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Oshima: Notes on Basic Rings

NOTES ON BASIC RINGS

Masaru OSIMA

Every ring R with minimum condition on left ideals can be com-
pletely described by means of a certain semi-primitive subring S and
a number of positive integers f,,fs, «-: - ,fs. By Brauer (see[6]), S
is called the basic ring of R. In this paper, we shall define the basic
rings for rings with milder condition and prove that the main pro-
perties of basic rings are also valid in our general case (Theorems 1
and 3 below).

1. Let R be an arbitrary ring. An element e of R is called an
idempotent if ¢ = e¢. Two idempotents ¢ and f are called isomorphic
in R if there exist two elements e and & such that @b = ¢ and ba = f.
We write then e = f. This is evidently a reflexive, symmetric, and
transitive relation, by means of which the idempotents are classified
into disjoint classes of isomorphic elements. A class containing an
idempotent ¢ is denoted by C(e). We may assume in the above de-
finition that a € eRf and b€ fRe (see [1]).

Two idempotents ¢ and f are isomorphic if and only if the left
ideals Re and Rf are R-isomorphic. Further if e >~ f, then two sub-
rings eRe and fRf are isomorphic under the mapping x — bxa (x € eRe),
where ¢ = ab, f = ba and a € eRf, D€ fRe.

Lemma 1. Let e=¢, + ¢, + -+ + e, be a decomposition of an
idempotent e into a sum of t orthogonal idempotents e,. Similarly let
f=fH+ ot e + f,. If e, = f, for every i, then e = f.

Proof. Since e; = p.g;. and f, = ¢, p, (p. € e,Rf;, g, € [.Re;), we have
e =pqg and f = qp, where p = >'p, and g = Dg;. _

In what follows we assume that R contains an 1dent1ty 1. Let

n j.(l)
(1) 1 =33 e,

i=1 @=1
be a decomposition of the identity into a sum of orthogonal idem-
potents ¢, , such that all ¢, , with the same first subscript are iso-
morphic and no two ¢, ,’s with different subscripts are isomorphic.
Since e¢;,, >~ ¢,,, there exist two elements ¢, ., € e, ,Re,, and
€, 01 € €;,.Re; , such that
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€,1 = C1C,a1s €a = € ,01Ci 10

)

We may set ¢;,,, = ¢;,,. Further, if we put
(2) Ci,ap = Ci,01Ci,18>

then C,ap€ 6, ,Re, ; and

€0 = CrapCi,pas €;1,8 = €, 0aC; a3
From (2) we have ¢, ., = ¢;,,. We see easily that
(3) Ci,08Cs, 0 = 01505:C; ax +

Hence the ¢, . are matrix units for a fixed 7, and so {c, .5} is called
a set of matrix units corresponding to the decomposition (1). It
follows from e, ,Re; 3 = ¢, ., Rc;, .z that

(4) R = Z.ZQ mRCJ 18

1,8 J,B

If we set ¢;,, =¢, and >¢, = ¢, then eRe is a subring of R with an
identity e. We have from (4)

(5) R = 313¢, mleRe)c;, 4,

t,a j,8

so that every element ¢ in R is expressed uniquely as

(6) ZL& alCy, 12 AC; 85,18 -

'@ J4B

Let R* be a second ring with an identity 1* and let

It

-

M=

(7) I* = > >k

i

a

Il

1

be a decomposition of the identity 1* into a sum of orthogonal idem-
potents ef, such that ef,~e¢f, and ef,xef; if i=7. We set
el . =ef and Slef = e*. Suppose that two rings eRe and e*R¥*e* are
isomorphic under the mapping ¥ — x° (x € eRe) such that ¢! = ¢*. Let
{c*.e} be a set of matrix units corresponding to (7). It is easy to
see that

a = §_, %‘.ci.ml(ci,macj.m)cj,m
& 7,

(8)

A ; ”Ect a1 (€ ,10C5 p))° cf 18
@ .
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gives the isomorphism between R and R*. Moreover we have
¢! .3 = ¢¥ap and @° = @ for every a in eRe.
Now let

(9) 1=_n; €,u

»

be a second decomposition of the identity of R into orthogonal idem-
potents ¢; , such that ¢; ,~ e, , and let {¢/ ..} be a set of matrix
units corresponding to (9). We set ¢/, =¢ and >le = ¢

Lemma 2. R contains a regular element s which satisfies
e¢Re = s'(eRe)s.

Proof. By Lemma l, ¢, = p4q;, ¢, = ¢.p, and e = pq, ¢’ = gp, where
p=>>p and g =>Dl¢q.. Since e¢=e¢, ele and e¢’Re¢ are isomorphic
under the mapping x -» gxp. Hence we see that the mapping

@ = > 26, alC,1.aC;,8)Cs,1p
2 B

- a = 2 32'8(::’.ul(qci,maﬂj,pnp)ct'.ls
i,¢ J,

gives an automorphism of R such that ¢f ,; = ¢/,.s and a* = gap for
every a in eRe. We see that
a’ = (‘2;, €, a6, 10) @ (.’2;01 8105 1p).
If we put s = 3¢, m8c;, s and £ = D3¢ mgCi e, then
J B i,a

st = %J;Cf,mpe}qcf.m
= 2.65,mC5,18 = 3¢, = L
B 3B

Similarly #s =1 and so0 ¢#=s"' Hence a* = s'as. In particular,
qap = s~'as for a in eRe and ¢/ .5 = 57'¢;, uS-

Evidently two idempotents e and #‘et are isomorphic. The con-
verse does not hold generally. But we have from Lemma 2

Lemma 3. Let 1 = i‘, f: be a decomposition of the identity of R
E=1

into a sum of orthogonal idempotents f,. If f,=f., then there exists
a regular element t such that f, = t7f,t.

2. In this section we assume that a ring R with an identity
satisfies the following condition :
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(%) R is decomposed into a direct sum of a finite number of inde-
composable left ideals and this decomposition is unique up to
R-isomorphism.

For instance, if R is a ring with minimum condition on left
ideals and with an identity, then R satisfies the condition (x).
If R satisfies the condition (*), the identity is decomposed into a
sum of a finite number of orthogonal primitive idempotents :
n JO

(10) 1= § E_}Iei,mr

where ¢,,>¢,,, and ¢, ,%¢e, if i3, and this decomposition is
unique up to isomorphism. We put ¢;,, = ¢,.

Lemma 4. The number of classes C(e) of isomorphic idempotents
is finite.

Proof. Let g be an arbitrary idempotent. Then 1 =g + (1 — g),
where g and 1 — g are orthogonal. Hence g is decomposed into a
sum of orthogonal primitive idempotents: g = 3S}g, and this decom-
position is unique up to isomorphism. Moreover every g, is iso-
morphic to one of ¢,. We denote by s. the number of g, which are
isomorphic to ¢;. Then 0 <s, =L f(7). We say that an idempotent g
is of type (S,, Se, =+-++- , 8,), or simply of type (s). Then we see that
two isomorphic idempotents are of same type. The converse is also
true. Hence a (1-1) correspondence between the classes C(g) and
the systems of positive integers (s,, s,, «----- »8), 0s, < f(i)) is es-
tablished. Thus the number of classes Clg) is equal to T(1 + f(i)).

Let C(e) and C(f) be of type (s;) and (¢), and let Cig) and C(h)
be of type (max (s,, #;)) and (min (s;, £)). If we define the join and
the meet of C{e¢) and C(f) by

CleyuC(f) = Clg), ClnCf) = Cy,

then the classes of isomorphic idempotents form a lattice L and the
structure of L is determined by a system of positive integers
(f, f2), - , f(m)).

Let e be an idempotent of type (1,1, :---- ,1). R"=eRe is a sub-
ring of R with an identity e. R° is called the basic ring of R. The
concept of basic ring first appeared in Nakayama [4] p. 617 (see [5]
p. 335 too). The basic ring R° is uniquely determined up to iso-
morphism.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 2/iss2/2



Oshima: Notes on Basic Rings

NOTES ON BASIC RINGS 107
From (5) we have
(11) R = > >¢ R .
i, j.B

By the results obtained in section 1, we have immediately

Theorem 1. The structure of every ring R which satisfies the
condition (+) is completely determined by its basic ring R" and a system
of positive integers (f(1), f(2), ------ , f(1).

Theorem 2. Let R be a ring which satisfies the condition (x).
Suppose that

o ) w3
— TN — Al Al

1 =2 >6,.=2> 2.
i=1 a=1 i=l a=1

are two decompositions of the identity into a sum of orthogonal primi-
tive idempotents such that e, , > e, . ,, €..=¢,p and e,,>=¢€, .. If
{c;..p} and {c; .3} are two systems of matrix wunits corresponding to
above decompositions of the identity, then there exists a regular element
s such that c; . = S7'Ci,q«pS-

Corollary 1. Let a—a" be an automorphism of R and let ] >~ e, ,
where n(1), n(2), -+ , n(n) is a permutation of 1, 2, ... ,n. There ex-
ists a regular element s such that ¢;,.s = S7'C.uy, a5

Corollary 2. If two idempotents f and g are isomorphic, then
there exists a regular element s such that g = s™'fs.

Theorem 3. The basic ring R' of R is uniquely determined up-
to inner automorphism.

3. We consider a ring with minimum condition on left ideals.
and with an identity.

Lemma 5. Let 3 be a two-sided ideal of R. If e~f and e€;,
then f€3.

Proof. Since e = abe 3, f = bea€ ;.

If 3 is a two-sided ideal of R, then 3= R'n;=¢3¢ is a two-sided
ideal of R" and R;'R = 3, while if §” is a two-sided ideal of R", then
;= Ry'R is a two-sided ideal of R and R"nj3 = ;', as can easily seen
from (6). Hence ;=3 = R"nj; gives a (1-1) correspondence between
two-sided ideals of R and R".

Lemma 6. Let 3 be a two-sided ideal of R. Then (R/3)" =~ R"[3",
where > = R'n;.
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Let N be the radical of R. We denote by R the residue class
ring of R modulo N. Then

(12) R = RIN = > DIRE,,,,

where every Re; . is a simple left ideal of R. The radical of R is
N'= R°nN = eNe and

13) (R/NY =~ R"/N°.

The basic ring R" is a semi-primitive ring, since the residue class
ring R'/N" is a direct sum of division rings.

It is well known that two idempotents f and g are isomorphic
in R if and only if £ and g are isomorphic in R,

We say that two indecomposable left ideals Rf and Rg belong to
the same block if there is a sequence of indecomposable left ideals
Rf = Rf\, Rf,, ------ , Rf, = Rg such that f; = f. and each Rf, has a
composition factor R-isomorphic to one of the composition factors of
Rfi.,. When Kf and Rg belong to the same block, we say also that
f and g belong to the same block and write f ~g. This is a re-
flexive, symmetric, and transitive relation, by means of which the
primitive idempotents are classified into disjoint classes. Evidently if
two primitive idempotents are isomorphic, then they belong to the
same block.

Let R=R + R, + - + R, be the direct decomposition of R
into indecomposable two-sided ideals. It was shown that two primi-
tive idempotents f and g belong to the same block if and only if
they belong to the same two-sided component ([3], see [2] p. 74 too).

Theorem 4. Let R* be the residue class ring of R modulo N*.
Two primitive idempotents e and f belong to the same block if and
only if e* and f* in R* belong to the same block.

Proof. Since the “if ” part is obvious, we shall prove the “only
if ” part. Let E; be the identity of R,. The E; are the primitive
idempotents of the center Z of R. We have

R* = R|N® = R*E¥ + R*E¥ + - + R¥EX,

where R*E}* are the two-sided ideals of R*. If we can show that
every R*E* is indecomposable, then our proof is complete. Suppose
that one of E,, say, E, is decomposed into a sum of orthogonal idem-
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potents f; and f, such that f¥* and f¥ lie in the center of R*. Then
we have fFR*f¥ = fXR*f* =0, so that fiRf;, f,Rf,c N°. Hence

LiRfy = fiN*f.,  fuRf, = f,N°f..

Now we have for #,, e N

fimnaf, = "Zf,nlE}ngj;
= finifinfe + fimmfonf. € fIN,.

This impries
HhRf. = fiNf, = e = SiN?fy =

since N°=0. Similarly f,Rf,=0. Consequently Rf,=f,R and
Rf, = f.R are the two-sided ideals and RE, = Rf, + Rf,. This con-
tradicts to our assumption.

Theorem 5. Let R=R, + R, + +---- + R, be the direct decom-
position of R into indecomposable two-sided ideals. Then

RIN®* = R/(RNN?¥ + «e.n. + R,/(R.n N7

is the direct decomposition of R|N* into indecomposable two-sided ideals.

Let V be an R-space. We assume that V satisfies 1. v = » for
v€ V. Then we have V = RV = S ¢,o.V. If V is an R-space, then
eV is an R“space and ReV = V, wh11e if V, is an R'-space, then
V=> _J €, Vo is an K-space under the assumption a(bv) = (@d)v for

a, bER and ve€ V. Further we see that ¢V = V,. Hence VeV
gives a (1-1) correspondence between the R-spaces and the R"-spaces.

Lemma 7. Let U be an R-subspace of an R-space V, and let
V| U be simple and =~ Re,. Then eV/eU =~ R'g,

Proof. It follows from V = ReV and U = ReU that eU is a
proper subspace of eV. Since e,V = e,U for every j==1, we have
eVieU = R'e,.

Theorem 6. Let V be an R-space satisfying the minimum condi-
tion and let

V: VIDI/:..,:) ...... DV”D(O)
be a composition series for V. Suppose that V.| V,., ~ Re,. Then
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eV = eV, oeV,o - eV, o(0)

is a composition series of the R‘-space eV, and eV,[eV,,, =~ Rvé,.

We shall study in a forthcoming paper the connection between
a ring and its basic ring. This problem was studied in [6] in the
case when R is an algebra over an algebraically closed field.
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