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Abstract

From a Minkowski-type metric on R4+ satisfying the Einstein condition, we derive a non-
linear partial differential equation. We obtained a solution for it under certain condition in the
4-dimensional case. Using this solution we shall make a model space on R4 with certain general
connection which admits an interesting exposition for geodesics.
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ON A 4-SPACE WITH CERTAIN GENERAL CONNECTION
RELATED WITH A MINKOWSKI-TYPE METRIC ON R‘i

TOMINOSUKE OTSUKI

ABSTRACT. From a Minkowski-type metric on R? satisfying the Ein-
stein condition, we derive a nonlinear partial differential equation. We
obtained a solution for it under certain condition in the 4-dimensional
case. Using this solution we shall make a model space on R* with certain
general connection which admits an interesting exposition for geodesics.

1. INTRODUCTION

On R} = RM-1 x R, with the canonical coordinates (154« yTn_1,Zn),
Tqn > 0 for n > 3, we consider a Minkowski-type pseudo-Riemannian metric:

1 n-1
(1.1) ds? = (—3:—7‘—)—2 erdr + 72 ;2 haﬁduaduﬁ Pdz,dz, |,
where r = (22 + 23 +---+x22_, )1/2 and 071 p=2 e pdu®duP is the standard-
metric of the unit sphere S"~2 :72 =1 in R*1.
If this metric satisfies the Einstein condition :
R
Rij = —gij-

where R;;,9;; and R are the components of the Ricci tensor, the metric
tensor and scalar curvature of ds?, respectively, then under the rerstriction:

0Q 0P 0
Buq  Bup
Q as function of £ = r/z, and t = z,, satisfies the partial differential
equation:
0? 0%Q 32Q
2 2
(1.2) (2@ - )z P2 (3Q - 2<P)$tam3t + (@ - o)t 2
0
+((2n—9Q - np)a 32 — (n - 4)Q ~ (0~ D)t
55t (2@ - 0e 3t — @ - 200 52 ) +2(n-3)00-Q) = 0
and
1.3 p-_2
(13) Q-
187
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where ¢ is an auxiliary integral free function, and the converse holds by
Theorem 1 in [10].
When n = 4, for the Minkowski manifold MI?* with the metric :

3
1
(1.4) ds? = AL (; dzgdr, — d:n4dx4> ,
the above function ¢(z) becomes 1 — z%. For n = 4 and ¢ = 1 — 2%, (1.2)
becomes
52 2 2
14l 9 _s0- Q o 5 ,0%Q
2Q -1+ 2%z - (3Q -2+ 2%z 66t+(Q 1+z°)t 3
C14g? _Q _2 991,09 0Q

(1.5) +4(Q 1+a:)a:a$+2(l )tat 0 T tat)x

(2(Q -1+ .'1:2).1:‘?9—12 -(@-2+ 2m2)t—3%) +2Q(1-Q)=0.

By Theorem 1 and Theorem 2 in [11], we have two kinds of solutions of
(1.5) as follows :

Type 1. Q =1+ az??, a =constant ;
Type 2. @ depends only on z.

For Q = 1+ az?t? and ¢ = 1 — z2, we obtain easily
1

1.6 =1 2 p=—".
(1.6) @=1+ar, 1+ at?

When a = 0, the metric (1.1) becomes the one of MI%. In this paper, we
shall investigate the properties of geodesics of the space with these ) and
P.

2. A RELATED 4-SPACE WITH THE METRIC (1.1) WITH (1.6)

Using the canonical coordinates (z1,z2,z3,z4) of R, the metric (1.1)
with @, P by (1.6) can be written as

4
(2.1) ds? = Z gijdz;dz;
ij=1

where

T4Ty 1+ ar?

1 aTyT
chz_(&bc_ bc)’ gb4:01
1 b,c=1,2,3,

gaa = _:z:4:r:4(1 + arqzy)’

from which (g*) = (gi;)~! is given by

44

gbc = T4T4 (ch + ambxc) s gb4 =0, ¢ = —z4x4(1l + azqzy).
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Since we have

Ogee a 20T T Ty

= —6pdTc — OdeTp + —————
Ozg  z4z4(1+ ar?) baTe = 0deTb T =77 "5~ |
Ogbe _ 2 9944 _ 0g4s _  2(1+ 2az434)
Oz4 T4 oo Oz To0rg (74)3(1 + azgmg)?’

the Christoffel symbols computed by (2.1) are given by

iy _ I ik (995 |, Ogen  Ogjn
{jh} N 2 Zg (Br;, + 6xj 8:1:k

k
as
2a ATpTcTd
= ged ) 2 (s aTyZcTd
{ic}t = m43:4 ( + 88T z4z4(1 + ar?) ( bed + 7 + ar?
_ | GTpTc 4y _1+a:n4a;4 P aTpT,
= —aZe (6bc 1+ 0.7‘2) 3 {bc} - T4 ( be 1+ ar? )
(2.2)

1
{fe)4} = _;4557 {54} =0, {24} =0,
2(1 + 2a:1:4a:4) _ 1 1+ 2(11‘4334
74)3(1 + ax4z4)? x4 1+ azszg

1
{14} = —§:L'4:1:4(1 + am4x4)(

where we used the Einstein convention for summation. The above Christoffel
symbols are the components of the Levi-Civita affine connection made by
the pseudo-Riemmanian metric (2.1).

Now we consider the affine connection I'y projective to the Levi-Civita
connection with the components :

. . . ) 1
(23) Tin = {ia} + 8pn + 0405, pj = a5§,
which is given in the canonical coordinates (z;) by
(2.4)
_ aTpLe 4 _ l+azgzy ATHTc
be = —QTe <5bc—m), Pbc_—T (5bc— 1+ar2),

1

=0, Tpy=0, T3=0, Tjy=———.
b4 ) b4 44 ’ 44 x4(1+az4z4)

Now, looking over the expression of (2.4), we consider a general connection
T, on R* with components (P;, F;h) by

(2.5) _7 = 13452 PTJ"L = :L'4Pj-h,

which is smooth on the part of R* where 1 + ar? # 0 and 1 + azgz4 # 0.
The concept of general connection was introduced by the present author in
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1960 (see [5] and [7]) and it is now called Otsuki connection. The equations
of a geodesic of the space with the general connection I'; is given by

d2z7 —d:z:J dzh
(2.6) ZP’ Z T =0,

where 7 is the affine parameter with respect to I',. The geodesics of the space
are the same of those of the spaces with I', and the Levi-Civita connection
of (2.1) on R} as the loci of moving points.

3. PROPERTIES OF GEODESICS OF THE 4-SPACE WITH [,

The equations of a geodesic with respect to T, in the canonical coordinates
(z;) are by (2.4) :

2
d'ze dzydzy @ dzo ) ) _
dr? € n dr dr 1+ ar? T ar -
(3.1) d?zy _ 1+azyzy dopdry,  a d:L'b
dr? T4 - dr dr 1+ a'r2
1 dzy
- () _y,
+:c4(1 + az4z4) ( dr )

where 7 is its affine parameter determined within affine transformation. We
shall solve (3.1).
First, setting for simplicity

dzy dxy dzp a 2
_ it ) — A _ B
4= Zdr dr’ bl‘de, G=4 14ar2™ ’

we obtain by means of (3.1)

dA dzy iz, oy
dr 2 dr dr? ; dr (azpG) @

d? z‘b dzb da:b _ 2
Z T3 P gzb(aa:bG)+A—ar G+ A,
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and hence
§=ﬁ+_az__£32_ a 2Bd_B
dr dr  (1+ar?)?2dr l+ar?  dr
2
a 2aB
= 2aB — 9B _(ar? A
a4 G+(1+ar2)2 1+ar2(arG+ )
ar? 2a%B® 2aAB
=2aBG|(1- -
¢ ( 1+ar2> (14+ar?)2 1+ar?

20BG 2aB aB? 20BG ~ 2aBG

“1tarr 1+ar? ( —1+ar2) T 1+4a? 1taerz
from which we obtain

2
dxy d
(3.2) G:Zﬂﬂ-#( fb%) =C,
b b

dr dr 14 ar?

where C is an integral constant.
Next substituting (3.2) into (3.1), we obtain

d’zy

(3.3) e aCzy, =0,
2 1 drs\? l14+a
(34) Cﬁlf; + z4(1 + az4zy) (Eﬁ) - C_—-*—zj—‘lu =0
The solutions of (3.3) are given as follows.
Case 1: aC' >0
(3.5a) (zp) = Vi cosh(rvaC) + Vy sinh(rvaC),
Case 2: aC <0
(3.5b) (zp) = V1 cos(tv/—aC) + Vasin(rv—aC),
Case 3: aC' =0
(3.5¢) (zp) = V1 + 7V3,

where V; and V; are two position vectors in R3. Now, substituting the above
results into (3.2), we obtain for each cases the following relations,
Case 1. Since we have

r? = [V1|2 cosh?(7VaC) + V; - Vasinh(27VaC) + |V,|? sinh?(7vaC)
— %(Wlﬁ + |Va[?) cosh(2rv/aC) + Vi - Vi sinh(27v/aC) + %(|v1|2 — W),

dfl)b dxb
- dr dr

=aC {|V1|2 sinh?(rvaC) + V; - V3 sinh(27vaC) + |V, |? coshz(r\/aC')}

=aC { %(lVll"’ + |V2/?) cosh(27vaC) + V; - V3 sinh(27vaC) + %(—er‘2 + |V2|2)} ,
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and
dl‘b .
Ty~ = aC (Vl cosh(7vaC) + V, smh(T\/aC))

b

. (VI sinh(tvaC) + V; cosh(r\/ﬁ))

=vaC {—;—(WII"’ + |V2]?) sinh(27vaC) + V; - V, cosh(2TVaC)} ,

where V-V, denotes the inner product of V; and V; in R3, (3.2) is equivalent
to

o0 { P41V ) cosh(27VaT) Vi Vs sinb(ar V)4 -V P+l } -]
X [1 +a{ %(|Vl|2 +|V2|?) cosh(27vaC) + V; - V, sinh(27vaC) + %“Vllz _ |V2|2)}]
_ azc{ L (VP + Vaf?)sinh(2rV/aG) + V; - Vs cosh(2r ml}z N
which is reduced to the relation :

(3.6) A(ViP[Val? — (Vi - 12)?) —a(Wi* — [Va]) —1 =10

by means of C # 0.
Case 2. Since we have

r? = V1|2 cos?(1v/=aC) + Vi - Va sin(27v/—aC) + |Va|? sin®(rv—aC)
1

= §(|V1|2 — |V2|?) cos(27v=aC) + V; - Vysin(2rv—aC) + %(lVllz + |V2|?),

dzy doy
; dr dr
= —aC {]Vllz sin?(rv=aC) ~ V, - Va sin(2rv/—aC) + |Va? cosz(T\/—aC)}
= —aC {%(-!Vllz -+ |V2|2) COS(2TV —a(C)

~V1 + Vasin(2rv/—aC) + %(IV,F + |V2|2)}
and

xb% =v-aC (Vl cos(7v —aC) + Vz sin(1v —aC))
b

. (—V1 sin(rv—aC) + V, cos(’r\/—aC))
=v—aC {Vl - Vo cos(27v/—aC) + %(—IVll2 + |V2[?) sin(2r\/—aC)} ,

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/20



Otsuki: On a4-Space with Certain General Connection Related with a

ON A 4-SPACE WITH CERTAIN GENERAL CONNECTION 193

(3.2) is equivalent to
(3.7)
[—aC{ %(—|V1|2+[V2|2) cos(27v —aC)-V;-Va sin(27vV —aC)+%(|Vl |2+|V2|2)}—CJ

X [1 + a{ %(|V1|2 - |V2|2) cos(27v—aC) +V; -V, sin(27v —aC) + %(|V1|2 + |V2|2)H
1 2
+ a%‘{v1 - Vz cos(27v/—aC) + 5(—|Vl|2 + [V2[?) sin(QT\/—aC)} =0,
which is reduced to the relation ;

(3.8) a2 (Vi 2|Ve]2 = (Vi - V2)?) + a(|Vi|? + |V2) + 1 = 0.

Case 3. Since we have

dzy d
2 = [Vi|2 + 27V4 - Va + 72| VA, LI WP,
. dr dr
and
zp—— = V1 - Va + 7]V2|%,
dr

(3.2) is equivalent to

(V]2 = O{1 + a(Vi]? + 27Vi - Vo + 72 1V2 ")} — a(V - Vo + 7|V5[?)?

=(IVal* - C)A + a|Vi[*) — a(V1 - V3)?
+2ar{(|Va® = C)Vi - Va — (Vi - B)|Va[*} + ar?{(|V2* - O)|Va? - |V2|*}

=|Va|? + a([Vi][V2]® = (Vi - V2)*) — C{1 + a(IV|? + 27V1 - V3 + 7% |V3[?)}
=0, ~
that is
(3.9)

Va2 + a(IVi2Val? — (Vi - Va)?) = C{L + a(|Vi|* + 27V4 - Vo + 7%[V2|) }.

Now, we shall solve the differential equation (3.4). First from (3.4) we

obtain
LY ey B B
dr T T+ azazs dr
and
d? ary d’z, ( a a’cyzy dzs\ >
—+/1 = — -2
dr? +azaTa V1+azgzy dr? + VI¥azazs (1 + azazy)’/? dr )

a 1 d:c.; 2
= - —_— c(1
V1+azszy { 1+ arqxy ( dr ) +C(1+ a:z;4.1:4)}

+ a (1@‘_4)
(1 + azyz4)v/1 + azqzq \ dT
=aCV1 + az4z4,
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that is

d2
F\/l + azqry = aCV1 + azyzy.
Therefore, integrating this differential equation we obtain as follows.

Case 1: aC > 0.
(3.10) V1 + azyzq = wy cosh(7vaC) + ws sinh(rvalC),

where w; and wy are integral constants, which implies

1
azT4z4 =§(wrf + w3) cosh(27VaC) + wyw; sinh(27vaC)
(3.11)

1
+ 5(20% - w%) - 1,

which determine x4 as long as its right hand is non-negative. Looking the
expression of (3.11), we search for solutions such that
z4 = A cosh(7vaC) + Az sinh(rvaC)

with constants A, A;. Substituting this into (3.11), we obtain the relations

1 1 1
(3.12) A =-(wi-1), AM==(wi+1), A= -wiws,

a a a
which shows that this setting is admitted only for a > 0 and C > 0 and
w? — w? = 1. Therefore we can put

w; = coshB, ws =sinhg

and
(3.13) T4 = :I:% {sinhﬁcosh(‘r aC) + coshﬁsinh(r\/aC)}
I
= :t% sinh(8 + 7vaC),
where (3 is a constant.
Case 2: aC <0.

(3.14) V1+ azszy = wy cos(tvV —aC) + wy(r7vV—aC),
where w; and wo are integral constants, which implies

(3.15)
aT4T4 = %(w% — w?) cos(27v—aC) + wyws sin(tv—aC) + %(w% + w?) — 1,

which determines z4 as long as ( its right hand side ) /a is non negative. As
in the case 1, we shall search for solutions such that

z4 = A cos(TvV—aC) + Agsin(7v—aC)
with constants A1, Ao. Substituting this into (3.15), we obtain the relations

1 1 1
(3.16) A\ = ;(w% -1), M= E(wg —1), Mk = —wwy,

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/20



Otsuki: On a4-Space with Certain General Connection Related with a

ON A 4-SPACE WITH CERTAIN GENERAL CONNECTION 195

and w? + w? = 1, which shows that this setting is admitted only for a < 0
and C > 0. Therefore we can put

wy; = cosB, wg =sinfP
and

(3.17) Ty ==+

\/1__0 {sin B cos(tv/—aC) — cos B sin(r@)}

= xsin(-f8 + 7V —aC),

where (3 is a constant.
Case 3 : aC = 0.

(3.18) V1+ azszs = wy + Two,

which determine z4 as long as w; + Twy is non negative.

4. THE RANGE OF r ON GEODESICS

We shall investigate the range of r on geodesics of the 4-Space treated in
Section 3 for each case.
Case 1 : aC > 0. In this case, we have

(4.1)
1
r? = %(|v1|2 +|Vaf?) cosh(27vaC) + V1 - Vasinh(27VaC) + (Vi — [Va]*).
Let us define A; > 0 by
A} = (il + [Va?)? = 4(1 - Va)? = (W[ — [V))? + 482,

where 6 is the angle between Vi and V; and S = |V;||V2|sin@. We can take
a real constant 31 such that
_22n-W

V12 + |Va|? .
Ll B . h .
A, Simhb A

cosh B =
Then we have
r? :% {cosh B cosh(2r\/E) + sinh §; sinh(QT\/E)} + %(Wllz - |V2|2)
=21 cosh(2rvaC + B1) + 5 (Vi - P)
Zé(al + W = v2?)

B1
2vaC

and the minimum is attained at 7 = —

by (3.6)

. On the other hand, we have

(Vi V2?2 — (Vi - W)?) —a([VA)? — |V2|?) — 1
=a?S%? —a(IVi* - |Val*) -1 =0,
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from which we obtain
4 4 2\ 2
A = (Vi = V2P’ + (Vi = ) + 5 = (Vi = 2+ 2)
a a? a
and hence

2
(4.2) A = '|V1|2 - |V2|2 + l

a

Thus, we see that

1 2
(43) 2 5 (e -+ 2| e - ).
Case 2 : aC < 0. In this case, we have
(4.4)

1 1
r* = S(Vil* = Val*) cos(2rv=aC) + Vi - Vasin(2rv=aC) + 5 (IVi[* + [Va]?).
Let us define Az > 0 by
AF = (V1] = [Val?)? + 4(Vi - Vo) = ([V1]? + |Vo[%)? — 452

Taking a real constant G, such that

Ak . _ 22V
cos fBo = , , sinfy = A,
we have
A
7 :72 {cos B2 cos(27v —aC) + sin B sin(27v/ —aC’)} + %(|V1|2 +|V2)?)

A 1
:72 cos(27vV—aC — fB2) + §(|V1|2 + |Va|?),

from which we obtain

A 1 A 1
—5 5P+ P <77 < S SVl + [wP).

On the other hand, we have by (3.8)
P(ViPIValP = (Vi - V2)?) + a([Vi* + |Va)?) + 1
=a’S? +a((Vi?+ V2)?) +1 =0,

from which we obtain

2 2 22 , 4 2 2 4 2 2, 2 ?

B3 = (VP + Vo) + (Al + Wal) + =5 = (VP + [P +
and hence
2

(4.5) Ay = |v1|2+|v2|2+5|.
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Thus, we obtain the inequalities

2
Vi® +|Val* +

a

1 1 1
- (VAP + W2 < r2 <=
2 +2(! 15+ |Val®) <7 <35

Vil + [Va|® +

.
(4.6) . a
+ §(|V1|2 +[V2[?).

Arranging these results, we obtain the following theorems.

Theorem 1. For the {-space with the general connection Ty (a = 1/rd),
the range of 7> on a geodesics is given by the following inequality :

0< V1?2 = Vo + 72 < r? < +00.

Proof. If C > 0, then by means of (4.3) we have
> (VAP = [Val? + 278 + WA? = W) < 72 < +oo.
If |V1]? — |V2|? + 272 > 0, this inequality becomes
Vi]2 = [Va|® + 718 <72 < 400
and since the left hand side is the minimum of 72 we have
Vi[? - VAl + 12 > 0.
If |[V1|? = |V2|? + 22 < 0, the above inequality becomes
—'rg < r? < +00,

which is impossible.
If C <0, then by means of (4.6) we have

—rg < <P + Wl + 1,

which is impossible since the minimum —7'3 < 0. O
Theorem 2. For the {-space with the general connection Ty (a = —1/r2),
the range of 2 on a geodesics is given by the following inequalities :

(i) #C >0,

2 <r? < VP + [Vaf2 - 13
or
V1|2 + Vol — 7§ < r? <7,
(i) if C <0,
re <IViP = Va2 — 1} <r? < 400
or

rg <r? < +oo.
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Proof. If C > 0, then we have by means of (4.6)
1 1 1
LA + Val? = 23] + (VAP + VaP%) < 2 <3 VAP + [Val? — 21

+ (P +1Val?)
If V1|2 + [Va|? — 2r§ > 0, this inequality becomes
rg <r? < W+ Vaf? = g
If |V1|2 + |V2|? — 2r2 < 0, this inequality becomes
|V1|2 + |V2]2 - 'rg <r’< 7‘(2,.
If C < 0, then we have by means of (4.3)

1
E(HVIIZ — |V2f? = 2| + Vi~ |V|*) < 7% < +o0.

If |[W1)? — |Va|2 — 272 > 0, this inequality becomes
[Vi]* = Vol = rg <1 < +o0
and r2 < [Vi|? —|Vo|? —r3. If |1|2 = |V2|? — 2r] < 0, this inequality becomes
rg <r? < +oo.
Arranging these arguments we obtain the claime of this theorem. O

Note . For the moving points on geodesics in the 4-space of Theorem 2, the
spherical cylinder r = v in R is an obstruction to pass through.
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