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SOME METRIC INVARIANTS OF SPHERES AND
ALEXANDROV SPACES 1

NoBuyuki SOCHI

ABSTRACT. A metric invariant ay, is defined, and we have that ax(X) <
ar(S™) holds in an Alexandrov space X with curvature > 1. And the
borderline case when a3(X) = a3(S™) and ax(S*) are studied.

1. INTRODUCTION

The purpose of this paper is to study the behavior of some metric in-
variants on spheres and Alexandrov spaces. Let X be a compact metric
space, where the distance between z,y € X will be denoted by dist(z,y).
Then the metric invariants, e.g., the diameter diamX = max, yex dist(x,y),
the radius radX = mingex maxyex dist(x,y) played an important role in
Riemannian Alexandrov geometry([G-P1],[B-G-P]). Now, S.Shteingold in-
troduced the notion of k-covering radius covp X = ming, ., ex MaXzex
min;= .. rdist(z;,z) and studied its behavior in Alexandrov spaces with
curvature > 1([S]). Here we introduce the following metric invariant aj(X)
related to the k-covering radius.

Definition 1.1. For a positive integer k, we define the metric invariant
ar(X) of X as follows:

L
(1.1) ap(X) = xl,.r.?gicfex max zz; dist(z;, ).

Note that a1 (X) = ming, e x max,ex dist(z1, z) is nothing but the radius
of X, and we have a;(X) > ap(X) > covg(X).

We want to study ax(X) in an Alexandrov space X with curvature > 1,
and begin with the case of the n-dimensional unit sphere S™ of constant
curvature 1 as the model space. We have as our first result for S’ the
following theorem.

Theorem 1.1. (1) For k =2p — 1, we have

2p —2p+ 1
1.2 hy_ 2
ar(SY) is realized if and only if a configuration (x1,--- ,x1) of k points is

equally spaced in S, and max e g1(1/k) Zle dist(x,x;) is attained exactly
at the antipodal points of x;(1 < i < k).
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(2) For k = 2p, we have
1
(1.3) ar(SY) = 3™
ar(SY) is realized if and only if a configuration of k points consists of pairs

of antipodal points, and in the case we have (1/k) Zle dist(z,x;) = 7/2.

In case of S™ of general dimension, we give the following theorems in this

paper.
Theorem 1.2.

5
(1.4) az(S") = az(S') = g™

where a3(S™) is realized if and only if 3 points are equally spaced on a great
circle, and max,egn(1/3) Z?:l dist(x,x;) is attained exactly at the antipodal
points of z;(1 <1i < 3).

Theorem 1.3. For k = 2p, we have

1
(1.5) ap(S") = PLE
Moreover, a(S™) is realized if and only if a configuration of k points consists
of pairs of the antipodal points, and in the case we have (1/k) Zle dist(x, x;)
= 7/2. We say that this configuration is symmetric.

For k = 2p — 1, we conjecture that

2p% —2p+1
1. ") = ap(SY) = S
holds, where agp_1(S™) is realized if and only if a configuration (z1, - - -, 2p—1)

of 2p—1 points is equally spaced in a great circle St of S*, and max e gn (1/k)-
Zle dist(x,x;) is attained exactly at the antipodal points of z;(1 < i < k).

Next we will explain Alexandrov spaces([B-G-P]). Alexandrov spaces are
finite-dimensional, locally compact, and complete intrinsic metric spaces
with a lower curvature bound in the local triangle sense. Let (X, dist) be an
Alexandrov space. A geodesic or a segment is a curve whose length is equal
to the distance between its ends. In a locally compact complete space with
intrinsic metric any two points can be joined by a geodesic, which is not
necessarily a unique segment. A collection of three points p,q,r € X and
three geodesics pq, qr, rp is called a geodesic triangle Apgr. We associate a
geodesic triangle qur = Apqr on the k-plane M ,3 with vertices p, ¢, 7 and
sides of lengths dist(p, §) = dist(p, q), dist(q,7) = dist(q,r), and dist(7,p) =
dist(r,p), where a k-plane is a 2-dimensional complete simply-connected
Riemannian manifold of constant sectional curvature k.
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The most basic tool in Alexandrov geometry is the following Toponogov
comparison theorem([B-G-P],[G-W]).

Let X be an n(> 2)-dimensional Alexandrov space with curvature > k.
Then we have the following comparison theorems:
(1) For any triple (p1,p2,ps3) in X, there is a unique (up to isometry) triple
(P1, P2, P3) in M with dist(p;, p;) = dist(p;, p;)(i,7 = 1,2,3). For a segment
pop3:[0, dist(pa, p3)] — X and a segment pops in M7, we have

(1.7) dist(pl,p2p3<t)) > diSt(ﬁl,ﬁQﬁg(t))(O <t < d’ist(pz,p;;)).

(2) If equality holds in (1.7) for some 0 < to < dist(pa,p3) and ¢, is a
segment from p; to paps(to), then ¢ (s),0 < s < dist(p1, p2ps(to)), is joined
to p2 and ps by unique segments. Moreover, these segments, together with
their limit segments from p; to py and ps, form a surface which has totally
geodesic interior and which is isometric to the triangular surface in M ,3 with
vertices p1, p2, P3-

(3) For any hinge (p1p2, p1p3) in X with 0 < <((p1p2, p1p3) < m, we have

(1.8) dist(pg,pg) < dist(ﬁg,ﬁ;;),

where (p1P2, p1P3) is the corresponding hinge in M7 satisfying dist(p1, p;) =
dist(p1,pi)(i = 2,3), and <(p1p2, p1p3) = <(P1P2, P1Ps3)-

(4) If equality holds in (1.8), then (pip2,p1p3) spans a surface which has
totally geodesic interior and is isometric to the triangular surface in M,?
spanned by (p1p2, p1p3). In fact, any such surface is determined uniquely by
a segment in X between interior points of the segments pips and pips.

We also use the generalized Toponogov comparison theorem for quasi-
geodesics([Pe]). First we explain quasigeodesics. A curve 7 in M7 is called
(locally) convex at the point 7(t) with respect to p € M7 if there exists
€ > 0 such that the following triangle is convex. The sides of this triangle
are the curve 7(t) ["< and the two segments (¢t — &)p and F(t + €)p. Let
v : [a,b] — X be a curve in X. For p € X, a curve 7 : [a,b] — M}
is called an unfolding of v with respect to p if the following conditions are
satisfied:

1) 7(t) is parameterized by arc length,
2) there exists p € M7 such that dist(3(t),p) = dist(v(t),p) for every t,
3) the direction from p to 4(t) turns monotonically with increasing t.
A curve v in X is called k-convex if for all p € X there exists a curve 4 in
M ,? that satisfies the following conditions:

1) 4 is an unfolding of v with respect to p,
2) 4 is a locally convex curve with respect to p at all §(¢) such that

dist(p,y(t)) < w(k).
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In the above we set 7(k)=n/Vk for k > 0 and 7(k)=oc for k < 0.

Then a k-convex curve v : [a,b] — X parameterized by arc length is
called a k-quasigeodesic, or simply quasigeodesic. We can take a quasi-
geodesic emanating from p in any direction v. Let 7y : [a,b] — X be a quasi-
geodesic. Then for any p € X and ¢y € [a, b] the angle <(y(t0)v(t), v(to)p) is

—_—

nonincreasing in ¢(t > to), where <(7(to)v(t), v(to)p) = <(v(to)¥(t), v(t0)p)
is the corresponding angle of the model triangle A*py(to)vy(t) in M,? with
sides of lengths dist(p,y(to)),dist(p,y(t)), and t — to.

From this property of quasigeodesics we have the following Generalized
Toponogov comparison theorem ([Pe]):

Let X be an n(> 2)-dimensional Alexandrov space with curvature > k,
and let v : [0,f] — X be a quasigeodesic. For p € X and ¢ty € [0,¢], take
a geodesic triangle A*y(to)y(t)p in M} that denotes a triangle with sides
Y ito,5 P (to), py(t), corresponding to the triangle A*vy(to)v(t)p, satisfying
dist(p,v(to)) = dist(p,7(t0)), L(vlto)) = dist(v(to),¥(t)) = t — to, and
dist(p,~(t)) = dist(p,(t)). In the above we denote by L(7|y, ) the length
of a curve 7|, 4. Then we have

—~—— —  —~—

(1.9) LVito,11, Y(0)p) = (v (to)¥(2), v (t0)P),

where the angle <(+] 4, 7(t0)p) = limy o (3(to)(£), 7(to)p). Now for any

—_—~

hinge (7,4, 7(to)p) in X, take the corresponding hinge (v(t0)q,v(to)p) in

— —

M]? such that L(7|[to,t]) = diSt(’Y(tO)7 q~) =t—to, diSt(W(tU)ap) = diSt(’y(tO)aﬁ)?

—_—~

and <(7|[1,1, 7(to)p) = <(v(t0)q, ¥(t0)p)-
Then we have from (1.9)

(1.10) dist(y(t),p) < dist(q,p).

By using this property of quasigeodesics, i.e., the generalized Toponogov
comparison theorem, we get the following theorem.

Theorem 1.4. Let X be an n-dimensional Alexandrov space with curvature
> 1, then we have

(1.11) ar(X) < ap(S™).
Especially we have

(1.12) azp(X) < agy(S™) = =

Next we explain the notion of the spherical suspension([B-G-P]).

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 46/iss1/31
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Definition 1.2. The spherical suspension of a metric spaceY is the quotient
space

(1.13) Y=Y x[0,7]/~,
1

where the equivalence relation ~ is given by

Ty =22, 0<a; =a9 <mor

(1.14) (.%1,@1) ~ (3)2,&2) = {
ay=azx=00ra =ay=m,

and is equipped with the canonical metric
(1.15) cos dist(Z1,&9) = cosaj cosag + sin aj sin ag cos dist(z1, x2),
where we set &1 = (x1,a1), T2 = (x2,a2).

Further we define >, Y =53, (3>, Y) to be a k-times repeated spheri-
cal suspension. Then for an Alexandrov space X we have X =), Y if and
only if S~ is isometrically embedded in X.

Now we ask what happens when equality holds in (1.11). If £ = 1 this
means that radX = 7 and X is isometric to S™. We want to know whether
an Alexandrov space X admits a similar structure to S™ if equality holds
in (1.11) for general k. By using the generalized Toponogov comparison
theorem we get the following theorem for the case of k = 3. We also give a
partial result for & = 2(see proposition 4.1).

Theorem 1.5. Let X be an n-dimensional Alexandrov space with curvature
> 1. Suppose az(X) = az(S™) = 57/9. Then we have diamX = w. If
n=dim X > 2 then X =Y, Z, where Z is an (n—1)-dimensional Alexandrov
space with curvatureZ > 1.

2. PROOF OoF THEOREM1.1

In this section we are concerned with a(S'). A k-tuple (x1,--- , ) of
points z;(i = 1,--- ,k) of S! located in counterclockwise order is called a
configuration, where each z; is called a vertex of the configuration. The
antipodal point of x € S' will be denoted by Z.

Now for a configuration (x1,--- ,x) we set
k
(2.1) Forpm (@) = dist(x,x;).
i=1

Considering S* as the unit circle in R?, we take the angle measure t = t(x)
of radius Ox as the coordinate of x € S'. Then we may write

(2.2) dist(z,x;) = {

‘t—ti| if0§|t—ti‘§ﬂ',
2r— |t —t; | fw <[t —t; |<2m,
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FIGURE 1

where we set t = t(x),t; = t(x;). Hence fi(z) := dist(z,z;) is smooth

except for z; and Z;, and the gradient vector V f;(z)(x # z;,Z;) is a unit
tangent vector to the minimal circle arc of S* from x to x;. f; assumes the
maximum 7(resp., minimum 0) at z;(resp., x;) and its graph is a polyg-
onal line with gradient £1. Now for a configuration (z1,---,zy), f(z) =
Zle dist(z,x;) is smooth except for x;,z;(i = 1,--- ,k) and its graph is
a polygonal line([figurel]). As x passes through a vertex x;(resp.,z;), the
gradient of the graph of f(x) increases (resp., decreases) by 2. Then we
easily see that f(x) is constant if and only if the configuration consists of
pairs of antipodal points.

Lemma 2.1. We have for any x € S*

(2.3) f(x) + f(z) = k.
Proof. For any fixed vertex x; we have dist(x,x;)+ dist(Z,x;)=n for any
x € St. Then (2.3) follows by taking sum with respect to i. O

First we will prove Theorem 1.1 for odd k = 2p—1 by induction. If p =1,
we have maz,cq1 f(x) = m for any (x1). We assume that (1.2) holds for
k = 2p — 3. Suppose a configuration (x1,--- ,x), k = 2p — 1 is given.

Lemma 2.2. f(z) assumes a mazimal value at the antipodal T; of a vertex
x;. Then f(x) assumes a minimal value at the verter x;.

Proof. First we show that f(z) cannot assume an extremal value at x(#
xi,Z;)(i = 1,--- k). Indeed, otherwise we have Vf(z) = 0, since f is
smooth at z. On the other hand we have Vf(z) = Zle Vfi(x), filx) =

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 46/iss1/31
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dist(x,z;), where V f;(x) are unit vectors of R = T,,(S'). Then Zle Vfi(x)
# 0, because k is odd. This also implies that the gradient of the graph of
f(z) at x(# x;,%;) is an odd integer, and that f(z) is not locally constant.
Now the graph of the gradient of f(z) is a polygonal line and the gradient
of the graph changes the sign from plus to minus at a maximal point. Hence
f may assume a maximal value only at the antipodal Z; of some vertex x;.
From Lemma 2.1 f assumes a minimal value at the vertex ;. ([

In case of k = 2p — 1, we say that the polygonal line ,which is the graph
of f, forms a peak(resp., trough) at z;(resp., ;) when f assumes a maximal
value(resp., minimal value) at Z;(resp., x;).

Lemma 2.3. For a given configuration (x1,--- ,x%), k = 2p — 1, suppose
that vertices differ from one another and that the antipodal of any vertex
is not a vertex of the configuration. If f assumes the minimum value at a
verter x; and therefore the mazrimum value at T;, then around the peak at T;
and the trough at x; the graph of f consists of two segments whose gradients
are 1 and —1.

Proof. The gradient of the polygonal lines, which is the graph of f, is an odd
integer, and changes the sign at z;(resp.,z;) and decrease (resp., increase)
by 2 because of the assumptions. O

Lemma 2.4. When there is a verter x; whose antipodal point T; is a vertex
(2p® —2p+1)7
2p—1
which is the mazimum of f(x) determined by the configuration whose vertices

are equally spaced.

of the configuration, the mazimum value of f(x) is larger than

Proof. Suppose xz; = Z;(1 < 4,5 < 2p — 1,49 # j). Then for any z, we

have dist(z, z;) + dist(z, x;) = 7 and f(z) =7+ ), ; dist(z, xg). By the
induction assumption we have

2(p—1)2—2(p—1)—|—1ﬂ_

MAT g1 Z dist(z,xp) >

K =3
It follows that
2p—1)*—2(p—1)+1
max{7 + Z dist(z,z)} > 7+ (p=1) (p=1)+ s
zest = 2p— 3
(2.4) k#i,j
_2pP—dp+2 - 2p? —2p+1
T -3 % — 1
O
Recall that for a given configuration (z1,--- , k) vertices x; are counter-

clockwise arranged. If x;; # z;(I > 0) we write x; < x;4, and x; < x < T4y
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FIGURE 2

means that x is contained in the arc from z; to x;4; in S1. Here we show
that the maximum value of f can be made smaller by moving the overlapped
vertices.

Lemma 2.5. Ifdist(x;,x;)(i < j) increases, the mazimum value of the sum
dist(x,x;) + dist(z,x;) decreases.

Proof. The sum of the gradients of the graphs of dist(z, z;) and dist(x, x;) is
0 for x; <a < xj or Z; < x < zj. The sum dist(z, z;) + dist(x,x;) assumes
the maximum value which is equal to 2w — dist(x;, ;) for z; <z < Z; and
assumes the minimum value which is equal to dist(x;, x;) for z; < z < z;.
Therefore if dist(z;,z;)(i < j) increases, the maximum value of the sum
dist(x, x;) + dist(z,z;) decreases([figure 2]). O

Lemma 2.6. When vertices x;,z; in S are moved equally in the opposite
directions, the sum dist(x,x;) +dist(z,z;) assumes the same value indepen-
dent of the position of x;,x; for Z; <z <x; or Z; > v > x;.

Proof. When vertices x;,z; are moved equally in the opposite directions
for z; < o < x; or Z; > x > x;,the increase(resp.,decrease) of dist(x, ;)
is equal to the decrease(resp.,increase) of dist(x,x;) for z; < = < z; or
z; > x > x;.Therefore the sum dist(z,z;) + dist(x,x;) assumes the same
value independent of the position of vertices z;,z; for z; < x < x; or

Lemma 2.7. When vertices overlap, the mazximum value cannot be made
greater by moving the overlapped vertices.
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Proof. First suppose that the maximum value of f(z) is realized at the an-
tipodal point of overlapped vertices. From Lemma 2.5,2.6 the maximum
value is made smaller by moving the overlapped points equally in the differ-
ent directions slightly. If the maximum value of f(x) is realized at a point
different from the antipodal point of the overlapped vertices, the maximum
value is kept constant by moving the overlapped points in the same manner
as Lemma 2.5, 2.6. ]

In the following we consider the case where k(= 2p — 1) vertices are
different from one another, and there is no vertex whose antipodal point is
a vertex.

Lemma 2.8. Suppose a minimum of f(x) is assumed at x;, and conse-
quently a mazimum of f(x) is assumed at T;. Then we have

(2.5) Tpti—1 < Tj < Tpti,
where p+ 1, p+1— 1 are counted modulo k.

Proof. Suppose x,1; < Z; or xp+; = T;. Then the gradient of the polygonal
line f(x) at the left side of Z; is greater than or equal to (p+1)—(p—2) = 3.
From Lemma 2.3 it contradicts that the gradient of polygonal line f(z) at
the left side of @; is 1. Next suppose Zp4i—1 > Z; or Zp4;—1 = Z;. Then the
gradient of polygonal line f(x) at the right side of Z; is greater than or equal
to (p+1) — (p—2) = 3. From Lemma 2.3 it contradicts that the gradient
of a polygonal line f(x) at the right side of z; is 1. O

In case of k = 2p — 1, the configuration (z1,--- ,xy) of k points on St is
called balanced, if we have z; < ¥}, < x;41 for any i, where 7 +p is counted
modulo k. For a balanced configuration (x1,---,xg), the gradient of the
graph of f(x) = fz, ... 2, () is equal to £1 and there are k peaks where f(x)
assumes maximal values at the antipodal point Z;. The maximum value is
one of the peak values([figure 3]). Now we will show that the configuration
such that the maximum value is minimum is the configuration such that k
points are equally spaced. Indeed, the following lemma 2.9 shows that it
suffices to consider balanced configurations. Finally in Lemma 2.9 we show
the above assertion for the family of balanced configurations.

Lemma 2.9. In case of k = 2p—1, ay, is realized for a balanced configuration.

Proof. We may assume k(= 2p — 1) vertices do not overlap and there are
no vertices whose antipodal points are vertices. When there is no antipodal
point between x; and x;41 for some 4 in an imbalanced configuration, this
configuration is changed into the configuration a vertex of which is antipodal
of a vertex by moving points Z; and Z;y1 equally in opposite directions
till either reaches the most nearby vertex. Then the maximum of f(z) is
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kept constant or made smaller from Lemma 2.5,2.6. From Lemma 2.4 the
(2p®—2p+1)m
T et

maximum of the sum of distance from x is made greater than o1

Therefore ay, is realized for a balanced configuration.

Lemma 2.10. In the family of balanced configurations ay(S") is realized if
and only if k(= 2p — 1) points are equally spaced.

Proof. Let (x1,---,xk), k = 2p — 1, be a balanced configuration and set

Mz, ... 2, = maxXyegt fz,,. 2, (). Then My, .. 5, = maxi<i<k fz,,- 2, (Ti)
by Lemma 2.2. Since (z1,--- ,zk), k = 2p — 1, is balanced, we have
(2.6) T < Tigp < Tjpl < Tigpt1 <+ Tigp—1 < Xy,
(2.7) T < Tigp < Tipl < Tigpt1 <+ Tigp—1 < Tj.
It follows that
p—1
(2.8) f@) = dist(ziyj, Tigjip1) +7
j=1

Then we have

k
(2p = DMz, ooy 2 Y f(@) =2(p — 1)*m+ (2p — D)
1

(2.9) =

= (2p” = 2p+ D),
namely,

2

(2.10) Moy > 2}’21)31)1“
If equality holds in (2.10) we have f(Z1) = f(Z2) = f(;rgp 1) =
(21322_;%1)72 which is equivalent to dist(z1,z2) = d’LSt([L‘g,CEg) =
dist(zi, xip1) = - - = dist(zop—1,21). O
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Next we show Theorem 1.1 for the case of k = 2p. Indeed, Theorem 1.1 for
k = 2p may be generalized to n-dimensional case(Theorem 1.3). However
here we give a detailed proof for S to show the idea. Let (x1,---,x9,)
be a configuration of k(= 2p) points in S!, and set f(x) = fo, .. o, (7) =
Zle dist(x,x;) as before. First note that the gradients of a polygonal line
which is the graph of f are even integers([figure 4]). Indeed, the gradient
vector Vf(z) at x(# x;,7;) is the sum of unit tangent vectors in T,(S*) of
even numbers. From this fact we also see that x(# z;,Z;) is a critical point
of f if and only if there are the same number of vertices on arcs z < Z and
Z < xz. Now for any configuration (x1,--- ,xg,) we have

2
(2.11) / dist(z, x;)dr = 72,
0

and therefore
2

(2.12) (z)dz = 2pr.

0
And for a configuration (z1,--- ,x2,) such that the antipodal point of any
vertex is a vertex of the configuration(i.e., zp1;s = 7;), f(z) = fai, 2, (T)
is equal to a constant pm, we call such a configuration symmetric. For any
configuration (z1,-- -, x2,), we have the following lemma.

Lemma 2.11.

(2.13) My,.... 2y, = MaX fo; ... 2y, () > pT.
zest

(2.14) Mgy e 2, 2= M fo 2 () < prr.
z€S!

Proof. Suppose My, ... z,, < pm, then we have fogw Soroe ey () < 2pm2. Tt
contradicts the assumption. Similarly suppose my, ... ,, > pm, then we have

02” for, e way () > 2pm?. It contradicts the assumption. O

Lemma 2.12. Suppose k = 2p. Then ax(S') = 7/2 and ai,(S") is realized
if and only if a configuration consists of pairs of antipodal points (x;, T;).

Proof. From Lemma 2.11 we have

s
©,T2p Z 57

1
(2.15) ap(St) = % min My, ..

and for a symmetric configuration we have My, ... z,, = Mgy .. 4y, = PT.
Therefore ag,(St) = m/2. To complete the proof of Theorem 1.1 it suffices
to show that a configuration (x1,- - -, wap) with My, .. z,, = pm must be sym-
metric. Indeed, in this case we have My, ... »,, = pm and foh Jr e w0, (T) =
2pm2. Therefore Ja1, 20, (x) = p7 is a constant function and every z € St

Produced by The Berkeley Electronic Press, 2004

11



Mathematical Journal of Okayama University, Vol. 46 [2004], Iss. 1, Art. 31

174 N. SOCHI

X1
X4

X3

X1 X2 X3 X4 X1

FIGURE 4

is a critical point of f;, ... z,,(z). It follows that for any z(# x;,Z;), there
are p vertecies on arcs x < Z and T < x. This happens only for a symmetric
configuration. O

This completes the proof of Theorem 1.1.

3. PROOF OF THEOREM 1.2

Here we will give a proof of az(S™) = 57/9. We begin with the case of
n = 2 considering S? as the unit sphere in R?. Let x1, 2, x3 be points of
52 which are contained in a small or great circle. For given 1, zo, 23 € S?
take a plane II in R containing these there points. Suppose that IT N S? is
a small circle C, and let N be the pole of S™ such that dist(x;, N) is equal
to t(0 <t < 7/2). Set (&) = fuymoas(x) = Yoo, dist(x;, ). We show that

5

(3.1) iréz;}gf(x) > gm

holds. Indeed, assuming that z, 29,23 € C are located in counterclockwise
order and

(3.2) dist(xa,r3) > max{dist(xy,x2),dist(x1,x3)},

take 2} (i = 1,2, 3) on a great circle S parallel to C' which are projections of
x;(1 =1,2,3) by great half circles through N. Then we have

(3.3) dist(x1,x2) + dist(x1, x3) < dist(x), xh) + dist(x], x%)
' < 21 — dist(zh, 2) < 4.
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Now for © = %, the antipodal point of x1, note that dist(xi,2) = m,
dist(zo,x) = 7 — dist(x1,x2), and dist(xs,x) = m — dist(x1,x3). It follows
that

dist(zy,x) + dist(xg, x) + dist(xs, x)
(3.4) =31 — dist(:zl, x2) — dist(x1,x3)
> 3m — 37r = 37'('

Therefore the maximum value of the sum of distances from arbitrary three
points x1, 2, 23 on any small circle exceeds 57/3, that is equal to az(S?).

Next suppose that x1, xo, 3 are on a great circle S arranged in counter-
clockwise order and y is on the same great circle. If x1, x2, x3 are not equally
spaced then from Theorem 1.1 we have

max ffﬂl,ﬂ?2,$3( ) > max fa1,20,23 (z) > 5m/3.
z€S? zeS

So we assume that z1, xo, x3 are equally spaced on S. First we show that the
maximum value of f is assumed at a point of S. Note that any point z € S?
lies on a half great circle v joining a point y € S and the antipodal point g
of y and perpendicular to S. We may assume that 1 < y < x9 on S. Set
l; = dist(x,z;)(i = 1,2,3), t = dist(z,y)(0 < t < 7), and s = dist(x1,y),
where we may assume that 0 < s < 7/3. Then by the cosine formula we
have

(3.5) cosly = costcoss,
2 1

(3.6) cosly = costcos(gw —5)=— costcos(gﬂ + s),
2

(3.7) cosly = costcos(gﬂ +5)=— Costcos(§7r —s).

For a fixed s, [;(i = 1,2,3) are functions of ¢ and we get
(1) +15(t) + I5(t)

. Ccos s cos(§ + s)
=sint

V1 — cos?tcos? s \/1 — cos? t cos?(

(

s)
COS

s
3T
_ 5~ 5)
V/1—cos?tcos?(§ —s)

Now set a = | cost| and

(3.8) g(u) = \/ﬁ'
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Set u; = cos(m/3 + s), ug = cos(w/3 — s), and note that u; + uy = coss
holds. Then for 0 < s < 7/6 noting that

<ff

<u 7<U1+U2<1

(3.9) 0<u <

i

N | —
N | —

~—

we easily have g(uj + ug) > g(u1) + g(uz). It follows that
h(t

) +15(t) +15(t) 2 0
for 0 < s < /6. Next for 7/6 < s < 7/3, noting that

3 1 3
{SUQSL 2§U1+u2§\2[>
we have g(u; + uz) < g(u1) + g(uz2). Therefore we have

(1) +15(t) +15(t) <0

for /6 < s < m/3. Hence l1(t) + l2(t) + I3(t) assumes the maximum value
at t =7 for 0 < s < 7/6 and at t = 0 for 7/6 < s < w/3. Especially for
s = /6, we have [1(t)+12(t)+13(t) = 37/2 < 57/3 and this value is less than
MaX,cg2 fuy agzs(®). It follows that f: 5% — R? assumes the maximum at
a point of the great circle S. Then we have our assertion by Theorem 1.1.
Finally we consider the case of general n > 2. Let x1,x2,x3 € S™ be given.
If 1 = 9 = z then for the antipodal Z of = we have

1

)
(3.11) max fm@z,xs( z) > fmwz@:;(f) >2m > om.
TeST 3

Therefore we may assume that x1, xs, 3 are different. Then z1, x2, 23 are on
either a small or a great circle of some 2-dimensional sphere S2. If they are
on a small sphere then the above argument implies that max,egn f > 57/3.
If they are on a great circle, then for any x € S™ we may assume that
x, 1, T, 3 are contained in some great 2-dimensional sphere S? and the
above argument works. This completes the proof of Theorem 1.2.

4. PROOF OF THEOREM 1.3 AND THEOREM 1.4

First we show that ax(S™) is equal to 7/2 for k = 2p. Suppose

k
(4.1) for20, 2 (T) = Zdist(w,xi),
as before. Then we have
(4'2) ak(Sn) = mln max frlﬂf% LT k(x) = min H f:m@m--wffk Hoo .
T1,T2, , Tk xES™ T1,T2,,Tk
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Set

(4.3) My, . zq, = gé%)é S, zop (x),

(4.4) Mgy e oy = ;relg}l fml,...,mp(:n),

as before. Here we have

(4.5) | Foronrer sy 1= /S ooy (@) = prvol(57).

Suppose My, ... z,, < pm, then we have [g, fo, . 20, (x) < pmvOl(S™). It
contradicts the assumption. Therefore we obtain My, .. 5, > pmw. Next
SUPPOSE Mg, ... 2y, > DT, then we have [q, fo, . 2o, (%) > prvol(S™). It
contradicts the assumption. Therefore we obtain my, ... z,, < pm. Hence

T
HT2p 5’

(4.6) a9y (S™) = ;p min M, .
and for a symmetric configuration(see the statement of Theorem 1.3) we
have My, ... 4y, = Mgy, ... 2o, = p7. Therefore as,(S™) = 7/2. To complete
the proof of this theorem it suffices to show that a configuration (z1,-- - ,z2,)
with My, ... z,, = pm must be symmetric. In this case we have My, ... 4, =
prand [gn foy 20, (x) = prvol(S™). Therefore fy, . 4,, () = pr is a con-
stant function and every x € S™ is a critical point of fi, .. 4, (7). Since
Ja1 20, 20, (T) = DT, [y @, 20, () i smooth. dist(x,z;) is differentiable
at any point except for x; and Z;. If none of points x1,x2,--- , %2, coin-
cides with Z;, fu; 2, s, (%) is not differentiable at ;. It contradicts that
fa1,22, @2, (%) is smooth. It happens only for a symmetric configuration.
This completes the proof of Theorem 1.3.

Now we turn to the proof of Theorem 1.4. Let X be an n-dimensional
Alexandrov space with curvature > 1. First we recall the notion of the expo-
nential map ([G-W],[Pe]). For p € X we denote by S, the space of directions
at p, that is an (n — 1)-dimensional Alexandrov space with curvature > 1.
Note that each v € S), determines a quasigeodesic ¢, : [0, 7] — X emanat-
ing from p with the initial direction v. Then for the spherical suspension
> 1 Sp = Spx[0,7]/ ~, the exponential map exp,, : > ; Sp—(Spx{n})/ ~—
X is defined as follows. For v € S, we denote by ¢,(t) = (¢,v)(0 <t < m),
the corresponding segment in ), S, emanating from the vertex p. Then we
set exp,, &y (t) = cy(t).

Now we show that ax(X) does not exceed ax(S™) by the generalized To-
ponogov comparison theorem. Let Z1,Z2,- -, T be points in S” that real-
izes ar(S™). And take a point p € S™ different from the antipodal points of
Zi(t = 1,--- k). Take a regular point p € X. Then ), S, is isometric to
5™, and we identify >, S, (resp.,Sp) with S™ = Y, S5 (resp.,S5 = S"71).
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Let x; be a point such that exp,, ¢,,(t) = ¢, (t), where ¢,, is a geodesic ema-
nating from p with initial direction v; to z; € >, S5 = S"(i =1,--- ,k) and
cy,; 1s a quasigeodesic emanating from p with initial direction v; to x;. Take
a point g € X such that

?v\»—ﬂ

(4.7) ak($1,-" , L

k k
E zst m a;z = E dist(xg, x;).

Let o : [0 dzst(p, xo)] — X be a minimal geodesic from p to zg, and set
To = expp " (dist(p,0)70(0)). By the generalized Toponogov comparison
theorem for Apx;xo and ApZ;Zo(see (1.10)) we have

(48) dist($0, CCZ) S d’L'St(CE(], CZ',L)
It follows that

k
1
ap(X) < ag(z1, 22, , @ %Z dist(xo, ;)
(4.9) )
% Z dist(To, ;) < ap(Z1, T2, , k) = ap(S").
Therefore we have
(4.10) ap(X) < ar(S™),

and the proof of Theorem 1.4 is complete. By Theorem 1.3 and Theorem
1.4 we obtain ag,(X) < agy(S™) = m/2.

We show that when M is an n-dimensional Riemannian manifold with
some conditions on as(M) and the injective radius, M is isometric to the
unit n-dimensional sphere.

Proposition 4.1. Suppose that M is an n-dimensional Riemannian man-
ifold with curvature > 1. Suppose that ax(M) = w/2 holds and in addition
that the injective radius i(M) of M is greater than w/2. Then M is isometric
to the n-dimensional unit sphere S™.

Proof. Let x1,z2 be a pair of points in M such that diamM = dist(z1, z2).
First we show that

(4.11) dist(zy,x) + dist(xg,x) <7

holds for any point x. Let ; be a minimal geodesic from x; to z(i = 1,2).
Since x7 is critical for the distance function y — dist(x2,y) and z9 is also
critical for the distance function y — dist(z1,y), we may take a minimal
geodesics from x; to z and from 9 to x1, so that we have <(xoz1, o) <
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/2 and <(x129, x12) < /2 for the angle of hinges. Then by the Toponogov
comparison theorem and the cosine formula we obtain

cosdist(xy,x) > cosdist(x, x2) cos dist(za, )

(4.12) + sindist(x1, o) sin dist(ze, z) cos <(x2x1, T2T)
> cosdist(xy,x2) cos dist(xa, x),
and
cos dist(xe,x) > cosdist(xy,xs) cosdist(xy,x)
(4.13) + sindist(x1, x9) sindist(z1, z) cos <(x122, T1T)

> cosdist(xy,x9) cosdist(xy, x).
Adding these inequalities it follows that
dist(x1,x) + dist(xa, x) dist(x1,z) — dist(xe, x)

(4.14) cos 5 cos 5 > 0.
Then we get dist(z1,z) + dist(ze,z) < m, and therefore

m 1 7r
4.1 —=a(M) < = ] ; < —.
(4.15) 5 as(M) < 5 éré%({dzst(wl,a:) + dist(xe,z)} < 5

Hence we can take a point xg € M such that dist(xy1,z¢) + dist(xe,z9) =
7. Further for this © = x¢ equality holds in (4.12),(4.13). Now sup-
pose d(x1,z2) < w. Then we have dist(xi,z9) = dist(xe,z9) = 7/2,
and <(xex1,moxy) = <(x179,7120) = 7/2. Since the injective radius
i(M) > m/2 minimal geodesics 7; from z; to xy are unique, and we show
<(y1(7/2),42(w/2)) = 7. Otherwise we take a point &’ = y1(7/2 + €)(0 <
€ <i(M) —m/2). Then we have by the triangle inequality

dist(xy, ") + dist(xo, 1)
™
= — + e+ dist(zo, 2’
(4.16) 2 (72, 7)
= dist(z1,z0) + dist(zo, ') + dist(z', z3)

> dist(x1,x0) + dist(xg, x2) = 7.

Azgx179 Spans a totally geodesic surface of constant curvature 1. Since
equality holds in the Toponogov comparison theorem, it follows that
dist(x1,x2) = m. Therefore we have diamM = w, and M = S™ by the
maximal diameter theorem. O

Remark 4.1. (1) By adding the condition i(M) > /2 M is not isometric to
the real projective space RP™ or the hemisphere S*. Since as(RP") = 7/2
holds for the real projective space RP™ of constant curvature 1 and n > 2
we need an assumption such that i(M) > 7/2 in Proposition 4.1.

(2) On the other hand, when X is an Alexandrov space such that curvature >
1 and a2(X) = /2, we do not know yet such a structure theorem for X.
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5. PROOF OF THEOREM 1.5

Let X be an n-dimensional Alexandrov space with curvature > 1 and
n > 2. Recall that we have an inequality

(5.1) a5(X) < as(S™) = gw

by Theorem 1.2 and Theorem 1.4. Now in this section we show that X
is isometric to a spherical double suspension ) , Z when equality holds in
(5.1). First we show that X is isometric to a spherical suspension ) ;Y

Lemma 5.1. Let X be an n-dimensional Alexandrov space with curvature
> 1. Suppose a3(X) = az(S™) = 57/9. Then X is isometric to ) ;Y , where
Y is an (n — 1)-dimensional Alexandrov space with curvature > 1.

Proof. We show that diamX is equal to 7.@Q Let Z1, T2, T3 be points in S”
that realize a3(S™). Then the configuration (71, Z2,Z3) is equally spaced on
a great circle S, and take a point p € S” different from the antipodal of
Z;i(i = 1,2,3). Take a regular point p € X. Then ), S, is isometric to S,
and we identify >, S, (resp.,S,) with S™ = >, S5 (resp.,S5 = S"~1). Let
r; be a point exp,, &y, (dist(p, 7)) = cy,(dist(p,;)), where ¢,, is a geodesic
emanating from p with initial direction v; to Z; € >, S5 = S™(i = 1,2,3)
and c¢,, is a quasigeodesic emanating from p with initial direction v; to x; as
in the proof of Theorem 1.4. Take a point zg € X such that

3
1
(5.2) asg(xy, e, x3) 1= meax - Z;dzst x, i) = Zdzst (0, x5).
1=

Let o : [0,dist(p,x9)] — X be a minimal geodesic from p to xo. And
set Tg = expg"(dist(p, 20)70(0)). By the generalized Toponogov comparison
theorem for Apx;xg and ApZ; g, we have for i = 1,2,3

(5.3) dist(xo, z;) < dist(Zo, T;),
and hence
a3(X) < az(wy,22,23) = 3 2?21 dist(zo, x;)
(5.4) < %{ ist(Zo, 1) + dist(ZTo, T2) + dist(Zo, T3)}
< a3(Z1,22,13) = az(S") = az(X).

Therefore for any 7 we obtain
(55) dist(l‘o, ZCZ) = dist(fo, fi),

and a3(S™) = a3(%1,T2,%3) = 1/3 Z?:l dist(Zo, ;). It follows that £y must
be an antipodal point of some Z;, namely,

(5.6) dist(i‘o,f}i) =T,
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and hence

(5.7) dist(xzo, ;) = .

Then diamX = m and X is isometric to ) ; Y by the Toponogov maximal

diameter theorem([G-P2]). O
Next we show that X is isometoric to ) , Z if dimX > 2.

Lemma 5.2. Suppose X = >, Y, where Y is an (n — 1)-dimensional
Alexandrov space with curvature > 1 and diamY < m and n > 2. Let
x1,x2 € X be the pole points of the suspension X =) Y. Then there is no
pair of points whose distance is ™ except for x1,xo.

Proof. Let y1,y2 be points in Y. Set 21 = (y1,t1)(0 < t1 < 7),29 =
(y2,t2)(0 < to < m), where t1,ty is the distance from x; in ) ;Y. Sup-
pose dist(z1, z2) = m. By the definition of the spherical suspension we have
—1 = cosdist(z1, 22)
= cos t cos ty + sin ty sin tg cos dist(y1, y2)
cos(ty + to) + sinty sinto{cos dist(y1,y2) + 1}
—1.

(5.8) .
>

It follows that we have either t; = m,t5 = 0 or t; = 0,t5 = 7. Hence there
is no pair of points whose distance is 7 except for x1, x2. O

Lemma 5.3. Let X be an n-dimensional Alexandrov space with curvature
> 1 and n > 2. Suppose a3(X) = az(S™) =57/9. Then X =) , Z.

Proof. By Lemma 5.1 we may write X = > ;Y. Suppose diamYy < .
In the proof of Lemma 5.1 a point p is an arbitrary regular point. Recall
that regular points are dense in X. If the base point p € X is shifted, the
points x1, x9, x3 that realize az(X) can be moved. Then az(X) is realized by
another pair of points zg, z;(i = 1,2,3) whose distance is equal to 7. This
contradicts Lemma 5.2. Therefore we have diamY =7 and X =), 7. O

By Lemma 5.1,5.3 the proof of Theorem 1.5 is complete.

Remark 5.1. By applying the same argument for k = 2p — 1 we may

show that X is isometric to a spherical suspension if ax(X) = 2’();;%’1);;1%

holds. We also conjecture that X is isometric to Y Y if aa(X) =n/2 and
radX > /2 hold.

After the completion of the present paper we settled the conjecture about
ar(S™) in the introduction. We give a proof and also discuss some results
about Remark 5.1 in a forthcoming paper.
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