (16 and 28 nm).
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Figure 6.14. Logarithm plots of normalized viscosity as a function of melt fraction at
melt channels in texturally equilibrated partially molten rock.
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Table 6.1
Inter-atomic potential parameters

Atomic parameters

q

a (Å)

b (Å)

c (kJ/mol・Å3)

Si
O
Mg

2.23607
-1.11803
1.11803

0.99759
1.81819
1.09881

0.0830
0.1539
0.0470

0.000
27.400
40.000

Pair parameters

D1 (kJ/mol)

β1 (1/Å)

D2 (kJ/mol)

β2 (1/Å)

Si-O
Mg-O

668428
28960.0

59.636
5.0

-105335
-1556.8

45.514
2.24

3-body parameters

f (kJ/mol)

θ0 (degree)

rm (Å)

gr (1/Å)

Si-O-Si

0.0006

147.0

0.170

168.0

Table 6.2
Comparison of lattice constants between MD simulations and experiments
Forsterite

1

Enstatite

MD

Exp1

MD

Exp3

a (Å)

4.8709

4.7534

18.921

18.230

b (Å)

10.2820

10.1902

8.840

8.817

c (Å)

6.1249

5.9783

5.388

5.181

Density (g/cm3)
K0 (GPa)
K’

3.0467
128
5.69

3.2275
1292
4.22

2.960
95.0
11.0

3.203
95.84
14.94

Fujino et al. (1981), 2Duffy et al. (1995), 3Morimoto and Koto (1969), 4Angel and

Hugh-Jones (1994)
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