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Dynamical Properties of Two-Dimensional Yukawa Liquids:
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The dynamic structure factor and the spectrum of the momentum-density fluctuations
of 2D Yukawa liquids are analyzed in the domain of weak and intermediate coupling and
screenlng parameters. The dispersion relations of the longitudinal and transverse collective
excitations are obtained and compared with the random phase approximation (BFA) and
harmonic approximation for triangular lattice.

1. INTRODUCTION

Yukawa system is a statistical ensemble of
charged particles interacting through Yukawa
potential given by

Q2
U(r) = -exp(-r/A), (1)

r

which may serve as a model for dust grains
immersed in plasma (dusty plasma)[IJ or col
loidal particles in electrolytes[2]. Here, Q is
the charge on the dust grain, r is the sepa
ration between two dust grains, and A is the
screening length due to Debye shielding by the
background medium.

In dusty plasma experiments, we often ob
serve two-dimensional Yukawa systems as well
as three-dimensional ones. A typical exam
ple of two-dimensional Yukawa system is the
single layer of micrometer-sized dust grains
suspended in the sheath of a low-pressure
rf-discharge. These two-dimensional systems
provide us with clear examples of the lattice
of charged particles which can be observed by

CCD cameras or naked eyes and also serve
as a probe to estimate physical parameters of
grains and environmental plasmas[3, 4J.

The dynamical properties of Yukawa sys
tem in the domain of strong coupling,
including the longitudinal and transverse
modes, have been studied theoretically[5
7], experimentally[8, 9J, and by numerical
simulations[10, 11]. Since the properties of
two-dimensional (2D) systems may be differ
ent from those of three-dimensional (3D) be
cause of reduced dimensionality, it is interest
ing to explore the properties of 2D Yukawa
systems whose 3D counterparts have recently
been given considerable attention. The in
formation on dynamical properties will also
greatly help us to determine physical parame
ters related to dust particles and environmen
tal plasma in experiments.

When in thermodynamic equilibrium at the
temperature T, Yukawa system is character
ized by two dimensionless parameters: The
coupling parameter

(2)

and the screening strength
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~ = a/A. (3)



(5)
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Here a is the mean distance between particles
defined by a = (7rn)-1/2, n being the areal
density. Sometimes the effective coupling pa
rameter r* = r exp(-~) is used but the prop
erties of our system cannot be scaled by this
combination only.

In this paper, we report the dynamical prop
erties of two-dimensional Yukawa system in
the domain of Yukawa plasma parameters
5 ::; r ::; 100 and 1 ::; ~ ::; 2. The spec
tra of the density and current fluctuations
are computed, and the dispersion relations of
the longitudinal and transverse collective ex
citations are obtained and compared with the
random phase approximation (RPA) and har
monic phonons in a trianguler (hexagonal) lat
tice.

2. NUMERICAL METHOD

We use microcanonical molecular dynamics
(MO) method for N = 900 Yukawa particles
with mass m interacting through Yukawa po
tential (1) to study the dynamical properties
of 20 Yukawa system. In order to simulate the
infinite system, we impose the periodic bound
ary conditions in x- and y-directions with pe
riods Lx and Ly , respectively, the aspect ratio
being LxiL y = 2/.;3. The imposed periodic
ity needs to be consistent with the fact that
the ground state at low temperatures is the
triangular lattice. When the number of par
ticles satisfies N = (integer)2, or is equal to
the number of unit cells, our periodicity satis
fies this condition. We use the Ewald method
to take care of the long range interaction be
tween particles.

The normalized equation of motion is inte
grated using velocity Verlet algorithm. We
adopted a time step around 0.005W;1 which
guarantees 7 digits accuracy in the energy con
servation after several tens of thousands steps.
Here

is the typical frequency of 20 plasma
oscillation[12] .
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To attain a given value of the temperature
or r, we renormalize the particle velocities
periodically, monitoring the kinetic energy.
Once the kinetic energy take on the expected
value, the microcanonical evolution of the sys
tem is followed. The average is taken over
a sufficiently long time after the system has
reached thermodynamical equilibrium. The
actual values of r are determined by the av
erage kinetic energy over microcanonical peri
ods at thermal equilibrium.

3. DYNAMICAL FLUCTUATION SPECTRA

3.1 Dynamic Structure Factor

Longitudinal properties of many-body sys
tem are clearly seen from the dynamic struc
ture factor which is defined as

1 JOOS(k,w) = - dtA(k,t)eiwt,
27r -00

where
1

A(k, t) = N(Pk(t)P-k(O)) (6)

is the density-density correlation function and
Pk(t) is the density fluctuation

N

Pk(t) = L exp[-ik· ri(t)J. (7)
i=l

When the system is in the liquid state, the dy
namic form factor depends only on the magni
tude of the wave number, S(k,w) = S(k,w).

Since our data are given in a finite
time interval T in this work, we compute
(Pk(t)P-k(O)) as the time average over T, ex
panding Pk(t) into a Fourier series as[12]

(Pk(t)p_k(O)) ~ r dt'Pk(t + t')p_k(t')
T Jo

- :2 L wn IPk(wnWexp(-iwnt), (8)

Pk(wn) = f dtPk(t) exp(iwnt), (9)

where Wn = (27rIT)n, n = 0,±1,±2,±3, ... ,
and obtain
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(11)

i\'larch 200<1

O.lll O.D)~

k,a:O.I099636 ~, b=O.S079002
uu

U~

S
'" O.Dl
in 0.01

""'
.'" u,....

• • ~

• " '> • " '>
o.Ol o.lIJS

ka-o.9977S47 .£ b"'1.21126S
lI.OU .."S

'"
~,

;n lUll
0.015..., ~,

J \ """ ,,.I ''"-• •.> , '> • .> , '>
mI", mlw,

FIG. 1: Several examples of dynamic structure factor for
~=1.0 and r = 50.13.

Here we note the relation I:w
n
~ Cr /21r) Jdw

for T ---+ DC. We also note that, due to peri
odicity of our system, the values of wave num
ber in our analyses are restricted to the ones
given by

k = 21r ( 2ny)
L n x , V3 '

n x and ny being integers.
The dynamic structure factor, wpS(k, w),

obtained for several wave numbers are shown
in Fig.1 for ~ = 1 and r = 50. For small
wave numbers, the dynamic structure factor
is dominated by the contribution of the collec
tive mode. The collective peak broadens with
increase in wave number and finally merges
into the continuous spectrum of excitations
which is monotone.

3.2 Dispersion relation of longitudinal
collective mode

Before presenting the results obtained from
the structure factor, we may make simple ex
pectations for the dispersion based on the
random phase approximation (RPA) and lat
tice dynamics. These two would give limiting
cases of weak and strong coupling.

In the random phase approximation which
is expected to work in the domain of weak cou-
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pIing, the dielectric response function is given
by

c:(k,w) = 1+ (F +~/\2)1/2W{~ (k:T) 1/2}.

(12)
Here we note that the Fourier transform of
Yukawa potential is given by 21rQ2 j(e +
1/),2)1/2 and define K n and W(z) by

K _ 21rnQ2
n - kRT '

and

W(z) = 1 100

dx xexp(-x
2
/2) (14)

(21r) 1/2 -00 x - z - iO '

respectively. From the asymptotic expansion
of W(z) for Izl -* 00, we have the collective
mode given as the solution for c:(k, w) = 0 as

k,ja [3 (e + 1/),2)1/2]
w(k) ~ wp (F + 1/),2)1/4 1+2 K n

(15)
for k «: K n . We may expect that the RPA
dispersion will be applicable when the cou
pling is weak.

When particles form the triangular lattice,
the phonon dispersions within harmonic ap
proximation are obtained as the eigenmodes
of the dynamical matrix. We expect that the
dispersion obtained by our simulations may
approach to these phonons when the coupling
is strong enough. The RPA and lattice results
are compared in Fig. 2.

The dispersion relation obtained from the
peaks in the dynamic structure factor for
given values of k are depicted in Fig.3 for
~ = 1 and r = 100.09. The positions of the
peaks representing the collective excitations
are plotted.

These dispersions are to be compared with
the results of RPA and the harmonic lattice.
When the coupling is not so strong, our results
have the tendency to follow the RPA values
and approach those of phonons when the cou
pling is strong so that r ~ 20 for ~ ::; 2.
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Here

where

(20)

(22)

(19)

In conclusion, the spectra of the fluctuations
in the density and the momentum current are

4. CONCLUSION

gk(W) = fa' dtgdt) exp(iwt), (21)

for w = wn . The spectrum of longitudinal cur
rent fluctuation Cj (k, w) is connected to the
dynamic structure factor S(k, w) through

and

We have obtained the longitudinal and
transverse current fluctuation spectra from
our molecular dynamics simulations. We have
confirmed that the relation between the lon
gitudinal component and the dynamic form
factor (22) is satisfied with sufficient accuracy.
Examples of transverse spectra are shown in
Fig. 4 for ( = 1, for some values of wave
numbers. We observe that the transverse col
lective mode is we]] defined only in the case
of strong coupling such that r 2: 100 for only
small domain of the wave number 1 ::; ka ::; 2
for ( = l.

The position of the peak of the transverse
spectrum, representing transverse mode dis
persion, is plotted in Fig.5 as an example. The
result is compared with that of the transverse
branch of harmonic phonons in hexagonal lat
tice at T = O. For a fixed wave number, the
minimum and maximum of the frequency are
attained for the propagations in the directions
[10J and [1~], respectively. We observe that
the transverse collective mode is well-defined
in a wider domain of wave number for ( = 1
than for ( = 2.
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FIG. 3: Dispersion relation for €=1.0 and r = 100.09.

kk [kk]C(k,w) = Cj(k,w)k:i + C,(k,w) 1- k:i .

(18)

1 JOOC(k, w) = - dt(gk(t)g_dO)) exp(iwt),
27l' -00

(16)

gk(t) = LVi(t) exp[-ik' ri(t)J (17)

The spectrum of current fluctuation is de
fined as

is the current fluctuation. Due to the isotropy
of our system in liquid state, the tensor
C(k, w) is divided into longitudinal and trans
verse parts as

FIG. 2: Dispersion rela.tions of triangular lattice for (a.)
<=1.0 and (b) <=2.0 compared with RPA results (broken
lines).
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FIG. 4: Some examples of transverse spectrum for ~=1.0

and r = 100.09.
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computed in the domain of 4.97 :'0 r :'0 99.84
and E; = 1,2. We have obtained the disper
sion relations of the longitudinal and trans
verse collective excitations. With the increase
of the coupling, the longitudinal mode dis
persions depart from the RPA values and ap
proach those of lattice. The transverse mode
exists only in the case of strong enough cou
pling and also in the limited domain of the
wave number. Our results for these disper
sions may help us to identify the charge on
dust particles and plasma parameters of envi
ronmental plasma.

. ..."'.,,,,
0,,.... '" .,,

--Lattice
- -. - - Simulation

0.4

0.35

0.3

0.25
~

8 0.2
'8

0.i5

0.1

0.05

0
0 05 I

ka
1.5 2

FIG. 5: Dispersion relation of transverse mode for ~=1.0

and r = 100.09. Solid line is the transverse branch of
harmonic phonons in hexagonal lattice.
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