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CONVEXITY PROPERTIES OF A NEW GENERAL
INTEGRAL OPERATOR OF p-VALENT FUNCTIONS

SErAP BULUT

ABSTRACT. In this paper, we introduce a new general integral operator
and obtain the order of convexity of this integral operator.

1. INTRODUCTION AND DEFINITIONS

Let Ap denote the class of all functions of the form

o0

(1.1) f)=2"+ > a*  (peN={12,..}

k=p+1

which are analytic in the open unit disk U := {z € C: |z|] < 1}. In particular,
we set A; = A.

A function f € A, is said to be p-valently starlike of order v (0 <~ < p)
if and only if f satisfies

()

for all 2 € U. We say that f is in the class S;(7y) for such functions. In
particular, we set S, 0) = S, for p-valently starlike functions in U.

On the other hand, a function f € A, is said to be p-valently convex of
order v (0 <~ < p) if and only if f satisfies

2f"(2)
(1.3) §R{1+ 702) }>’y
for all z € U. We say that f is in the class K,(v) for such functions. In
particular, we set Kp,(0) = IC), for p-valently convex functions in U.
Also, we note that Sf(y) = §*(y) and K1(y) = K(v) are the classes of
starlike and convex functions of order v (0 <y < 1), respectively.
A function f € A, is in the class Rp(y) if it satisfies

o{212)-
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for all z € U.
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A function f € A, is in the class US,(6,7) if and only if f satisfies
2f'(2) } 2f'(2)
1.4 R—=——=5>9
- SenidisE
where § >0, v € [-1,p), 6 +~v >0, z € U.

Furthermore, a function f € A, is in the class UIC,(d,~) if and only if f
satisfies

U |2
9 A =y Eb e

where 6 > 0,y € [-1,p), 6+~ >0, z € U.
Now we consider following comprehensive class:
A function f € A, is in the class By(u,y) if and only if f satisfies

7 (7

—(p—l)‘Jr%

W
) —p‘ <p-—7,

where 1 >0, v € [0,p), z € U.

Remark 1. This family is a comprehensive class of analytic functions
that contains other new classes of analytic functions as well as some very
well-known ones. For example,

(i) For p =1, we have the class

By(1,7) = S,(7)-

(ii) For = 0, we have the class

Bp(0,7) = Rp(7)-

(iii) For p = 1, this class studied by Frasin and Jahangiri [11].
(iv) For p =1 and p = 2, this class studied by Frasin and Darus [10].

Let o, 8; € C and f;,9; € Ay for all i =1,2,...,n, n € N. We define the
following general integral operator

10 (e - | pt[[ (ft—“)) (gt—“i)ﬁ d.

Remark 2. (i) For p = 1, we have the integral operator

ce= [THE2) G

introduced and studied by Ularu [13].
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(ii) For a; > 0,5, =0 (1<i<mn)and o; =0, §; >0 (1 <i<n), we
have the integral operators

fp(z)z/o Pt 1<f1()) 1...(f"t£t))andt

Gy () = [ (f;p“l)m - (iﬁ;ﬁf)ﬁ" "

respectively. This integral operators are introduced and studied by Frasin
[8, 9]. Also for p = 1, the integral operators

Fo (2) = /0 (ﬁt(t))o” (fnt(t))“" "

P ()= [ (61 0)™ (g )™

studied recently by many authors (see [1]-[7]).

and

and

The following result will be required in our investigation.

General Schwarz Lemma. [12| Let the function f be reqular in the
disk Up = {z € C: |z| < R}, with |f(z)| < M for fired M. If f has one
zero with multiplicity order bigger than m for z = 0, then

FOI< 2L (2 eUp).

The equality can hold only if f(z) = e(M/R™) 2™, where 0 is constant.

2. MAIN RESULTS

Theorem 2.1. Let o;,5; > 0, 6; >0, v, € [=1,p), & +v > 0 and f; €
USy(6i,7i), 95 € UKH(6:,7i) for alli=1,2,...,n. If

(2'1) O<p+z az‘i‘ﬁz )<p7
1=1

then the integral operator 7P (f,q) defined by (1.6) is p-valently convex of
order \ with

A=p+> (ai+B)(v—p).

1=1
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Proof. From (1.6), it is easy to see that

on () o= T (H)" (1)

Differentiating both sides of (2.2) logarithmically and after some calculus,
we obtain

z(I%’B (f,g))” (2)
(727 (£.9) (2

:p+Zai(ZJ{/( )+Zﬂz<1+zgz ) Zpow/ﬁ,.

1=1

(23) 1+

Since f; € US,(0i,7vi) and g; € UK, (;,7;) for all i = 1,2,...,n, it follows
from (1.4) and (1.5) that

> Lo | |+ s -0
+p+ zn;(az +Bi) (vi —p)
Because ) ,
s 2 |
and

Bid;

for all i = 1,2,...,n, from (2.4), we obtain

(227 (1,9) ) o
R {1 + (I,?;’B (f’g)), ® >p+ ; (i + Bi) (vi —p) -
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Therefore 737 (f,g) is p-valently convex of order

A=p+ Y (ai+B)(v—p).

1=1
O]
Remark 3. (i) Letting p = 1 in Theorem 2.1, we obtain Theorem 2.2 in
[13].
(ii) Letting 1 =--- =B, =0and ay = --- = a, = 0 in Theorem 2.1, we

obtain Theorem 2.1 and Theorem 3.1 in [9], respectively.
Lettingn:lapzla a1:a761257 51:57’71:’Yandf1:f791:g
in Theorem 2.1, we have

Corollary 2.2. Let o, >0, 0 > 0, v € [-1,1), §+~v > 0 and f €
US,(0,7), g e UK, (6,7). If

0<1+4(a+pB)(v—1) <1,

then the integral operator

2.5) (19 ) = [ (H2) (@) an

1s convex of order
I+ (a+p8)(y—1).

Theorem 2.3. Let o;,3; >0, 6; >0, v; € [-1,p), ; +v; > 0 and

2fi(2) | 5+2ii2i(vi—p)
(26) i (2) | D S R
29 () B+ Bi(vi—p)
(27) g 1)‘ S > ¥

for alli =1,2,...,n, then the integral operator 7P (f,q) defined by (1.6)
s p-valently convex in U.

Proof. From (2.4), (2.6) and (2.7), we easily get Zo” (f, ) € K,. O

Theorem 2.4. Let f;,g; € A, where f; € B(pi,vi) (i > 0,0 < v < p),
a;,Bi € Cand M; > 1 forallt=1,...,n. If

|fi (2)| < M;,
g; (2)
g; (2) =1
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forallt=1,...,n, and if

0<p— lail (p+ @p— ) M) = D IBl (0 +2) < p,
1=1

=1

then the integral operator T3P (f,q) defined by (1.6) is p-valently convex of
order n with

n=p- Z|Ozl (p+(2p i) ML 1) Z|ﬁz (p+2).

=1

Proof. From (2.3) we have

1"

(0 (10) ()

1+ : »
(ISHB (fag)) (2)
S ZZ'/(Z)) n .<1 Zgé'(Z))_ S
; z(fz(Z) +Z_Zlﬁz + g;(z) ;p( Z+BZ)
This implies that
(127 (1.9) @)
(2.8) 1+ S
(Ia’ﬂ (f, )) (2)
—Z' i Zf Zl@ j)
+Zp’a2‘+2]@ (p+1
pi—1
:Zlaz Zp 1 ( )
+Z|&||| Z,j\+zp|az|+z|@ ).
Since
fzeB(MZaV@)y
and
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for all i = 1,...,n, applying General Schwarz Lemma and using (2.8), we
obtain
o 5 1
(07 (1.9) (2)
1+ 3 7 -p
(z7 (s, g)) (2)

22\ M i—1 i—1
<Z'“@'< Tam) e o)
+Z’6i|‘Z|+Zp|ai’+2|5i|<p+1)
=1 =1 1=1

<l (p+ =) M) 1B P+ =p— 7.
=1

=1

This implies that the integral operator 7P (f,g) is p-valently convex of
order

n=p-— Z\az!(pvt(?p i) M~ ) Z‘/Bz (p+2).

O]

Lettingn =1,p=1, 01 =, 1 =6, u1 = p, y1 = v, My = M and
fi=f, g1 = g in Theorem 2.4, we have

Corollary 2.5. Let f,g € A, where f € B(u,y) (0 > 0,0 < v < p),
a,B€Cand M > 1. If

|f(2) <M
9" (2)
g (2) =1

and if
0<1—laf (1+(2-7y) M) =38 <1,

then the integral operator T%P (f,g) defined by (2.5) is convex of order
L— faf (1+ (2 =) M*1) = 313].
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