Mathematical Journal of Okayama
University

Volume 48, Issue 1 2006 Article 13
JANUARY 2006

Note on the Vector-valued Cohomology
Equation f=ho T-h

Shigeru Hasegawa* Ryotaro Sato!

*Shibaura Institute Of Technology
fOkayama University

Copyright (©)2006 by the authors. Mathematical Journal of Okayama University is produced by
The Berkeley Electronic Press (bepress). http://escholarship.lib.okayama-u.ac.jp/mjou



Hasegawa and Sato: Note on the Vector-valued Cohomology Equation f=ho T-h

Math. J. Okayama Univ. 48 (2006), 125-134

NOTE ON THE VECTOR-VALUED COHOMOLOGY
EQUATION f=hoT —h

SHIGERU HASEGAWA AND RyoTARO SATO

ABSTRACT. Let X be a Banach space and T be an ergodic endomor-
phism of a probability measure space (€2, 4, u). Assuming that X is re-
flexive and has a countable (Schauder) basis {e, : n > 1}, we show that
a function f in L,(€2; X), where 1 < p < o0, has the form f =hoT —h
for some h € L,(€;X) if and only if there exists a set A € A with
1(A) > 0 such that liminfn—co(1/n) 327, |Ixa - Iz foTH)|lp < oo
This is a vector-valued generalization of a scalar-valued result due to
Alonso, Hong and Obaya.

1. INTRODUCTION AND THE RESULT

Let (X, || -|x) be a Banach space and (£2,.A, 1) be a probability measure
space. We denote by (L, || - ||z) a Banach space of X-valued strongly meas-
urable functions on (2,4, 1) under pointwise operations. Two functions f
and ¢ in L are not distinguished provided that f(w) = g(w) for almost all
w € ). In this note we assume the following properties:

(a) If w,v € L and |Ju(w)||x < |[v(w)|]|x for almost all w € Q, then
lully, < llollz.

(b) If v is an X-valued strongly measurable function on € and there exists
a function v € L such that ||[v(w)|x < |Ju(w)||x for almost all w € Q, then
ve L.

(¢) If (uy) is a sequence of functions in L such that ||u;(w)|x < [Juz(w)||x
< ... for almost all w € Q, and sup,,> ||un||z < oo, then there exists a
function u € L such that ||u,(w)||x < ||u(w)|/x for almost all w € Q and all
n>1.

(d) If v is an X-valued strongly measurable function on  and u € L is
such that

p{w: o(w)llx > a}) = p{w : u@)lx > a})

for all a € R with a > 0, then v € L and ||v||, = |Jul|L.
It is interesting to note that, besides the usual X-valued L,-spaces
L,(;X) with 1 < p < oo, there are many important Banach spaces
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(L,||-]|z) of X-valued strongly measurable functions on §2 which share prop-
erties (a)—(d). Examples are (X-valued) Orlicz spaces and Lorentz spaces,
etc.

Let T : Q — Q be an endomorphism of (Q, A,u). Thus, if A € A
then T7'A € A and u(T~'A) = p(A). The endomorphism 7 is called an
automorphism of (2, A, n) if T is one-to-one and onto, and T~! is again
an endomorphism of (2, A, ). If there does not exist a set A in A with
T7'A = Aand 0 < u(A) < 1, then T is called ergodic. By property (d)
every endomorphism 7" yields a linear isometry of (L, || - [|z) by the mapping
ur—uol.

Let f be an X-valued strongly measurable function on 2. Define

7j—1
Sof(w): =0, and S;f(w):= Zf(Tkw) for j>1,
k=0

so that the cocycle identity Sjiif(w) = S;jf(w)+ Skf(T?w) holds for every
J, k > 0. The function f is called an (X-valued) coboundary cocycle if
there exists an X-valued strongly measurable function h on € such that
f(w) = h(Tw) — h(w) for almost all w € Q. In this case we have

Sif(w)=hoT(w) —h(w) for almost all w € Q.
Here, if h is in L, then f € L and furthermore
2kl = [lho T + 1Al = 1S5 flle = Ixa-S;fle
for every A € A with p(A) > 0 by properties (b) and (a). Thus we have

RS I
(1) lim inf n; Ixa - S fllL < oo.
The purpose of this note is to prove that the converse implication holds,
under some additional assumptions on X and 7. This may be regarded as
a continuation of the paper [6]. For related topics we refer the reader to [1],
[4] and [5] where scalar-valued functions are considered. (See also [7].) Our
result is the following

Theorem (Cf. Remark 2 of [6]). Assume that X is reflezive and has a
countable (Schauder) basis {e, : n > 1}, and that T is an ergodic endomor-
phism of (0, A, ). Let f be an X-valued strongly measurable function on
Q. If (1) holds for some A € A, with u(A) > 0 and xa - S;f € L for all
j > 1, then there exists h € L such that f =hoT — h.

Remarks. (i) Since every X-valued strongly measurable function on € is
p-almost separably valued, it is immediate that the conclusion of the above
Theorem holds when X is a (not necessarily separable) Hilbert space.
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(ii) It is known (cf. e.g. Singer [8], [9]) that, although many interesting
concrete Banach spaces have countable (Schauder) bases, there are examples
of separable reflexive Banach spaces which do not have countable (Schauder)
bases. Thus one may wonder whether the above Theorem holds, without
assuming the existence of a countable (Schauder) basis of X. The authors
could not prove this, and it seems to us that this is an open problem.

2. PROOF OF THEOREM

Since {e, : n > 1} is a (Schauder) basis of X, for every = € X there exists
a unique sequence {yy(x) : n > 1} of scalars such that

n
(2) lim |z — Z}‘Pj(m)ejHX =0.
]:
Here we may assume without loss of generality (see e.g. Chapter 1 of [8])
that X is a real Banach space, and that ||e,||x = 1 for all n > 1. It is also
known that ¢, € X* for every n > 1. Thus, f(w) can be written uniquely
as

(3) Fw)=> ajwe; =Y i(fw)ej,
=1 j=1

and ap(w) becomes a real-valued measurable function on Q2 for every n > 1.
Let P, : X — X, n > 1, be the projection operators on X defined by

P,z = Zcpj(x)ej (x € X).
j=1

Since lim, . ||z — Ppx|x = 0, it follows from the uniform boundedness
principle that

(4) M i= sup [Pl < oc,
n>1
whence the X-valued functions
(5) falw) == aj(w)ej (= Puf(w)) (n>1,weQ)
=1
satisfy
(6) [faW)llx < M[fw)lx  (n>1, weQ);

and x4 - f € L implies x4 - f, € L for every n > 1, by (6) and property (b).

Here, we introduce a Banach space L of real-valued measurable functions
on Q as follows. Let L be the set of all real-valued measurable functions @
on () such that @ -e; € L, and define

(7) [ullz = [lu- el
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By properties (a)—(d), (L, || - [7) becomes a Banach space under pointwise
operations, and satisfies the following properties:
(A)If 2,7 € L and |t(w)| < |0(w)] for almost all w € €, then ullz < [[v]]5-
(B) If v is a real-valued measurable function on Q and there exists a
function @ € L such that |3(w)| < |@(w)| for almost all w € Q, then ¥ € L.
(C) If (y,) is a sequence of functions in L such that | (w)| < |d2(w)] < ...
for almost all w € Q, and sup,,>1 [|unl/z < 0o, then there exists a function
€ L such that |, (w)] < |@(w)| for almost all w € Q and all n > 1.
(D) If ¥ is a real-valued measurable function on € and @ € L is such that

p{w: o(w)] > a}) = p({w : [u(w)] > a})

for all € R with a > 0, then ¥ € L and 1vll7 = [lu]|5 -
By (5) we have

-1 -1 n n -1
Sifa(w) =) fulTFw) =D a;(Trw)e; = > (Z ajmw)) oF
k=0 k=0 j=1 j=1 \k=0

and since |le1||x = |lej||x = 1, it follows (cf. (d), (3) and properties (b) and
(a)) that

-1
xa(") <Z aj(T"“)>
k=0

L

-1
xa(") (Z aj(Tk')> el
k=0

L

-1
xa(") (Z ©j 0 f(Tk')> €
k=0

-1
40 (z aj<Tk->) .
k=0

L L
-1
< llsll |[cal) (Z f(Tk')> = lleillixat-)Sif ()l
k=0 L
Thus, (1) implies that for each fixed j > 1,
1 m -1
liminf — . (TF.
iminf — % *lxa() (Z%(T )) i
=1 k=0 L
S IS
< llogsl - liminf — > *lxa - Sif|1 < oo.
=1
Since (L, || - |7) is a Banach lattice of equivalence classes of real-valued

measurable functions on 2 satisfying Properties (A)—(D), it then follows
from Theorem 2 of [5] that there exists {; € L such that aj(w) = &;(Tw) —
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g](w) for almost all w € Q. Let g, = 2?21 Ej - ej. Since g] -ej € L by the
definition of L and property (d), it follows that g, € L, and that

frn(w) Zaj w)ej = gn(Tw) — gn(w) for almost all w € Q.

Thus we find
k—1

(8)  fa€L, and Spfa=) faoT' =gnoT*—gy for k>1.
=0

Clearly, by (4)—(6) we have Sy f, = SpPnf = P,Skf, and
(9) 1Sk fn(W)llx < M||Skf(w)x (k,n>1; weqQ).

Since T is ergodic by assumption, we next apply the Birkhoff pointwise
ergodic theorem (see e.g. Chapter 1 of [3]), together with (8) and (9), to
infer that for almost all w € 2

l
.1
[ au Ol i = i 1 2l
k=1

<hm1nf ZHSkfn Mx + llgn(w)lx

o1
< liminf 7 MZ IS4l + llgn (@) x-

To see that [, [|gn(-)||x dp < 00, we first prove that

1
(11) lilminf 7 Z |ISkf(w)]|x < oo  for almost all w € A.

To do this, let

(12) F(w) —hmmf—ZXA NS, f(@)lx,
and
(13) Fp(w) = nlgfn*ZXA )1S5f ()] x-

Then we have
(14) 0< Fo(w) 1 F(w) asn—oo, and F,€L,

where the last property comes from the assumption that x4 - S;f € L for
j > 1 and the definition of L, together with Property (B). Furthermore, we
have
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IFnllz < = 1D xaOlISif()llx
J=1

L
ngHXA OIS Olxllz = ZHXA Sifllz (by (7) and (d),

whence

(15) sup ||Fn||z = lim inf ||FnHZ
n21 n—od

1 n
< liminf — - S by (14 d (1)).
<53 S5/l <oe by (10) and (1)
Using this, together with (14) and Properties (C) and (B), we find
(16) Fel,

which proves that 0 < F(w) < oo for almost all w € €, and this completes
the proof of (11).

Now, from (10), (11) and the assumption pu(A) > 0 we can take w € A
such that

l
.1
[ Ol di < tiping 327 37180 f@)x + lgn()lx < oc.
k=1

This implies that g, € L1(2;X). Then we apply Theorem 4.2.1 of [3] to
infer that the limit

/g\n = lim — Zgn Tk

l—oo [

exists for almost all w € Q. (Inmdentally, we note that, by the ergodicity of
T, we have gn(w) = [, gn(-) dp for almost all w € Q.) Using this and (8),
we can define an X valued strongly measurable function h, on §2 as follows:

l

(17) B (W) _hm—ZSkfn ) = gn(w) — lim Z

k
= gn(w) — gn(w) (for almost all w € Q).
Since g, o T = gy, it follows from (8) that

(18) hnOT_hn:gnoT_gn:fm
and from (9) and (12) that

l
(19)  Ixal@)hn(w)lx < Timint T 3" xa@)Skfa()llx
k=1
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< hmlnf—ZXA WSk f(W)l|x = MF(w),

l—o0

so that, by properties (a), (b), (7) and (16), we have
(20) XA hn €L, and |xa-hallL < M||F|z.

At this point we remark that, by using the argument given on pp. 290—
291 in [5], we may assume without loss of generality that T is an ergodic
automorphism of (Q, A, ). Since Sgfn = hyoT* — h,, for k > 1 by (18) and
fn € L by (8), with this assumption we see that

l !
1 1
jZ”XA Sk falle 4+ lIxa - bnllL = 72 Ixa - (hn o T)||z
k=1 k=1

—_

:7 ”(XAo ) halr (by (4))
k=1

(i)

dp(w) := 1nf—ZXATk (n>1, weN),

m>n 1M

Y

9

L

where, putting

we have by the Birkhoff pointwise ergodic theorem that
(21) 0<di(w)<da(w)<... — u(A)>0 for almost all w € €.
Therefore, from (9) and (20) we see (cf. also properties (a) and (b)) that

l
1
(l ZXA ° T_k> “hay
k=1

l
1
< liminf = - Sy hy,
< liminf 5 > lxa - Sefullz + xa - hallz

(22) liminf ||d; - hy||z < liminf
l—o0 l—o0

L

k=1
1 l
<M <1ilxgigfll; lxa - Skfllz+ IIFHz> ;

and from (21), property (a) and (1) that

sup ||d; - hy ||z = liminf ||d; - hy ||z < oo,
>1 [—00
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and consequently from properties (c), (b) and (21) that u(A)h, € L, and

thus
(23) hn €L (n>1).
For n > 1, we now define a real-valued nonnegative measurable function
P, on ) by
(24) pn(w) := inf ||hy,(w)|x (w e ).
m>n

It follows from (23), property (b), the definition of L, and Property (B) that

pn € L, and d,, - py, € L. Then, as in (22), we can see (cf. (7), property (b),
and (1)) that

liminf ||dy, - pp|lz < liminf||d,, - hy||L < liminf
n—oo n—oo n—oo

1 n
<§ :XAOTk> < hn,
mn
k=1

L

1 n
o TN ~
<M Gﬂ}gf P2 sefl + HF||L> <o

Here, the relation
0 < dn(w)pn(w) < dnt1(W)pptr(w) (n=>1,weQ),

together with Property (A), implies that ||dy, - pull7 < ||dny1-priillz. Hence
we have sup,,> ||dn - pnll; = liminf, o ||dy - pn; < 00; and from Property
(C) there exists @ € L such that dy, (w)p,(w) < #(w) for almost all w € Q and
all n > 1. Using pp(w) < ppt1(w) (cf. (24)), we then find that if { > n > 1,
then dj(w)p;(w) > di(w)pp(w). Therefore, letting n > 1 fixed, we have by

(21) that
(25) pA)pn(w) = lim di(w)pn(w)
< llim dj(w)pi(w) < u(w) for almost all w € .

Lastly, let w € Q be such that p,(w) < u(w)/u(A) < oo for alln > 1. (By

(25) and the fact uw € L we see that the relation p,(w) < u(w)/pu(A) < 0o
holds for almost all w €  and all n > 1.) Then we have

liminf o (@) |x = lim pa(w) < T(w)/u(d) <oo  (cf. (24)).

Since X is a reflexive Banach space by assumption, the closed ball {z € X :
lzllx < (@(w)+1)u(A)~t} is weakly compact, and hence weakly sequentially
compact by Theorem V.6.1 of [2]. Since the set {n > 1 : ||hy(w)|x <
(u(w) + 1)u(A)~t} is infinite, it then follows that there exists h(w) € X
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which is a weak-limit point of a subsequence of the sequence {hy(w) : n > 1}
in X. Using the Schauder basis {e; : j > 1} of X, we write

(2600 Bw) =D ci(wlej, where oi(w) = @i(h(w)  (cf. (2)).
i=1

Here we note, by the definition of h,, (see (17) and (5)), that for almost
all w € Q2 we have

l
hp(w) = llim _Tl Z Sk fn(w) = lliglo _Tl Z F(T™w)
k=

<_hmcpj< Zskfn )—%( <>>>,

where the last equality comes from the fact that ¢; € X*. That is, we have
gotten a sequence {b; : j > 1} of real-valued measurable functions on €2 such
that for almost all w € € and all n > 1, the following equality holds:

1) ) = 3 bywey

Since h(w) = > 72, ¢j(w)e; is a weak-limit point of a subsequence of the
sequence {hy(w) : n > 1}={3"7_;bj(w)e; : n > 1} in X for almost all
w € £, it then follows that

ck(w) = pr(h(w)) = lim pp(hy(w)) = lim ¢y Zb | = bi(w)

n/—oo n/—o00

for almost all w € Q and all £ > 1. Consequently, we conclude that h(w) =
> 521 bj(w)e; for almost all w € Q. That is,

(28)  lm | Zb Wejllx = lim [h(w) ~ hn(w)]x =0
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for almost all w € 2. By this, we may consider h to be an X-valued strongly
measurable function on 2. B

On the other hand, since p(A4) > 0 and w € L, it follows from (25) and
Property (B) that the function

(20)  p(w):= lim p,(w) (= lminf [hy(W)]x) (€ )

belongs to L. Using this and the fact that ||h(w)||x = limy—o |hn(w)|/x =
p(w) for almost all w € €, which comes from (28), we observe (cf. the

definition of L and property (d)) that h € L. Furthermore, by (18) and (5),
we have that h(Tw) — h(w) = limy,— o0 (hn(Tw) — hp(w)) = limy, o0 fr(w) =
lim,, o0 P f(w) = f(w) for almost all w € Q. This completes the proof.

REFERENCES

[1] A.I Alonso, J. Hong and R. Obaya, Absolutely continuous dynamics and real cobound-
ary cocycles in LP-spaces, 0 < p < oo, Studia Math. 138 (2000), 121-134.

[2] N.Dunford and J. T. Schwartz, Linear Operators. Part I: General Theory, Interscience,
New York, 1958.

[3] U. Krengel, Ergodic Theorems, Walter de Gruyter, Berlin, 1985.

[4] R. Sato, A remark on real coboundary cocycles in L™ -space, Proc. Amer. Math. Soc.
131 (2003), 231-233.

[5] R. Sato, On solvability of the cohomology equation in function spaces, Studia Math.
156 (2003), 277-293.

[6] R. Sato, Solvability of the functional equation f = (T —I)h for vector-valued functions,
Collog. Math. 99 (2004), 253-265.

[7] R. Sato, On the range of a closed operator in an Li-space of vector-valued functions,
Comment. Math. Univ. Carolin. 46 (2005), 349-367.

[8] I. Singer, Bases in Banach Spaces I, Springer-Verlag, Berlin, 1970.

[9] L. Singer, Bases in Banach Spaces II, Springer-Verlag, Berlin, 1981.

SHIGERU HASEGAWA
FACULTY OF ENGINEERING
SHIBAURA INSTITUTE OF TECHNOLOGY
SAITAMA, 337-8570 JAPAN

e-mail address: hasegawa@sic.shibaura-it.ac.jp

RYOTARO SATO
DEPARTMENT OF MATHEMATICS
OKAYAMA UNIVERSITY
OKAYAMA, 700-8530 JAPAN

e-mail address: satoryot@math.okayama-u.ac.jp

PRESENT ADDRESS OF RYOTARO SATO:
19-18, HicasHI-HONGO 2-CHOME, MIDORI-KU
YOKOHAMA, 226-0002 JAPAN

(Received May 19, 2005)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 48/iss1/13 10



