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Sound velocity and multibranch Bogoliubov spectrum of an elongated Fermi superfluid
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We study properties of excited states of an elongated Fermi superfluid along the Bose-Einstein-condensate–
BCS crossover including the unitarity limit. Analytic expressions for the sound velocity in an inhomogeneous
as well as homogeneous Fermi superfluid along the crossover are obtained on the basis of the hydrodynamic
theory. The complete excitation spectrum of axial quasiparticles with various discrete radial nodes is presented.
We discuss the feasibility of measuring the sound velocity and the multibranch Bogoliubov spectrum
experimentally.
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I. INTRODUCTION

Strongly interacting two-component Fermi gases provide
a unique testing ground for the theories of exotic systems in
nature. In atomic Fermi gases, tunable strong interactions are
produced using the Feshbach resonance �1–3�. By sweeping
the magnetic field in Feshbach resonance experiments, the
magnitude and nature of the two-body interaction strength
changes from repulsive to attractive. Across the resonance
the s-wave scattering length a goes from large positive to
large negative values. The fermionic system becomes mo-
lecular Bose-Einstein condensates �BEC’s� for strong repul-
sive interaction and transforms into the Bardeen-Cooper-
Schrieffer �BCS� superfluid when the interaction is attractive.
The first observations of the BEC’s of molecules consisting
of loosely bound fermionic atoms �5–7� initiated a series of
explorations �4,8–11� of the crossover between BEC and
BCS superfluid. The size of fermion pair condensates
smoothly increases from the BEC to the BCS side of the
resonance. Near the resonance, the zero-energy s-wave scat-
tering length a exceeds the interparticle spacing and the in-
terparticle interactions are unitarity limited and universal.
Recent experiments have entered the crossover regime and
yielded results of the interaction strength by measuring the
cloud size and expansion.

As in the case of bosonic clouds the frequencies of col-
lective modes of Fermi gases can be measured to high accu-
racy, it is of major interest to investigate their dependence on
the equation of state along the crossover. It was pointed out
�12� that the collective frequencies of a superfluid Fermi gas
at T=0, trapped in a harmonic potential, approach well-
defined values in the BEC and the unitarity limit regimes,
where the density dependence of the chemical potential can
be inferred from general arguments. In the intermediate re-
gion, various investigations, based on the hydrodynamic
theory of superfluid and suitable parametrizations of the
equation of state, have appeared recently �13–19�. The first
experimental results on the collective frequencies of the low-
est axial and radial breathing modes on ultracold gases of 6Li
across the Feshbach resonance have also become available
�20,21�. Since the BCS and the unitarity limits are character-
ized by the same collective excitation frequencies, there is a

growing interest to study the sound velocity �22–24� to make
a clear identification of these two regimes and to better char-
acterize two kinds of superfluid.

The axial excitations of ultracold gases in a cigar-shaped
trap can be divided into two regimes: �i� long-wavelength
excitations where the wavelength is equal to or larger than
the axial size and �ii� short-wavelength excitations where the
wavelength is much smaller than the axial size. In the former
case, the axial excitations are discrete and the lowest
breathing-mode frequency has been measured �20,21�. In the
latter case, the axial excitations can be described by a con-
tinuous wave vector k. However, the finite transverse size of
the system also produces a discreteness in the radial spec-
trum. The short-wavelength axial phonons with a different
number of discrete radial nodes give rise to the multibranch
Bogoliubov spectrum �MBS� �25�.

The inhomogeneous density in the radial plane determines
the curvature of the mode spectrum. The effect of the inho-
mogeneous density in the radial plane decreases �since the
radial size increases� as we go from the molecular BEC side
to the weak-coupling BCS side for a fixed number of atoms
and the trapping potential. We would expect that the MBS
will be different in the different regimes and it can be used to
distinguish different superfluid regimes along the BEC-BCS
crossover.

It should be noted that the axial excited state is coupled
with the discrete radial nodes within a given angular momen-
tum symmetry. For example, when we excite the system to
study the sound propagation along the symmetry axis, this
perturbation inherently excites all other low-energy trans-
verse modes having zero angular momentum. Similarly, the
above arguments are also applicable to other low-energy
mode spectra—e.g, the spectrum for the breathing mode. To
determine the various mode spectra, we must take into ac-
count the incidence of mode coupling between the axial qua-
siparticle states and the transverse modes.

In this work, we calculate the sound velocity in an inho-
mogeneous as well as homogeneous Fermi superfluid along
the BEC-BCS crossover. We also study the low-energy MBS
of a cigar-shaped superfluid Fermi gas along the BEC-BCS
crossover by including the mode coupling. It is important to
study such a spectrum in view of the current Bragg scattering
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experiment �26� on the MBS of an elongated cloud of a
weakly interacting BEC.

This paper is organized as follows. In Sec. II, we calculate
the transverse eigenfrequencies and its corresponding eigen-
function of an elongated Fermi superfluid along the BEC-
BCS crossover. In Sec. III, we discuss the equation of state
of the Fermi superfluid. The sound-velocity, phonon-mode,
and monopole-mode spectra are presented in Sec. IV. We
give a brief summary and conclusions in Sec. V.

II. HYDRODYNAMIC EQUATIONS
AND EIGENFREQUENCIES

We consider a two-component Fermi gas in a long cigar-
shaped harmonic trap potential V�r ,z�= �M /2���r

2r2+�z
2z2�

at zero temperature. Here, �z��r. We assume that the sys-
tem behaves hydrodynamically throughout all regimes. If the
system is BCS superfluid, then as long as the oscillation
frequency is below the gap frequency needed to break up a
Cooper pair, this condition is expected to be fulfilled. The
system can be described by the Schrödinger equation �16�

i�
��

�t
= �−

�2

2M
�2 + V�r� + ��n��� , �1�

where M is the mass of the Fermi particles and ��n� is the
equation of state which depends on the magnitude and nature
of the interaction strength.

Using the Madelung transformation �=�nei� and neglect-
ing the quantum pressure term, we obtain the hydrodynamic
equations of motion for the Fermi superfluid which are given
by the continuity and the Euler equations, respectively,

�n

�t
= − � · �nv� �2�

and

M
�v

�t
= − ����n� + V�r� +

1

2
Mv2� . �3�

Here, n�r , t� and v�r , t�= �� /M��� are the local density and
superfluid velocity, respectively. We also assumed that
�r��z so that it makes a long cigar-shaped trap.

The equation of state enters through the density-
dependent chemical potential. We assume the power-law
form of the equation of state as ��n�=Cn� as in Refs.
�13–15,17,19�. At equilibrium, the density profile takes
the form n0�r�= �� /C�1/��1− r̃2�1/�, where r̃=r /R, and
R=�2� /M�r

2. Linearizing around equilibrium, n=n0+	n,
v=	v, and ��n�= ���n0�+ ��� /�n��n=n0

	n. The equations of
motion for the density and velocity fluctuations are

�	n

�t
= − � · �n0�r�	v� , �4�

M
�	v

�t
= − ��	 ���n�

�n
	

n=n0

	n� . �5�

Taking the first-order time derivative of Eq. �4� and using Eq.
�5�, the second-order equation of motion for the density fluc-
tuation is given by

�2	n

�t2 = � · �n0�r� � 	 ���n�
�n

	
n=n0

	n� . �6�

In the long cigar-shaped trap, we assume the normal-
mode solution of the density fluctuation which can be written
as

	n�r,z,t� = 	n�r�ei���k�t−kz�. �7�

Substituting Eq. �7� into Eq. �6�, then one can obtain

− �̃

2�k�	n�r� =

�

2
�r̃ · ��1 − r̃2�1/��r̃�1 − r̃2�1−1/�	n�r��

−
�

2
k̃2�1 − r̃2�	n�r� , �8�

where �̃=� /�r and k̃=kR. Here, 
 is a set of two quantum
numbers: the radial quantum number nr and the angular
quantum number m.

For k=0, it reduces to a two-dimensional eigenvalue
problem and the solutions of it can be obtained analytically.
The energy spectrum is given by

�̃

2 = �m� + 2nr���nr + �m�� + 1� . �9�

The corresponding normalized eigenfunction is given by

	n
 = A�1 − r̃2�1/�−1r̃�m�Pnr

�1/�−1,�m���2r̃2 − 1�eim�, �10�

where Pn
�a,b��x� is a Jacobi polynomial of order n and � is the

polar angle. Also, the normalization constant A is given by

A2 =
22−2/�

��R2

��nr + 1��2�1/���2/� + 2nr + �m��
�1/� − 1/2���1/� + nr��2�2nr + �m� + 1�

.

�11�

For �=1, the above energy spectrum and its corresponding
eigenfunction exactly match with results of Ref. �27�. Note
that the modes with nr=0 and m�0 do not depend on the
equation of state. This is because the flow in these modes is
incompressible and the internal energy does not change dur-
ing the oscillation period. The radial breathing mode is
�1=�2��+1��r which exactly matches with the result of
Ref. �14�. The experimental results of the radial breathing
mode �20,21� are well described �14� by this analytic
spectrum.

The solution of Eq. �8� can be obtained for an arbitrary
value of k by numerical diagonalization. For k�0, we
expand the density fluctuation as

	n = 




b
	n
�r,�� . �12�

Substituting the above expansion into Eq. �8�, we obtain

0 = ��̃

2 − ��m� + 2nr���nr + �m�� + 1�� −

�

2
k̃2�b


+
�

2
k̃2



�

M

�b
�. �13�

Here, the matrix element M

� is given by
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M

� = A2 d2r̃�1 − r̃2�2�0r̃2+�m�+�m��ei�m−m���

�Pnr�
��0,�m����2r̃2 − 1�Pnr

��0,�m���2r̃2 − 1� , �14�

where �0=1/�−1. The above eigenvalue problem �Eq. �13��
is block diagonal with no overlap between the subspaces of
different angular momenta, so that the solutions to Eq. �13�
can be obtained separately in each angular momentum sub-
space. We can obtain all low-energy multibranch Bogoliubov
spectra on both sides of the Feshbach resonance including
the unitarity limit from Eq. �13� which is our main result.
Equations �13� and �14� show that the spectrum depends on
the average over the radial coordinate and the coupling be-
tween the axial mode and transverse modes within a given
angular momentum symmetry. Particularly, the coupling is
important for large values of k.

III. EQUATION OF STATE

To calculate the sound velocity and the MBS, we need to
know how the adiabatic index � depends on the two-body
interaction strength. At zero temperature, the energy per par-
ticle of a dilute Fermi system can be written as

� =
3

5
EF��y� , �15�

where EF=�2kF
2 /2M is the free-particle Fermi energy and

��y� is a function of the interaction parameter y=1/kFa. In
the unitarity limit �y→0±� one expects that the energy per
particle is proportional to that of a noninteracting Fermi gas.
The fixed-node diffusion Monte Carlo calculation of Astra-
kharchik et al. �28� finds ��y→0�=0.42±0.01. An analogous
calculation of Carlson et al. �29� gave ��y→0�=0.44±0.01.
The calculation of Astrakharchik et al. �28� is quite complete
and gives the behavior of the energy of the system across the
unitarity limit. On the basis of the data of Carlson et al. �29�,
Bulgac and Bertsch �15� proposed the following behavior of
��y� near the unitarity limit:

��y� = � − �y −
5

3
y2 + O�y3� , �16�

where ��0.44 and �=1 for both positive and negative val-
ues of y. However, the data of Ref. �28� give a continuous
but not differentiable behavior of ��y� near y=0 and they
suggest �=�−=1 in the BCS regime and �=�+=1/3 in the
BEC regime. On the basis of the data of Astrakharchik et al.
�28�, Manini and Salasnich �17� proposed the following ana-
lytical fitting formula of ��y� for all regimes in the BEC-BCS
crossover including the unitarity limit:

��y� = 
1 − 
2 tan−1�
3y
�1 + �y�
�2 + �y�� . �17�

This analytical expression is well fitted with the data of Ref.
�28� for a wide range of y on both sides of the resonance. We
shall use Eq. �17� for further studies in this work. Two dif-
ferent sets of parameters are considered in Ref. �17�: one set

in the BCS regime �y�0� and another set in the BEC regime
�y�0�. In the BCS limit, the values of the parameters �17�
are 
1=0.42, 
2=0.3692, 
3=1.044, �1=1.4328, and
�2=0.5523. In the BEC limit, the values of the parameters
�17� are 
1=0.42, 
2=0.2674, 
3=5.04, �1=0.1126, and
�2=0.4552. The advantage of a functional parametrization of
��y� is that it allows straightforward analytical calculations
of several physical properties. The chemical potential � is
given by �17�

� = ��n� + n
d��n�

dn
= EF���y� −

y

5
���y�� , �18�

where ���y�=���y� /�y. One can extract an effective adiabatic
index � and its dependence on the scattering length a by
defining the logarithmic derivative as �17�

� � �̄ =
n

�

d�

dn
=

2

3
−

2y

5
���y� +

y2

15
���y�

��y� −
y

5
���y�

. �19�

The radial size of the Fermi system in all regimes of the
BEC-BCS crossover can be obtained from the relation
R=�2� /M�r

2. From Eq. �18�, one can obtain the radial size
which is given by

R = r0���y� −
y

5
���y� , �20�

where r0=aav�24N�1/6 is the radial size of the free Fermi gas
in a harmonic trap potential �30,31�, aav=�� /M�av, and
�av= ��r

2�z�1/3 is the average oscillator frequency of the trap
potential. In the weak-coupling BCS limit, the ground-state
energy per particle is �bcs�n�= �3/5�EF and the chemical
potential is �bcs=EF. The corresponding radius is
Rbcs=aav�24N�1/6=r0. In the unitarity limit, the ground-state
energy per particle is �uni�n�= �3/5�EF� and the chemical po-
tential is �uni=EF�. The corresponding radius is
Runi=aav�24N�3�1/6=r0

��.

IV. SOUND VELOCITY AND MULTIBRANCH
BOGOLIUBOV SPECTRUM

A. Sound velocity

Before presenting the exact numerical results, we make
some approximation for a quantitative discussion. If we ne-
glect the couplings among all other modes in the m=0 sector
by setting l�= �nr ,0� in Eqs. �13� and �14�, one can easily get
following spectrum:

�̃nr

2 = 2nr��nr + 1� +
�

2
�1 − Mnr,nr

�k̃2. �21�

In the limit of long wavelength, the nr=0 mode is phonon
like with a sound velocity
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u1 =��2 − ���
2

�

M
. �22�

For �=1, it exactly reproduces the weakly interacting BEC
results �25�. This sound velocity is different from the result
obtained in Ref. �24�. The reason for the difference is given
below. In Ref. �24�, the sound velocity is obtained by simply
integrating Eq. �8� on radial coordinates. In this work, we are
multiplying by the complex conjugate of 	n on both sides of
Eq. �8� and then integrating it on radial coordinates. Since
the density fluctuation at the lowest-energy state is a function
of the radial coordinate, the two average procedures give two
different results. Note that the correct average procedure is
considered in our work. For the homogeneous Fermi system,

the sound velocity can be obtained from Eq. �21� by neglect-
ing Mnr,nr

and it is given by

u1 =���

M
. �23�

The sound velocity in the inhomogeneous system is smaller
by a factor of �1−� /2 with respect to the sound velocity in
a homogeneous Fermi system. This is due to the effect of the
average over the radial variable which can be seen from Eqs.
�13� and �14�.

Using Eqs. �18�, �19�, and �22�, the sound velocity in the
inhomogeneous Fermi superfluid along the BEC-BCS cross-
over including the unitarity limit is given by

u1 = vF��1

3
−

y

5
���y� +

y2

30
���y���−

1

3
+ ��y� −

y2

30
���y��

���y� −
y

5
���y�� , �24�

where vF=�2EF /M is the Fermi velocity. Similarly, by using
Eqs. �18�, �19�, and �23�, the sound velocity in the homoge-
neous Fermi superfluid along the BEC-BCS crossover in-
cluding the unitarity limit is given by

u1 = vF�1

3
��y� −

y

5
���y� +

y2

30
���y� . �25�

Equation �25� exactly agrees with the result of Ref. �17�.
In the molecular BEC limit, the sound velocity in the

inhomogeneous bosonic systems can be written as
um=��m /2Mm, where �m is the chemical potential of
the molecular BEC and Mm=2M is the mass of a molecule.
The chemical potential �m can be written as �m
=4�am�2nm /Mm, where nm=kF

3 /6�2 is the molecular density
and kF is the Fermi wave vector. Here, am=0.6a is the two-
body scattering length between two bound molecules �32�. A
simple expression for the sound velocity in the molecular
BEC limit can be written as

um = vF� 0.6

12�

1

y
. �26�

Using Eqs. �24�–�26�, we plot the sound velocity along
the BEC-BCS crossover in Fig. 1. There is a small kink at
the unitarity limit y=0 due to �−��+. Otherwise, Fig. 1
shows that there is a smooth crossover of the sound velocity
from the molecular BEC side to the BCS side through the
unitarity limit y=0. Figure 1 also shows that Eq. �26�
matches very well with Eq. �24� for large values of y.

For homogeneous Fermi systems the sound velocity in the
two limiting cases can be obtained from Eq. �25� and these
are given by u1=0.37vF in the unitarity limit and by

u1=0.57vF in the weak-coupling BCS limit. These results
exactly match the previous results �22,23�. Similarly, the
sound velocity for the inhomogeneous Fermi systems in the
two limiting cases can be obtained from Eq. �24� and these
are given by u1=0.30vF in the unitarity limit and
u1=0.45vF in the dilute BCS limit. The sound velocity in the
inhomogeneous Fermi system is less than that in the homo-
geneous Fermi system with the same density at the center of
the trap as the former system. However, this difference is
large in the BCS side compared to the BEC side. The sound
velocity of the inhomogeneous Fermi superfluid can be mea-
sured by observing the propagation of the sound pulses along

FIG. 1. Plots of the sound velocity along the BEC-BCS cross-
over including the unitarity limit. The solid and dashed lines are
corresponding to the sound velocity in inhomogeneous and homo-
geneous Fermi superfluid, respectively. The dot-dashed line corre-
sponds to Eq. �26�.
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the symmetry axis as is done for weakly interacting BEC’s
�33�.

B. Phonon-mode spectrum

In Fig. 2 we plot the phonon-mode spectrum in the weak-
coupling BCS limit �y�0�, unitarity limit �y=0� and BEC
side of the unitarity limit �y=0.25� by solving Eq. �13�.
These spectra have the usual form like �=u1k at low mo-
menta, where the sound velocity u1 is given in Eq. �24�. It is
seen from Fig. 2 that the behavior of the phonon-mode spec-
trum is different for different regimes characterizing each
superfluid phase. For example, the slope of the phonon spec-
trum in the BCS limit is large compared to the unitarity and
BEC limits as expected.

C. Monopole-mode spectrum

In Fig. 3, we plot the monopole-mode spectrum in three
different regimes by solving Eq. �13�. In the long-wavelength
limit, the monopole mode has the free-particle dispersion
relation with some effective mass mb and a gap
�b=�2��+1��r. In the long-wavelength limit, the breathing-
mode spectrum can be calculated from Eq. �13� by using
first-order perturbation theory. The spectrum for the
monopole mode in the long-wavelength limit is given by
�1�k�=�2��+1��r+�k2 /2mb+O�k4�, where the effective
mass of the breathing mode mb is

mb = M
��r

�
� 8

�2

�2 + ���� + 1�
�2 − ��2 . �27�

Note that �=2/3 in the BCS and unitarity limits. Therefore,
the monopole-mode frequencies are the same at the BCS and

the unitarity limits. However, the behaviors of the spectrum
in two different regimes are completely different. For ex-
ample, the effective mass of the monopole mode spectrum in
the BCS limit is small compared to that of the unitarity limit.

V. SUMMARY AND CONCLUSIONS

In this work, we have calculated the sound velocity in the
homogeneous as well as inhomogeneous Fermi superfluid
along the BEC-BCS crossover. The sound velocity in the
inhomogeneous Fermi superfluid can be measured by ob-
serving the sound pulse propagation along the symmetry
axis, similar to the experiment by Andrews et al. �33� for
weakly interacting BEC’s. The hydrodynamic description
presented in this work enables us to produce correctly all
low-energy multibranch Bogoliubov spectra by including the
coupling of the axial mode with the radial modes within the
same angular momentum sector. An analytic expression for
the effective mass of the breathing-mode spectrum is ob-
tained. Due to the axial symmetry, the modes having zero
angular momentum can be excited in the Bragg scattering
experiment. Particularly, the spectra for the phonon and
monopole modes in the different regimes can be observed in
the Bragg scattering experiments as these spectra are ob-
served in Ref. �26� for weakly interacting BEC’s. By mea-
suring the sound velocity in the pulse propagation experi-
ment and by observing the low-energy Bogoliubov spectrum
in the Bragg spectroscopy, one can make a clear identifica-
tion of various superfluid regimes along the BEC-BCS
crossover.
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