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In [4]. S. Page has proved that a regular ring R is right FPF ( = every
finitery generated faithful right R-module is a generator in the category of
right R-modules) if and only if R is isomorphic to a finite direct product of
full matrix rings over abelian regular self-injective rings.

On the other hand, in [3]. we have characterized a right semihereditary
right FPF-ring R as (1) R is right bounded and right non-singular. (2) For
all positive integer n. nRy has the extending property of modules for L(nR)
( = the lattice of right R-submodules of nRx), (3) For any finitely generated
idempotent right ideal I of R, there exists a central idempotent e of R such
that RI = eR.

If R is a regular ring, by using our characterization, we can easily
seen that R is right FPF if and only if every faithful right R-module, which
is generated at most two elements, is a generator in the category of right
R-modules.

Therefore we are interested in regular rings whose every cyclic faithful
right R-module is a generator in the category of right R-modules.

In this paper, we are concerned with rings whose cyelic faithful modules
are generator.

In section 1, we shall determine the structure of regular rings whose
cyclic faithful modules are generator in the case every non-zero two-sided
ideal contains a non-zere central idempotent.

In section 2. we are concerned with rings whose faithful modules. which
is generated at most two elements, are generator. We shall give a simillar
characterization to non-singular FPF-rings.

0. Preliminaries. Throughout this paper. we assume that R is a ring
with identity and all modules are unitary.

Let M be any R-module. Then we use rg(M ) (resp. 1x(M)) to denote
the right (resp. left) annihilator ideal of M. i.e. ro(M) =!r € R|Mr =0L
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Similary for 1,(M ). and we use Tr,(M) to denote the trace ideal of M.
Further the notation M;(R ) means the ring of n Xn-matrices over R.

Let e be an idempotent of a regular ring R. Then e is said to be
faithful and abelian provided that the right R-module eR is faithful and the
ring eRe is abelian regular, where R is called abelian regular if every
idempotent is central.

If R is a right self-injective regular ring and contains a faithful abelian
idempotent, then R is said to be Type [.

We say that R is biregular if for any idempotent e of R, the two-sided
ideal ReR is generated by a central idempotent, and that R is right bounded
if every essential right ideal contains a non-zero two-sided ideal which is
essential as a right ideal.

1. Regular rings whose cyclic faithful modules are generator. In this
section, we determine the structure of regular rings whose cyclic faithful
modules are generator.

First we prepare some lemmas.

Lemma 1. Let R be a ring. Then the following conditions are equiv-
alent,

(1) R is right FPF.

(2) For any positive integer n, every cyclic faithful right My(R)-
module is a generator in the category of right Ma(R )-modules.

Proof. (1) = (2). It is easily seen since FPF-rings are Morita
equivalent.

(2)=(1). Let M be a finitely generated faithful right R-module.
Then there exists a positive integer n and submodule K of R™ such that
R™/K =M. Now we set T = M,(R) and

ail‘
: |leK.i=1,...,n}.

QAin

ay, Any
s = S Mn(K)

tn Qnn

Then I is a right ideal of M,(R) and I contains no non-zero two-sided ideal
of M,(R), since R"/K is a faithful right R-module. Therefore T/I is
a cyclic faithful right T-module, so T/I is a generator in the category of
right T-modules. We note that 1(J/)T = T. On the other hand, for any
element (ay)?-, € 14(I), we can define a map (an....,am) : R*"/K - R.
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Conversely, for any map f from R?/K to R. we can construct an element

((f)) of 1:{I). Now we have an one to one corespondence Homy(R"/K. R)

with 1,(I). Thus

tn R
VHR(R"/K) =j: f(R"/K) = _Zl(au)( : ) :R.

E€HOMR(RM KR iLJj=

where (a;;) € 1:{I). Therefore M = R"/K is a generator in the category
of right R-modules, so R is right FPF-ring.

The proof of following is essentially due to Professor Y. Hirano. He
simplyfied our original proof.

Lemma 2. Let R be a regular ring. Then the following conditions are
equivalent.

(1) R = IIi-. M,..(S,), where each S; is an abelian regular ring.

(2) R is biregular and has a faithful abelian idempotent.

Proof. (1) =>(2). It is clear that R is biregular and contains a faith-
ful abelian idempotent.

(2) = (3). Let g be a faithful abelian idempotent of R. Then since
R is biregular and gR is a faithful right R-module, RgR = R, so gR is
a generator. Thus R and gRg are Morita equivalent. Let P be a progen-
erator right gRg-module such that R = Endgrg(P). Then by [1; Prop 2.6].
P =K, &...® K,. where each K, is a principal right ideal of gRg. While
since gRg is an abelian regular ring. each K; is a direct summand of gRg as
a ring. Now we refine K; more, we obtain that gRg = K, ®...® K, as
a ring. Hence there exist positive integer n,.....na, such that P = K\ @®...
@® K™ as a gRg-module, In this case. R = II M,.(S;). where each S; is
an abelian regular ring.

Now we can prove the main theorem of this section.

Theorem 1. Let R be a regular ring. Then R has the conditions,
“every cyclic faithful right R-module is a generator in the category of right
R-modules, and every non-zero two-sided ideal contains a non-zero central
idempotent”, if and only if R = R\ X II Mn;(T:), where R, is an abelian

regular ring and each T; is an abelian regular self-injective regular ring
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and n(i) > 2.

Proof. First we assume that every cyclic faithful right R-modules is
a generator in the category of right R-modules, and every non-zero two-sided
ideal contains a non-zero central idempotent. We shall determine the struc-
ture of the maximal right quotient ring @ of R. Let M be a cyclic faithful
right Q-module. We may assume that M = Q/I for some right ideal I of Q.
Set N=R/(RNI)and H=r(RAR NI)). If His not zero. then there
exists a non-zero central idempotent f of R such that fR €I N R. Hence
fQ C I. But in this case. f must be zero since Q/I is faithful, which is

a contradiction. Thus N is faithful. so N generates R,. Hence N" g R
— 0 is exact for some positive integer n. Since maps of N to R lift to
maps of M to Q. we have a R-homomorphism ¢ from M" to Q. while it
is easy to see that ¢ is also a @-homomorphism. Therefore ¢ is a Q-
epimorphism. so M is a generator in the category of right Q-modules. This
shows that @ has also the condition, every cyclic faithful right @-module
is a generator in the category of right @-modules. Next we show that Q is
biregular. Let e be any idempotent element of @ Then ro(eQ) = (1 —£)Q
for some central idempotent 1 —h of Q. Thus eQ@ is a faithful right Q-
module. Note that AQ has also the condition. every cyclic faithful right
hQ@-module is a generator. Hence e® is a generator in the category of right
hQ-modules, so that Tr,.(eQ) = hQ. It is easily seen that QeQ = Tr(eQ)
= TrroleQ) = hQ. Therefore Q is biregular. . In this case. by the same
proof of Proposition 1 of [2]. @ is right bounded. Thus [2, Corollary of
Theorem 2] shows that @ is isomorphic to a finite direct product of full
matrix rings over abelian regular self-injective rings. Next we show that
R is isomorphic to a finite direct product of full matrix rings over abelian
regular rings. To show this assertion, by Lemma 2, it suffices to show
that R is biregular and contains a faithful abelian idempotent element.
Since @ is Type I. Q contains a faithful abelian idempotent e. Set M =
R/{1 —e)Q N R). We claim that M is faithful. Assume not. then there
exists a non-zero central idempotent g of R such that gR C (1 —e)Q N R.
Hence (1 —e)g = g, so eg = 0. But this is impossible since eQ is faith-
ful. Thus M is faithful, as claimed. Now M generates Ry. Note that
1:((1 —e)Q N R)R = R. Therefore there exist a; € 1,((1 —e)@ N R)
and r; € R such that 2.0, a;r; = 1. We can write that 2,i~, Ra; = Re' for
some idempotent e of R. Then Re' is faithful and Re' C 1,({1 —e)@ N R).
Since 1,((1 —e)@ N R) C Qe, Re' C Qe. hence ¢*R-¢' < eQe. This
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implies that €' is a faithful abelian idempotent of R. Further since ¢'R is
a generator in the category of right R-modules, R is a Morita equivalent to
the abelian regular ring ¢'-R-e'. Since ¢-R-¢ is biregular. we conclude
that R is also biregular. Therefore R is isomorphic to a finite direct product
of full matrix rings over abelian regular rings, i.e. R = IIi-1 Mni(S)).
where each S; is an abelian regular ring. Finally. we assert that each
S; is self-injective if n(i) > 2. To prove this assertion, there is no loss
in assuming that R = M,(S) for some abelian regular ring S.and for some
positive integer n > 2. Then the maximal right quotient ring Q of R is
isomorphic to Mn(Q(S)). where Q(S) is the maximal right quotient ring of
S. Let w be any element of Q(S) and let e = (e;;) € Q such that e;, =1
and e;; = w and e;; =1 if i » 3, and e;; =0 otherwise. e is a faithful
idempotent of Q. We set M = R/(eQ N R). We show that M is faithful.
If M is not faithful, then there exists a non-zero central idempotent f of R
such that / € eQ N R, so fe = f. While since eQ is faithful, f =1. But
this is impossible since eQ # Q. Therefore M is a generator in the cate-
gory of right R-modules. On the other hand. it is easy to see that e@ N R
={{xy) € R|lxy; €Jforall j =1,...,n, and x;; = wax,; for all j =1,...,
n,and x; € Sforall i =3.4,.... nand j =1,.... n|, where J ={r € S|
ws € St. Let y =(y;) be any element of 1x(eQ N R). Then for any
a €J. ynat+ypwa =0foralli =1.....n. andy; =0 foralli =1.....n
and j =3.,4,....n. Thus yu+y.w =0 for all i =1,....n since J is an
essential right ideal of S. This shows that y,, is in J' =|r € S|rw € S|.
Note that J' is an essential left ideal of S. On the other hand, since
IW{eQ NR)R=R, 2 (—r;w)S+7:S =S for some r, € S. We note
that each r;w is in J'. Hence this implies that J' = S since J' is a two-
sided ideal of S. So w is in S. Concequently, we obtain that Q(S) = S.
Conversely, if R = R, X IIi-1 Mn:(S;), where R, is an abelian regular ring
and each S; is an abelian regular self-injective ring and n(i) > 2. Then
since each one-sided ideal of R, is two-sided, and each idempotént is central,
R, has the desired condition. Further IIi-, M,,(S;) has also the desired
condition by [2. Theorem 2]. Now the proof is complete.

Corollary. Let R be a regular ring whose cyclic faithful modules are
generator. Then the following conditions are equivalent.

(1) R has the condition “every non-zero two-sided ideal contains a non-
zero central idempotent of R”.

(2) The maximal right quotient ring Q of R is right FPF-ring, i.e. Q
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is isomorphic to a finite direct product of full matrix rings over abelian
regular self-injective rings.

Proof. (1) = (2). We havé already shown in the proof of Theorem 1.
(2) = (1). Clearly, Q is of Type I,. Therefore by [2, Theorem 2],
R statisfies the condition of (1).

Without the condition, every non-zero two-sided ideal contains a non-
zero central idempotent, we do not know the structure of regular rings
whose cyclic faithful modules are generator.

However, if R is a prime regular ring, we have the following theorem.

Theorem 2. Let R be a prime regular ring. Then R has the condition,
every cyclic faithful right R-module is a generator in the category of right
R-modules, if and only if R is a simple artinian ring.

Proof. Let x be any non-zero element of R. Then xR = eR for some
idempotent e of R. We consider that R/(1 —e)R. If R/(1 —e)R is not
faithful, then (1 —e)R contains a non-zero two-sided ideal I of R. While
since R is a prime ring, I is essential as a right ideal, so (1 —e)R must
equal to R. Hence eR = 0, which is a contradiction. Thus R/(1 —¢)R =
eR generates R, hence ReR = R. This shows that R is a simple ring.
Next we show that R is right bounded. Let J be an essential right ideal
of R. If R/J is faithful, then R/J generates R,. But this is impossible
since- R is non-singular. Thus J contains a non-zero two-sided ideal, so
R is right bounded. However, since R is a simple ring, R has no proper
non-zero two-sided ideals. Therefore R is a simple artinian. The converse
is clear. Now the proof is complete.

2. Rings whose faithful module, which is generated at most two
elements, are generator. In this section. we consider a ring R which has
the follwing condition,

(*): every faithful right R-module. which is generated at most two
elements, are generator in the category of right R-modules.

In the sequel of this paper. we call this ring R as a ring R with prop-
erty (*).

By Lemma 1. the condition ( *) is equivalent to the condition “every
cyclic faithful right M,(R )-module is a generator in the category of right
M,(R )-modules”.
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Lemma 3. Let R be a right non-singular ring with property (*), and
Q be the maximal right quotient ring of R and let B(R) be the set of all
central idempotents of R. Then B(R) = B(Q).

Proof. Set T = M,(R) and note that M;(Q) is a maximal right quo-

1l e
0 0). Then

it is easy to see that xT is a faithful right T-module, so generates Tr.
Now f be any non-zero element of Hom(xT. T). Since Hom(xT. Y) C

Homy,o{xM.(Q), M(Q)) = M,(Q)x, we can write [ = (Z 3) where a, b

tient ring of T. Let e be any element of B(Q). and let x = (

and ¢. d are elements of M,(Q). Further since f(xT) C T, easy calulation
of matrix shows that a, ¢ € J =|r € R|er €.R}. On the other hand, since
xT generates T;. J(R+eR) = R. Finally. we conclude that J = R since
J is a two-sided ideal of R and e is a central idempotent of Q. Now e is
in R.

In [3]., we have characterized non-singular right FPF-rings. In the
following Proposition, we have a similar characterization on non-singular
rings with property ( *).

Proposition 1. Let R be a right non-singular ring with property ( *)
and Q be the maximal right quotient ring of R. Then R satisfied the
Jollowing conditions.

(i) R is right bounded.

(ii) @ @ Q = Q and Q is flat as a right R-module.

(iii) For any right ideal. which is generated at most iwo elemenis, 1

of R,
Tre(I) @ ri(I) = R (as ideals).

Proof. (i) It is easily seen from the assumption that every cyclic
faithful right R-module is a generator in the category of right R-modules.
Now let J be an essential right ideal of R. If R/J is faithful, then R/J
generates Ry, which is contradiction since R is right non-singular. Thus
re(R/J) = H = 0. In this case, by Lemma 3. there exists a central idem-
potent e of R such that ri(J) = (1 —e)R. Therefore we can apply the
proof of Proposition 1 of [2].

(ii) We can apply the proof of Corollary of [5].
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(iii) Let I be a right ideal, which is generated at most two elements.
Then there exists a central idempotent e of R such that ry(I) = (1 —e)R.
Thus I is faithful right R/(1 —e)R-module, so I generates R/(1 —e)R =
eR.x since eR also is a ring with property (*). We see that Trex(I) = eR.
Note that Tri(I) = Tres(I) = eR. Therefore Try(I) & rx(l) = R.

Corollary 2. Let R be a commutative semiprime ring with property ( *).
Then R is a FPF-ring.

Proof. By Proposition 1, it is easy to see that every right ideal,
which is generated at most two elements, are projective. Therefore, by
Corollary 3 of [3], it suffices to show that for any M € BS(R). R/MR is
a Priifer domain, where BS(R) is the collection of all maximal ideal of
B(R). On the other hand, by [4. Lemma 10]. in order to prove that a do-
main is Priifer, it suffices to show that every ideal, which is generated at
most two elements, are projective. Now let I = aR/M +bR/M be an ideal
of R/M, where a and b are in R. We set ] = aR+bR. Then there exists
a central idempotent e of R such that r(I) = eR. In this case, Tri({(aR +
bR) @ eR) = Try(aR+bR) ® eR = R, by Proposition 1. Thus (aR +bR)
@ eR is a generator in the category of R-modules. IFurther since M is
a maximal ideal of B(R ), e is in M. so I is a homomorphic image of I & eR.
Now T generates R/Myy. hence T is projective.
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