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MODULAR DIFFERENTIAL EQUATIONS WITH
REGULAR SINGULARITIES AT ELLIPTIC POINTS
FOR THE HECKE CONGRUENCE SUBGROUPS
OF LOW-LEVELS

YUulcHI SAKAI AND KENICHI SHIMIZU

ABSTRACT. In this paper, we give explicit expressions of modular differ-
ential equations with regular singularities at elliptic points for the Hecke
subgroups of level 2, 3, and 4, and their solutions expressed in terms of
the Gauss hypergeometric series. We also give quasimodular-form solu-
tions for some modular differential equations.

1. INTRODUCTION

In general, a definition of modular differential equations of second-order
on the upper half-plane is as follows. For a Fuchsian group of finite covolume
I' € SLy(R) and a rational number k, we consider a second-order linear
differential equation with regular singularities:

(1) f'(7) + An)f'(7) + B(7) f(r) =0,

where 7 is a variable in the upper half-plane, the symbol ’ stands for a differ-
ential operator with respect to 2miT, and A(7) and B(7) are meromorphic
functions on the upper half-plane, which are at most of polynomial growth
in Im(7)~! in a neighrborhood of every cusp of I'. Then, we call Eq. (1) a
modular differential equation of weight k£ for I' if its solution space is invari-
ant under the weight &k action of I', namely, if f(7) is a solution of Eq. (1),

b
then (cT + d)kf(aT + d) is also a solution for any (Z b € I'. Note that

et + d
this condition does not depend on a choice of branches of (cr+d)~* because
the differential equation is linear.

Historically, Kaneko and Koike in [4] constructed various modular-form
solutions of a certain modular differential equation of second-order, whose
coefficient functions A(7) and B(7) are holomorphic on the upper half-plane.
It was originally studied in [7] in connection to supersingular j-polynomials.
This differential equation has a property that the space of solutions is invari-
ant under the action of the modular group SLs(Z), and modular solutions
in [4] are all expressed in terms of the Gauss hypergeometric polynomials.
Later, Tsutsumi in [12] studied a larger class of second-order differential
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equations, and called it “modular differential equations” of second-order,
which allows regular singularities at elliptic points of SLy(Z), and described
modular solutions also in terms of hypergeometric series.

In this paper, because we are particularly interested in the case of the
Hecke congruence subgroups, we consider modular differential equations
of second-order with regular singularities at elliptic points for the Hecke
subgroup I'o(N) (N = 2,3,and 4). The result in [12] essentially uses the
property that SLo(Z) is a non-compact arithmetic triangular group. From
Takeuchi’s result in [8], all the Hecke congruence subgroups having a similar
property, namely, being non-compact arithmetic triangular groups are only
[o(N) (N = 2,3,and 4), except for SLy(Z). Therefore, for these groups, it
is natural to seek modular differential equations of second order with regular
singularities at elliptic points because we expect to get a result similar to
the case of SLa(Z). Also, we give modular solutions explicitly in some cases,
and quasimodular solutions for some of these modular differential equations.
Because the proof of our results in this paper is similar to [5, 6, 12], we give
only its sketch.

2. NORMAL FORMS

We define functions which will be needed in the sequel. For this pur-
pose and for readers’ convenience, we give the following: the expression of
necessary forms (forms), all of their zero points (up to equivalence) (zeros),
Hauptmodul of the field of the modular functions (Hauptmodul), and struc-
ture of the space (we denote M) of modular forms of weight k (structure).
We also give analogs of the discriminant functions, which are

n(27)0 n(37)? n(47)3

M) = (e, dalr) = EE, ma(r) = MO ) = 20T

where n(7) = qi [1°2,(1 —¢™) is the Dedekind eta function, and g = €*™7.
Here, the “analog” has the following properties:

(i) a logarithmic derivative of Ayx(7) (N = 1,2,3,and 4) with respect to
2miT is equal to ESN) (7), the Eisenstein series of weight 2 at ioco for the
Hecke congruence subgroup of level N, i.e., EéN)(T) = (log An(7))’,

(ii) it has zero points only on the cusp ico.

From these properties, we also have the following transformation formula:
6e(er + d)
TSLa(Z) : To(N)

() (M

@ BV ) = B +

for (i Z) € I'o(N). Hereinafter, N denotes the levels 2, 3, or 4.
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Case of SLy(Z). (k: positive even integer)

forms and zeros: Eisenstein series of weight 4 and 6:

- 3\ 1 . (1) 1 \/§
Ey(r) =1+ 2402(Zd )q", a simple zero at p;”’ = —3 + 71,

n=1 dn

o0
Eg(r) = 1504 Z(Z d*)q", a simple zero at p(12) = .
n=1 djn

Hauptmodul and structure:

. _ BEy(r)?
v,wZO

Case of N = 2. (k: positive even integer)

forms and zeros:

o .

1 7

_—1—|—24E E d)qg" impl t = —=+ —-.
T) n_1< )q , a simple zero at ps 5 T3

d|n
d:odd

Hauptmodul and structure:

o Hy(7)? _ v AW
jg(?’) = AQ(T) y Mk(ro(Q)) = 2U—@:k (CHQAQ .
v,w>0

Case of N = 3. (k: positive integer)

forms and zeros:

1 .
_1+6Z(Z( )) , asimplezeroatpgz—i—i—z%/g.

Hauptmodul and structure:

: I3(r)* w
33(7) = A33(7')’ M (FO( ( ) U+§‘§ kCI?)A
v,w>0

Remark 1. We use (—) to denote the Legendre symbol.
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Case of N = 4. (k: positive half integer)

forms and zeros:

1
0(r) = Z 7, 6(7)* has a simple zero at — 3
nez

Hauptmodul and structure:

' = Iy(4 = Co*AY
]4(7_) A4(7’)7 Mk( 0( )7Xk) @ 45
5 +H2w=k
—1\%k v,w>0
where xr = (—) if k£ is an odd integer, otherwise xy is trivial.

Furthermore, the table of all elliptic points and cusps (up to equivalence)
is a following:

SLo(Z) | To(2) | To(3) ['o(4)
elliptic points pgl), p?) P2 03 None
cusps 00 0, c0o | 0, co |0, —%, 00

Then, we get the following from the above information.

Theorem 1. Any modular differential equation of weight k for T'o(N) which
has reqular singularities only at elliptic points for T'o(N) is given by

(3) () + AN (1) f'(r) + BM(7) f(r) = 0,
where
a 7)2 T
(4) AD(7) %Ef)( )+ 222l ;[Z(t)ﬁ 282(7)
2k +1) 3 a3l3(7)? + B3As(7)
A () = D g ) el

AD(7) = = (k + DES (1) + aab(7)* + BaAu(7)

(5) BO(r) = HEL D poroye %”HQ(T;;JT)BQAQ(” EQ (7)
Yo Ho(T)* + 82 Ho(T)2 Ao (7) + £2A9(7)?
HQ(T)2 ’

_|_
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BO) (1) = k(k; 1)E§3)(7)2 B g04313(7)14(;)53A3(T)Eég)(T)
N v3I3(7)8 4 03I3(7)3 Ag(7) + e3A5(T)2
13(7')2 ’
5O =MD g2 Koy 4 )P ()

+ 40(7)8 + 840(T)AAL(7) + 4y (7)?
with some constants QN,BN,WN,STV,EN e C.

Proof. Because this proof is completely parallel to Theorem C in [12], we
give its sketch only for the case of I'g(2), other cases being similarly proved.

Because any elliptic point for I'g(2) is equivalent to ps, by the definition
of regular singular points, the functions Hy(7) - A®)(7) and Hy(7)? - BA(r)
are holomorphic on the upper half plane. The modularity of the space of
solutions for Eq. (3) gives

kE+1

(@ (T +0\ _ 2 4(2)
(6) AR (o) = (e +dPP AP (7) = = —eer +d)
and
(2) (9T +bY _ 1p@ K 342 FELD) 5 2
B (CT+d) (ct+d)*B'Y¥ () 2m,c(c7’—|—d) A (T)+ ami)? c“(et+d)”°.

From the quasimodular property of EgQ) (1) as well as the holomorphy of
Hy (1) - A (1), we conclude from Eq. (6) that the function

() (A2 () + LB (7))

is a holomorphic modular form of weight 4 for I'y(2). Because the space of
modular forms of weight 4 for I'g(2) is spanned by Hy(7)? and As(7), we
have Eq. (4) for some aw, f2 € C. Similarly, the function

kE(k+1 k
157 (BO() - B B0 02) 4 M () 11y () (00 o )2 4 B8 ()
is a holomorphic modular form of weight 8 for I'g(2), thus contained in the
space spanned by Ho (1), Hay(7)2A2(7) and Ag(7)2. Therefore we have Eq.
(5) for some 9, d5,e9 € C. O

If f(7) is a solution of a modular differential equation in Theorem 1,
then we can see that the product of f(7) and a suitable power of Ay (T)
is a solution for the modular differential equation D,E:N)(a N> ON,ON,en) (its

definition is below). In other words, we can shift it to the space of solutions
for D,E:N) by a power of Ay (7). Therefore, without loss of generality, we also
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assume that the modular differential equation has a power series solution of
the form 1 + hyq + hag® + -+ - (hy, € C). Under this assumption, we reduce
the number of parameters by one and obtain the following normalized form
of the modular differential equation.

Theorem 2. If a modular differential equation (3) of weight k for To(N)
has regular singularities only at elliptic points for To(N) and has a power
series solution of the form 1+ hiq + hog® + - -+, then the equation is given
as

DM (an, By, 6xven) ¢ f(7) + AN (1) (r) + BM(r) f(r) = 0,

where AN)(7) is the same in Theorem 1, and

B?(r) = k(k: 1)E§2>(7)/ 3 g(%%(TZ;ETlézAz(T))'
Ao(7) (62 Ha(T)? + £2As(7))
H2(7)2 ’
BO(r) = k’U‘f; 1)E§3) (7) — g(%fs(T)j;(rsz)AS(T))’
Ag(T)(5313(7)3 + EgAg(T))
I3(7)? ’
5O =MD g0y Mo+ sy

+ Ay(7)(040(7)* + £4A4(7))

with some constants an,Bn,on,en € C, oy = gN — 512\, ~k(k+1—ay),
En = [SLa(Z) : To(N)].

Proof. Using the relations

and the characteristic polynomial of Eq. (3) at ¢ = 0, we can check it. [
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3. HYPERGEOMETRIC SOLUTIONS OF MODULAR DIFFERENTIAL
EQUATIONS

The Gauss hypergeometric differential equation is defined by
d*y dy
where o, 3,7 € C. If v, « — 8 and v — a — 3 are not integers, the two

functions
8) F(apB,vz) and ' T7Fla—y+1,8—y+1,2— 1)

give linearly independent solutions around x = 0, where the Gauss hyper-
geometric series F' = o F] is defined by

) = (@)n (B)n ="
F(&7 /87 77 :L.) le::o (’Y)n n! Y
where (a), = a(a+1)---(a+n —1). The series F(a,3,7;z) is a solution
of Eq. (7) when ~ is not a non-positive integer. When « and 7 (resp. 8 and
) are negative integers with a > ~ (resp. 8 > v), F(«, 8,7;x) becomes a
polynomial.
In a following theorem, we give the conditions that modular differential
equations with regular singularities at elliptic points for I'o(/N) have hyper-
geometric solutions.

Theorem 3. For given an,Sn,0n,en € C, put

sg = 318 (64a2 + Bs — \/(64as + B2)2 — 25605 — 452), py = _2482,
53 = 5i (27043 + B3 — V/(2Taz + B3)% — 10853 — 453), ry = k — 33,
54 = iQ (16a4 + B1 — /(160 + B1)% — 645, — 454), ra = 2k — 4sy,
k-1 % —1
C=ay——F5—, =03~ 5, cqy = ayq — Kk,

and let as and by be the solutions of the equation

1
X2+<7’2+@——)X+r—2(r2+@—1)+ = 0,

64 2 4 32 4096
as and bs the solutions of the equation
2rg B3 1 T3 B3 €3
N
T3 Ty 3/t o\sty * 729

and ay and by the solutions of the equation

X2 (T_‘L @)X r_4( @) 8_4:0.
BRI AT A W YT
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Suppose either (1) cy is not an integer, or (i) ay and cy are negative inte-
gers with ay > cy, or (iii) by and cy are negative integers with by > cn.
Then, the differential equation D(Q)(CVQ, Pa,02,€2) has two linearly indepen-

dent solutions

64
Hy?(H — 64A2)52F(a2, by, c2; 3—2)

and
64\ /64\1-
Hy?(HE - 64A2)82F(a2 ey Lby— oy + 1,2 — ey ,—) (—) ”
J2/ \J2
near 100, and the differential equation D(3)(a3,63,53,83) has two linearly

mdependent solutions

2
I53(135 — 27A3)83F(a3,b3,03; j_:j)

and
27\ (27\1-¢
(I~ 2780) F (s — cs + 1,bg — s + 1,2 = g5 ) (55)
J3/7 \J3
near ico, and the differential equation D™ (o, B4,04,€4) has two linearly

mndependent solutions

1
079" — 16A4)54F<a4, ba, ca; —6)
J4

and
16\ 716\ 1—
9T4(94 — 16A4)54F(a4 —cp+ 1,0y —cy + 1,2 — cy; —) (—) -
J4 Ja
near 100.

Proof. We describe a sketch of the proof in the case for I'y(2), other cases
being similar and left to the reader.

We transform the Gauss hypergeometric equation (7) by a change of vari-
able into the equation D@ (g, Ba, da,2). Putting = = 64/j2(7), Eq. (7) is
transformed into the equation

Cco — 7)?2 3(1 — 2a9 — T
g"(7) + ((2 2 — 1)H(7) J;ZQ((lT) 2ag — 2b2)A9(1) %E§2)(7—))g/(7)
— Bagby 22T (1 (1) — 6405(7))g(r) = 0.

Ha(r)?
Secondly, by changing the unknown
g(1) = Ha(1) "2 (Ha(1)” — 6429(7)) ™2 f(7),
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the above differential equation transforms into f(7):

(9) 1"(7) + A®(7) (1) + B (1) f(7) = 0,
where | = 2r9 + 4s9, and
AR)(r) = (“Tl +02) H(r) — ”TlEZE?)(T)
AQ(T)
+ 32(1 — 2a9 — 2by — 2T2)H2(7_)7
__ . )2
) = D gy - L1 ) U
l AQ(T)/
_ Z . 32(1 — 2a9 — 2by — 27”2) HQ(T)
+ (648% — 64(&2 + by — 62)82 — 16(2@2 + 7‘2)(2b2 + TQ))AQ(T)
AQ(T)2

+ 1024(2@2 + T’Q)(ng + 7’2)

H2(7_)2.

Comparing the coefficients of D) (a, 2, d2,2) with those of Eq. (9), we
can get this theorem. Setting z = 27/j3(7) and g(7) = I3(7) " (I3(7)% —
27A3(7))" %3 f(7) for the case of N = 3, x = 16/j4(7) and g(7) =
O(7)""4(0(7)* — 16A4(7)) "% f(7) for the case of N = 4, we can check it
similarly. [

From this theorem, giving a suitable condition about ay, By, 0N, €N,

and k, D,E:N)(a N, BN, 0N, en) have modular-form solutions of weight k. The
following is an example:

Ezample . Assume d9 = e9 = 0. Suppose k is a positive even integer.

(i) When k£ = 0 (mod 4) and if ay — % is a negative integer with the

additional condition k > 2(1+ 2as), the equation D,iz)(ozg, B2,0,0) has
the modular form

k' k-2 k—1 64
Ll LA A
4 4 64 2 7 ja(r)
of weight k for I'g(2) as a solution. In particular, the case of 5y = 0,
this is a modular form solution when k& =2 (mod 4).

To prove this, we only need to check that the hypergeometric series in
each expression becomes a polynomial if the assumption is satisfied, and
that the expression is indeed a holomorphic modular form,which is easily
seen.

Remark 2. In [3], the special case (ag = 2 = 0) of Example (i) is treated.
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N
4. QUASIMODULAR SOLUTION FOR Dli )(aN,BN,éN,sN)

In the previous section, we found that modular differential equations had
modular-form solutions expressed in terms of hypergeometric series. When,
however, the condition of Theorem 3 is not satisfied, e.g., when cy is a non-
positive integer we cannot consider F'(ay, by, cy; ) in general and we do not
know whether the modular differential equation have modular solutions. But
even in this case, with a suitable condition, we can have some “quasimodu-
lar” forms as solutions. (See [4, 5, 6, 10].) These solutions correspond to the
condition that cy is a non-positive integer. We will give some quasimodular

forms as solutions of modular differential equations D,(CN) (an, BN, ON,EN).
First, we define the sequences of polynomials BSJN) (X), %N)(X ),
P (X), and Q7 (X) by

PM(X) =P (x) =1, PN (x) = PN (x) = X,
Mx) =™ (x) =0, Mx) =™ (x) =1,
PI(X) = XPM(X) + pMPM(X) (n> 1),
QN (X) = XQM(X) + 1MQM(X)  (n>1),
PUY(X) = XPIV9(X) + <N*>P‘Ni‘> (X) (n>1),
QU (X) = XQWM)(X) + uMQND(X)  (n=1),

where the constants ,uglN) and ,uglN*) are given by

M%2):4(4+%)(4_n11)’ M’(l2*):4(4_%)(4+n—11—1)’
“7(13):3(3+%)(3_n—1|-1)’ M;B*):g(:s_%)(gdl_n—li—l)’
1 1

=i e y) =il

Theorem 4.
(a) Suppose that k =&n -n—1(n=1,2,...). Then the form

K = VA" PR (g e - VB e (5

is a quasimodular form of weight k + 1 and depth 1 for T'o(N) whose
order of zero at ico is n, and is a solution of DIEN)((k’ +1)/én,0,0,0),
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where
HZ —128Ay if N =2, Ao(HZ — 64A3) if N =2,
Zn = I3 — 54A3 if N =3, Aya=<As3(l3—-27A3) if N =3,
0* —32A,  if N =4, Ay (0* —16A4)  if N =4,

Hy/24  if N =2,
Vy =< I3/6 if N =3,
(log6)/2 if N = 4.

(b) Suppose that k =&n -n+ 1(n=1,2,...). Then the form

(N%) _ n—1_(N%)( ZN s\ AT AN IN .
Kn - ANA Pn—l ( ANA)(VN) ANA Qn—l (\/A—NA)WN

is a quasimodular form of weight k + 1 and depth 1 for I'g(IN) whose
order of zero at ico is n, and is a solution of DéN)((k +3)/én,In,0,0),

where
2
—(H2 —128A,)/80 if N =2, 0B _H, ifN=2
* . * 2
Vi =< —(I3 - 54A3)/36  if N=3, Wy=<2EP 12 ifN=3,
—(04—32A4)/24  if N =4, 2B gt i N =4,

l2 = —64, l3 = —36, and l4 = —32.

Proof. We can establish that quN) and quN*) are solutions of each modular
differential equation by induction on n. By looking at the exponent of each
modular differential equation, we can easily find the order of zero at ioo of
the solution is as stated. More detailed proof is given in [5], and the other
cases can be shown similarly, hence we omit them. [

Remark 3. For the case of I'g(2), (a) in Theorem 4 was proved by Kaneko-
Koike in [5].
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