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Nagahara et a.: On extensions of compatible pairs of isomorphisms

ON EXTENSIONS OF COMPATIBLE PAIRS
OF ISOMORPHISMS

TAKASI NAGAHARA, MASAYUKI OHORI
and HisaA0 TOMINAGA

Throughout the present paper, A/B will represent a simple ring ex-
tension, namely, A DB are (Artinian) simple rings with the same 1. In
the previous papers [2], [3], [6], [7] and [8], we studied left locally
finite g¢-Galois extensions. Our principal aim of the present paper is to
give a slight generalization of the content of [2; § 2] according to the same
schedule. As to notations and terminologies used here, we follow in prin-
ciple the previous papers cited above. We shall begin our study with stat-
ing several available results without proof.

1. Available results

In this section, we state without proof several results which will be
needed in § 2. One will find them in [2; §1], [4], [5], [6], [7] and
[8]. At first, we shall recall the definition of g-Galois extensions. For an
arbitrary 7 in R we denote by G(T, A; B) the set of all B-ring isomor-
phisms of T into A whose images are in R. If Hom (,7, ,A)=&(T, 4;
B) Ay for every T R}, then A/B is said to be w-qg-Galois. A w-¢g-Galois
extension over a regular subring is called a ¢-Galois extension.

Proposition 1. Assume that A/B is a left locally finite w-g-Galois
extension. Let A/ R, and B'eR, .

(@) A’ contains a subring U such that U[F] is in R,, for every
finite subset F of A’

(b) If B'&R,,/B' then 8(B", A; B)|B'=®&(B', A;B), Hom (a2 B",
w#A)=Q&(B", A; BYAr and J(G(B", A;B"))={x& B"; xa=x for every «
in ®&(B", A; B")} coincides with B'.

(c) If o isin G(A", A; B) then (ANH)'=A'c'NH.

(d) Let o be in 8(B', A;B)and 9 a subset of &(B', A; B). If
cArC DAL then o=<v for some €9 and veV'.

We consider here the following conditions :

(i) J(S(T,A;B))=B for every TER?,.

(ii) H/B is Golois and &(B", A; B)|B'=&(B', A; B) for every
B"DB' in R,,.

(iii) B is regular and &(B", A;B)|B'=8(B', A; B) for every
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B"DB' in Ry,

(iv) A is B-V-A-irreducible.

(v) Ais A-B-V-irreducible.

(vi) H/B is Galois and [V3(T): H],=[V: Vi(T)]r for every
TeR! .,

(vii) B and H are regular and [VT): H];=[V: V.(T)]z for every
TeR!,.

(viii) H/B is Golois and &(A4’, A; B)| HD®(H/ B)for every A'e R*/H
with [A’: H];<<oo.

By [3; Remark 2] and [6; Th. 2], one will readily obtain the equi-
valence in the first assertion of the next:

Proposition 2. Let A be left locally finite over B.

(@) A/B is g-Galois if and only if any of the following equivalent
conditions is satisfied: (Q1) (i)+(iv), (Q2) (i)+(v), (Q3) (I)+(vii), (Q4)
(ii) + (iv), (Q5) (i1)-+(v), (Q6) (iii)+ (vi), (S7) (iv)+ (viii) and (Q8) (v)+ (viii).
If A/B is q-Galois then A is locally finite and right q-Galois over B.

(b) Let A be Galois over B. Then, A|B is h-Galois if and only if
any of the following equivalent conditions is satisfied: (H1) A/B is q-
Galois, (H2) (iv), (H3) (v), (H4) (vii) and (H5) A/B’' is Golois for every
B'eRl,; His simple, and [VIT): Hl;=[V: VAT)]x for every TER/H
left finite over H. 1f A/B is h-Galois then A]B is locally finite and
right h-Galois.

Proposition 3. Assume that A is outer Golois and left algebraic
over B. Let A' be an intermediate ring of A/B, and 9 a Galois group
of A/B.

(@) A'issimple, AfA' islocally finite, and &(A', A; B)=8|A".

(b) A/B is h-Galois and there exists a 1-1 dual correspondence
between closed subgroups of & and intermediate rings of A|B, in the
usual sense of Galois theory.

(¢) If[A':Bl.<<co then there exists an element a'c A' such that
A'=B[a']l, and there holds 2(D|A")=%{a'D} =[A': B]. Conversely, if
2 (DA< oo then [A': B] < oo,

(@) IFf A'/B is Galois then A' is ®-tnvariant, and conversely.

Proposition 4. Assume that A|B is a left locally finite g-Golois
extension. Let A'eR, and B'e R, ,.

(@) If H' is an intermediate ring of H/B that is Galois over B then
A'[H'] is outer Galois and locally finite over A' and G(A'[HI/AN=
&(H'/ A'MH') by the contraction map.
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(b) [B':BI>[V:V(B)]=[V:VB's)]=[ViB): Hl=[B": BNH],
where c=®&(B', A ; B).

() If A’ is fregular then A]A' is alocally finite q-Galois exten-
sion and O(A", A; B)|A'CS(A', A; B) for every A'e R/ A"

(A If A"D A’ is an fregular subring then &(A", A; B)|A'=
®(A', A; B) and J(®(A", A; AN)=A"

(e) Every (x,)-regular subgroup of O is f-regular.

Finally, we state the following :

Proposition 5. Let A be g-Calois and left locally finite over B, and
[A: H], <R If A'is an arbitrary f-regular intermediate ring of A/B,
then O(A, A;B)=8|A', J(8(AN)=A' and A]A' is a locally finite h-
Galois extension.

2. Extensions of compatible pairs of isomorphisms

In what follows, we assume always that A/B is a left locally finite
g-Galois extension. Let A, be in R, and A, an f-regular intermediate ring
of A/B. If S=A,NA; is a simple ring such that V,(S)=V.(4,) then A,
is said to be annexable to A,. Evidently, A, is annexable to every inter-
mediate ring of H/B (Prop. 3). If A, is annexable to A, then A is g-Galois
and locally finite over the f-regular intermediate ring S (Prop. 4 (c)), and
then, noting that SC A,CV%(S) =S[H], there holds A,=S[AN\H] and
A[A.]=A,TA:NH] is in R (Prop. 4 (a)), If ,=®(A4,, A; B) and 5. &(A4,,
A; B) are compatible, namely, if #,|S=q,|S then we denote by o,V
the (not necessarily single-valued) mapping of A,[A4,] into A defined as
follows ;

(S aai?---afl) gk YoV a,) =
Sk (@Ro)(@e) (i o )ain o) (a8 € A).

For any subset 9, of &(A4, A; B), we set O, VO.={sVao;meE D, and
€9, are compatible}. With those notations, we have the following which
is useful in the subsequent study.

Rroposition 6. Let A,ER be annexable to an f-regular intermedtate
ring A, of A/B. We set A,=A,[A.] and S=A,N A,

(a) G(A,, A;B)=T (A, AN(BG(A, A; B)V G(A, A;B)), where
I'(A,, A) denotes the set of all ving isomorphisms of A, into A.

(b) Let ¢V < bein (A, A;B)V &(A, A;B). If (|AD)V (0:] A
isin I'(A[A:], A) for every A= R, contained in A, then o\l = is in
S&(4,, A; B).

(c) If (Ao, A; B)=8(A, A; B)\V &(A., A; B) then 8(A4, A; B)|A,
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=0(4, A;B), G4y A;A)|A=8(A, A;S) and (A, A; A)| A=
& (A4, A;S).

(d) Assume that &(A, A; B)=0(4;, A; B)V &4, A;B). If&A,
A;B)|S=8(S, A; B) then &(Ay A; B)|A:=8(A, A; B), and conversely.

Proof. (a) If p is in &(A4y, A; B) then p| A& (A, A; B) (Prop. 4
(c)), and then V,(A,0)= V,(A:[4A.NH] p)= V,(Aswp) is simple. Hence,
®(Ap A: B)C®(A, A; B)V®&(A,, A B). Conversely, if #V ¢ is an isomor-
phism then A;s= R and (4A.NH)-CH yield AleV)=A[ANH](cV7)
=(A10)[(A.NH):1= R (Prop. 4 (a)).

(b) This is an easy consequence of (a) and Prop. 1 (a).

(c) If ¢ is in ®(A4;, 4; B) then ¢|S=:|S for some - &4, A; B)
(Prop. 4 (c) and (d)), and then V= ®(A4, A; B) is an extension of .
Conbining this with (a), we obtain at once the first equality. The others
will be almost evident.

(d) Thiscan be proved by the similar method as in (c). Conversely,
by (c) and Prop. 4 (d), we obtain &(A,, A; B)|S=(8G(A,» A; B)|A)|S=
(&(Ap A; B)| A)|S=0(A,, A; B)|S=6(S, A; B).

Lemma 1. Assume [A:H],< R Let A, and A; be f-regular inter-
mediate vings of A/B, and S=A,NA,.

(@) The following conditions are equivalent: (1) Every compatible
pair (op o) (o1 (A, A; B)) has a common extension in B, (2) B(S)=
G(A4:) - B(A4), (2") B(S) =B(A4)-B(4y), (3) B(A4)|A,=8(4: A;S), and
(3) B(4,)| A,=8(41, 4 S).

D) If VAS)=V.(A,) then A, is annexable to A., and so A is k-
Galois and locally finite over S and any of the conditions (1)-(3") in (a)
is equivalent to the following : (4) @(Ai[4.], A; B)=8(A4,, A; B)\V &(A,,
A; B).

Proof. (a) (1) = (2): If & is in G(S) then there exists some :&®(A4,)
such that -|A.=¢|A, Obviously, ¢=(¢-""): and o:'EG(4,). (2)=>(3):
By Prop. 5, &(4: A;S) =O(S)| A:=G(4)S(A) | A, =6(A4,)| 4. (3)=>(1):
Let (o1, 02) be compatible (r,=®(A;, A; B)). By Prop. 5, there exists some
5nE® such that ¢,=:/| A, Since y=e:i'E€G(A4, A4;S)=O(A)] A, y=
| A, with some :&®(A4,), and so s=rcr is an extension requested.

(b) Noting that J(®(A.))=A. by Prop. 5, it follows at once J(&(S))
=S, which means that &(S) is (*,)-regular. Hence, S is f-regular by Prop.
4 (e). Now, the latter assertions are easy by Props. 5 and 6 (a).

The next contains partial extensions of several results obtained in [1]
and [9].
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Proposition 7. Assume [A:H], < X. Let A, and A, be f-regular
intermediate vings of A[B such that V.(S)=V ,(A,), where S=ANA.

(@) If every compatible pair (s, 5.) (e.E&(A,, A; B)) has a common
extension in & then A, islinearly disjoint from A..

(b) Assume that A, islinearly disjoint from A. 1f A'eR/S is
a subring of A, left finite over S then &(S)|A'=0(A,)| A"

() Assume that A, is left finite over S. In order that every com-
patible pair (s, o5) (6. € O(Ar A B)) have a common extension in &, it is
necessary and sufficient that A, be linearly disjoint from A

(d) Let & be the group of all S-ring automorphisms of A.. If J(S)
=S then every compatible pair (s), o,) (e, E&(A:, A; B)) has a common ex-
tension in O,

Proof. By Lemma 1 (b), A is h-Galois and locally finite over the f-
regular intermediate ring S.

(a) Let A’ be an arbitrary intermediate ring of A,/S left finite over
S. Then, by Lemma 1 (a), Hom(s4', sA) = Hom(s4, sA)| A'=8(S)Az| A'=
G(A4,)-G(A4;)Ar| A'=8(A:)Ar| A'CHom(,, A, 4, A)| A', which proves evident-
ly our assertion.

(b) Since A/A, is #-Golois and locally finite (Prop. 5), our assump-
tion yields Hom (sA’, sA)=Hom (,,A.- A, 4 A)| A'= B(A)Ar| A= 2e gaup
(¢]|A"Ap Now, let - be an arbitrary element of &(S). Then, by Prop. 1
(d), «|A'=60| A’ for some sE®(A4,) and vEV(S). Hence, |A'is con-
tained in &(A,)|A', namely, &(S)|A'=G(A,)| A"

(¢) This is an easy consequence of (a), (b) and Lemma 1 (a).

(d) We set A,= A;[A.]. Since SC 4,C Vi(S) and A./S is Galois,
we obtain &(A4,/A,)]| 4,=&=&(A,, A; S) (Props. 3 (d), 4 (a) and 5). Not-
ing that V_(A,)=V.(A,), Props. 3(d) and 5 yield &(4,/A,) =&(A))|A,
whence together with the above it follows &(A4,)] 4.=®(A4,, A;S). Now,
our assertion is immediate by Lemma 1 (a).

Corollary 1. Let A, and A, be intermediate rings of H/B. If one
of the subrings A, and A, is Galois over A,NA. then &(A,[A4,], A; B)=
®(An A B)V (A, A; B).

Proof. By Prop. 1(c), ®(A;, A; B)=B(A, H; B) and &(A,[A4,], A; B)
=@(A,[A.], H; B). Now, our assertion is evident by Props. 3 (a) and 7 (d).

Lemma 2. Let A’ be in R, and H* an intermediate ring of H/B.
If ANH*=A'NH then G(A'[H*],A;B)=8(A", A; B)VSH* A; B)=
&(A'[H**], A; B)V O(H*, A; B) for every intermediate ring H** of
H*] A'NH*,

Proof. Although this was shown in “2], for the sake of completeness,
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we shall give here a shorter proof. Since A/[H**|N\H=H**=(A4'[H**]
NH)NH*= A'[H**INH* by Props. 3 and 4 (a), it suffices to prove that
every oV - in &(A', A: B)V&(H*, A; B) is an isomorphism (Prop. 6 (a)).
By Prop. 4 (a), G(A'[H]/AN|H=8H/A'NH)=8H/A'MNH*), and so
G(H*, A; ANH*)=CH]ANH*)|H*=8(A'(H]/ AN | H*CS(A'[H*], A;
AN |H*(Props. 1 (c) and 3 (a)). Hence, &(H*, A; ANH*)=G(A'[H*], A;
A H* and (A'TH*], A; A)=((1|A)Vp'; o'EG(H*, A; ANH*)}. We
shall prove first our lemma for the case that A’ and H* are finite over B.
Let N* be a @(H/B)-invariant shade of H*, and S* in R, ,/A'[N*]. Then,
r=ro| H* for some -,€®&(N*/B) and +=4¢%| A’ for some +*=&(S*, 4; B)
(Props. 1 (b) and 3). By Props.1 (c¢), 3 (3) and the remark stated at the
beginning of this proof, we obtain G(A'[H*], A; ANe*|H*=8(H* A;
ANH*e*CGH* A; ANH*)z. Since £&(H*, A: AANH*) < o by
Prop. 3, we have G(A'TH*], A; AN |H*=8H*, A; ANH*Dx
Hence, z=<a*=(1|A4)V )\ |H* for some '€ G&H*, A; AANH*),
whence it follows ¢\/-=((1| ANV e*ET'(A'[H*], A). We shall proceed
now in the general case. Let A€ R, be a subring of A', H** an inter-
mediate ring of H*/B with [H**: B]<<oo, and H*' an intermediate
ring of H*/H**[A"MH] with [H* :B]<<e. By Prop. 4 (c), s|A"E
&(A", A B) and |H*"e®(H*', A; B). Since #|A' and <|H*' are com-
patible and A"MH*'=A"MH, the first step implies (¢|A") V (- |H¥*E
S&(A"[H*'], A; B). Hence, we obtain (¢ | A"V (:|H**) = (s|A") V (]
H*)| A" [H**)er (A"[H**], A). Our assertion is therefore a conse-
quence of Prop. 6 (b).

Corollary 2. Let A’ be in R, and H* an intermediate ving of H|B.
If one of the subrings H* and A'MNH is Galois over A'MH* then
G(A'[H*], A; B)=8(A’, A; B)\NG(H*, A; B).

Proof. Let o\/r bein &(A4', A; B)VVO(H*, A; B). Since s|A'NHe
&(A'NH, A; B) by Prop. 4 (c), there holds («| AANH)V:EG(A'NH, A; B)
VE(H*, A; B)=8(A'NH)[H*], A; B) (Cor.1). Moreover, noting that
AN(A'NH)[H*] =A'"NH, we obtain &(A'{H*], A;B)=8(A"',A; B)\V
S((A'NH)[H*], A; B) (Lemma 2). Hence, sV ({(¢]A'/NH)V z) is in
&(A'{H*], A; B) and coincides with V1, and then our assertion is clear
by Prop. 6 (a).

Now, we can prove the following :

Theorem 1. Let A€ R be annexable to an f-regular intermediate
ring A, of A/B. If one of the subrings A. and A\NVi(A,) is Galois over
S=ANA: then &(A4, A; B)=8(A, A; B)VS(A: A; B), 84, A; B)| A=
(‘B(An A; B), 65(1401 A A,) l Alz@(An A, S) and @(An, A; Ax)lA‘.r = &(A.,
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A 3 S)) wllere AozAl [A_:].

Proof. Weset H,=A.N\H. If A,/S is Galois, thensois H,/SNH
(Prop. 1 (c)). On the other hand, if A4,N\V3(S)/S is Galois then G(A;N
Vi(S)/S)=&(V2(S)/S)| A:NV3i(S) by Prop. 3, and so by Pror. 4 (a) @(4A.N
ViS)/S)| ANH=®&H]/SNH)| AN H, whence we obtain (ANH)G(AN
ViS)/S)C(ANVIUS)NH=A,NH, which implies that ANH/SNH is
Galois. Hence, noting that A,NH,=SNH, Cor. 2 yields G(A4, A; B)=
®(A[H.], A:B)=®(A,, A; B)VG(H, A;B). Now, let ¢\ bein &(4,,
A;B)V®&(A,, A;B). Then, sV (:|H,) isin ®&(4s, A; B) and coincides
with ¢\/z. Hence, we obtain our first assertion (Prop. 6 (a)). Accordingly,
the others are valid by Prop. 6 (c).

Lemma 3. Let BER,, 1f s=[B'NH:B] and t=[V:V(B")]
then &(B', A; B)=\Ui., mI7 (direct union) and (T{f;AR=®§=1(TDUAR with
some vy, EV",

Proof. At first, we shall prove @(B’,A;B’ﬂH)=f7|B’. Let B* be
in R,/B', and H*=B*NH. Then, BNH*=B'NH. Hence, by Prop. 1
(b) and the proof of Lemma 2, we have &(B*, A; B)|B'[H¥*]=8(B'[H*],
A; BY={(1|B"V<; -€8(H*, A; BNH*)}. Accordingly, &(B'{H*}, A; B')
={«*|B'[H*], ---, 2% |B'[H*]}, where :¥&8(B*, A; B') and s*=§8(H*,
A; BNH*=[H*: B'NH*] (Prop. 3). Recalling here that [B*:H*]=
[V:Vi(B*)] =[V: ViB**)] (Prop. 4 (b)) and [-}VAg: Azlz=[V: V,
(B*:1)], we readily obtain ®(B*, A: BNH)=6(B* A; BNH*) =i ¥V
(Prop. 1 (b)). It follows therefore &(B', A; BNH)=&(B*, A; BNH)|B'
=Ui*:i"‘VIB’=V|B’ (Prop. 1 (b)), Now, we shall prove our assertion. If
s, p arein &(B’, A;B) and «|B'NH=p|B'N\H then p=¢c¢ with some
eE®(B's, A; (BINH)s). Since (B'NH)e=B'¢MNH (Prop. 1 (c)), the pro-
position stated at the beginning proves ¢=#|B'sc. We have seen thus
&(B', A; B)=\J} oV (direct union), where &(B'N\H, A; B)={eo|B'NH,
v, 0| BNVHY} (Prop. 3). If {vy, = v, }CV* is a right free V.(B's,)-basis
of V (cf. Prop. 4 (b)), then we readily obtain &VAz=3)"%,sdyA4z and
Hom (3B', ;A)=&(B', A; B)Ar=23:,0:0,;Ar. Combining this with s-f=s-
[B': BIN\H) = [B': B] (Prop. 4 (b)), we obtain at once Hom (B, zA)=
@:-1 ®3=1011jijAR-

Proposition 8. Assume that A'ER is Galois over B. Then, &(B’,
A;B)=8(A",A; B)|B'=8(A'/B)V |B' for every B'E R, , contained in A,
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and @(A'/B)V is dense in O(A', A; B) (in the finite topology). In parti-
cular, if A’ contains V then A'|B is h-Galois, &(A'/B) is dense in
&(A", A; B) and G(A, A; B)=G(A', A'; B).

Proof. Obviously, A’/N\H is outer Galois over B and G&(A4'/B)|A'NH
is dense in G(A'\H/B) by Props. 1 (c) and 3. Accordingliy, noting that
A'MH is G(H/B)-invariant (Prop. 3 (d)), we obtain &(B', A; B)|B'NH=
&(B'NH, A; B) =G&H/B)|B'N\H=(G(H/B)| AA/NH)| BNH=8(A'N
H/B)|B'N\H = (&(A'/B)| A'MH)|B'NH=8(A'/B)|B'\H (Props. 1 (b)
and 3). Hence, ®(B', A; B)=8(4’/B)V|B'=®(A', A; B)|B' by Lemma 3
and Prop. 4 (c), and so &(A'/B)V is dense in ®(A’, A; B) by Prop. 1 (a).
Next, assume that A'DV. Since A is B-V-A-irreducible (Prop. 2 (a)),
one will easily see that A’ is B- V-A’-irreducible. Hence, A’/B is k-Calois
by Prop. 2 (b). Now, the latter assertion will be obvious by the former.

Finally, we shall prove the following :

Theorem 1. Let AR be annexable to an f-regular intermediate
ring A, of A/B, A;=A[A.)), and S=ANA.

(@) Assume that one of the subrings A, and ANVHS) is Galois
over S. Tnen, the contraction maps ¢: ¢ —> o|A; of &(A, A; A and
Pi T —> 7| A of &(Ap A A) are 1-1 onto 8(A,, A;S) and 1-1 onto
®(A., A; S), respectively, and J(S(A, A; A))=A. If &A, A;S)| A=
&AL, A S) for every AER/]S contained in A, such that [A;:S];<<oo,
then J(&(4, A; A.))=A..

(b) If A, is Galois over S and contains V.S) then AyN\Vi(S)/S is
outer Galois, A,[/A, is h-Golois and ¢ induces an equivalence between
®&(Ao/ As) and G(A/S).

(¢) If A, and A, are Galois over B and A, contains V that A./B
is h-Galois and ©&(A4,/B)=8(A,/B) V 8(4.NH/B).

(@ If A, and A, are Galois over S and A, contains VS) then
Ao/S is h-Galois and &(A,)S)=®(A,/S)V O(A./S) is equivalent to the direct
product &(A,/S) X B(A,/S).

Proof. (a)By Th. 1, ¢ and + are evidently onto and 1-1. Next, we
shall prove the last part. By Prop. 4 (c), A/S is g-Galois and locally finite.
Hence, A, contains a subring U€ R/ S left finite over S such that U[F]ER
for every finite subset F of A; (Prop. 1{a)). If a is in A,/ A. then we
can find regular intermediate rings A; of A,/S left finite over S such
that a= A,= A;[A4:]. Obviously, A; is annexable to A, and then by
Prop. 1 (b), we have J(®&(A; A; A;)=A. Accordingly, ap'sa for some
p'E®(Ay A; Ay). Since p'|A;=8(A;, A;S) by Prop. 1 (b), our assump-
tion implies that p’|Aj=p|A; for some pE®(A,, A;S). Then, p=pV
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(114, is in G(A, A; A,)(Th. 1) and a p=a((p|A) V (1|4) =ap'+#a,
which means J(®(A, A; A.)) = A.. Finally, the validity of Prop. 4 (d)
enables us to apply a similar argument to prove the remainder.

(b) Since A/S is g-Galois and locally finite, A,NV%(S)/S is Galois
(Props. 1 (c) and 3) and then ¢ is 1-1 and onto &(A4,, A; S) by (a). More-
over, we obtain G4y A;A)={cV(1|A4); ¢€6(4;, 4;5)} (Th. 1) and
&(A;, A;S)=0G(4,, A,;S) (Prop. 8). Hence, we see that an element 7 in
®(Ap A Ay) is an automorphism if and only if sois p|A4,. If AieR/S
is a subring of A, left finite over S then ®&(4;, 4;S)=8(A4;, A;S)| A=
®&(A4,/S)| A(Prop. 8). Hence, for every a= A\ A4. we can find some pe
®&(4,, A; A,) such that p|A,E8(A,/S) and aps~a (cf. the proof of (a)).
Then, pis an automorphism by the above remark, which means that A,/ 4,
is Galois. Hence, A,/A. and A,/S are h-Galois by Props. 4 (c) and 8.
Finally, the equivalence will be easily seen.

(¢) If H,=A.,N\H then A,=S[H,] and A,=A,[H,]. Accordingly,
noting that H,/B is Galois (Prop. 1 (c)), we may assume from the begin-
ning that A, is contained in H. By Th. 1, ®&(4, A;B)=8(4, A;B)V
®&(A4,, A; B). From (A, A; B)=8(H/B)| A.=8(A./B) (Props. 1 (c) and
3) and ®&(A4,, A; B)=0G(A; A:; B) (Prop. 8), it follows then G(A., A: B)
=@®(A4,, A;; B)V (A./B). Hence, p=®(A,, A; B) is an automorphism if
and only if p|A, is an automorphism. Therefore, $=08(A4,/B)V &(A,/B)
is the group of all B-ring automorphisms of A4, Since ®&(A,/B)|Sc &(S,
H;B)=8(A,/B)|S by Props. 1(c) and 3, we have 9|A,=8(A4,/B).
Accordingly, noting that A,/A; is Galois by Prop. 4 (a), we readily see
that J($)=B, namely, A,/B is (Galois and so) A#-Galois (Prop. 8) and =
S&(A4,/B).

(d) Since A/S is g¢-Galois and locally finite, (d) is an easy conse-
quence of (c).
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