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Let T ={T,; t > 0} be a strongly continuous semigroup of positive
linear operators on L(X) = L, (X u), where (X,&,12) is a o-finite measure
space. The semigroup 7 decomposes X into two parts C and D, called
the initially conservative and initially dissipative parts, respectively. It
holds that

(1) T.f =0o0n D for any f&€ L(X) and ¢ > 0,

and that if £ € g, instead of D, satisfies the property (1), then £ C D,
where the inclusion holds up to a set of measure zero. (Throughout this
paper, inclusions and equalities of sets or functions are considered in this
sense.)

The space X has another decomposition into C* and D* by the same
semigroup 7, such that

(2) | 7:(f15) = 0 for any f & Li(X) and ¢ >0,

and that if £ € §, instead of D*, satisfies the property (2), then E C D*,
where 15 denotes the characteristic function of D*.

For the definitions and other characterizations of those decompositions
we refer the reader to [1] in the case of contraction semigroups, and in
the case of more general ones, to [2] and [3], in the latter of which C*
and D* are denoted by P and N respectively.

In this paper we establish some theorems on the inclusion relations
between D and D*, motivated by the statement in [2] that D C D*. If
7, are contractions, that is,

| Tl <1 for any ¢ > 0,

then an inclusion relation between D and D* holds (Theorem 1). But, in
general, there is no relation between them as Theorem 3 shows.

Theorem 1. If T ={Ty:t >0} is a strongly continuous semigroup
of positive contraction operators, then D* C D.

Proof. 1f Tt > 0) are contractions, then it holds that
(3) TAL(C*)) C Li(C*)

87

Produced by The Berkeley Electronic Press, 1983



Mathematical Journal of Okayama University, Vol. 25[1983], Iss. 1, Art. 14

88 H. SUZUKI

by [3, Remark 1], where L,(C*) denotes the subspace consisting of functions
vanishing outside C*. Now, (3) implies together with (2) that

T.f =0 on D* for any f€ L(X) and ¢t >0,
and hence D* C D.

Even in the case of contractions, it does not hold that D = D* in general.

Theorem 2. There exisis a strongly continuous semigroup T =
{T:: t >0} of positive contractions such that D* ¢ D.

Proof. Let T = {T\} be a strongly continuous semigroup of Markovian
operators, that is,

(4) fx Tofdp = L fdu  for any F€ L\(X) and ¢ > 0.

By (2) and (4) we can easily conclude that (D¥*) =0 for Markovian
operators. If in addition (D) > 0 holds for this semigroup 7. then the
theorem will be proved.

Now we assume that X = C for the present Markovian semigroup 7,
and construct, making use of 7, another Markovian semigroup T ={T}
such that the initially dissipative part D determined by 7 has positive
measure.

Step 1.  Definition of the underlving measure space (XF ). Let AEF
have positive measure, and (A,§a.£4) be the measure space defined as Fa4 =
IBNA: BEE) and pa(B) = u(B N A). Now let (X' §F,) be a measure
space isomorphic to (A.Fa.ua) with X N X' = @. By an isomorphism of
two measure spaces A and X', we mean a one-to-one mapping r from A
onto X' such that

I C Fa, and pa(z7'B) = ¢/(B) for any BEF.

We define a o-finine measure space (X x) as

X=XUX,

§={BUB:BEgand B €%}
and for B=BUB € §

HB) = (B)+ ¢ (B).
Step 2. Construction of Markovian operators T, on L(X). Let f

be in L,(X), and define a corresponding f in L(X) as

Flx) = {5(x)+f(rx) ifxeA

(5) 7(x) if xe X\A.
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where f may be any one of versions of the equivalence class.
Now we define T ={7,:1 >0} as

NN A fxe X’

(1)) = {( TAx) i xe€ X =X\X
It is shown as follows that 7 forms a semigroup. Let s,/ >0 and f €
L(X). Now let f and % correspond respectively to 7 and /= T.f as in
(5). Then since i=h= T.f on X, we have

T(T.f) = Tsh = Ts(Tof) = Tsstf on X.

Hence Ts(T.f) = Ts+:f holds.
It is easily shown that 7, are Markovians, and that the initially dissi-
pative part D contains X', which has positive measure.

Without the assumption that 7 is a semigroup of contractions, neither
inclusion D C D* nor D* C D holds in general.

Theorem 3. There exists a strongly continuous semigroup of positive
operators which satisfies
(a) (D) =0 and pw(D*) >0:

and also there exists a strongly cotinuous semigroup of positive operators
which satisfies

(b) (D) >0, (D*) >0 and (D N D*) = 0.

Proof. Let X be the closed unit interval [0, 1], and x the Lebesgue
measure on X. We construct two semigroups 7 = {7,; t = 0} on L(X).
1) For f€ Li(X) and ¢ = 0 we define T, as

e®f(x) if x = [0,1/2)
e®f(x—1/2) if xe[1/2, 1],

where @ is a nonzero constant. Then 7 = {T,; t 2 0} is a semigroup of
positive operators with the norms

|7 £ 2e% (¢ = 0).

We have w(D) = 0, while x(D*) = 1/2, since it holds that for any E C [1/2, 1]
and t 20

(TN = {

0 = 7 = | vz ) = 0.

This semigroup T satisfies the property (a).
2) Next we define T, as
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0 if x1[0,1/3)
(TN = e fllx—1/D+Ax+1/3)) if x&[1/3,2/3)
e f{(x)+ F(x—2/3)} if x=[2/3.1]

Clearly it holds that | 73], £ 2¢% (+ 2 0), D = [0, 1/3) and D* = [1/3, 2/3).
Hence a semigroup with the property (b) is constructed.
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