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Synopsis

The purposes of this research is an investigation

of the intrusion of sea water into coastal aquifers.

For this subject, this paper deals·with proposing

rational methods of getting diffusion ~oefficient and

dispersion parameter for flow in porous media in a

laboratory. These parameters of soil are indispensable

in order to apply an analytical approach or a numerical

approach to actual salt water intrusion problems.

Experimental apparatuses were constructed and test

procedures were also developed to measure concentration

behaviors in a saturated porous media by using electro

conductivity probe. As the results, the diffusion

coefficients for the Toyoura standard sand and the Asahi

river sand determined by two methods, ,that is,

"Holtzman's transformation method" and "Instantaneous

profile analysis method". The longitudinal coefficient

of dispersion for one-dimensional flow was also deter

mined by the least squares curve fitting method with a

function of a certain range of seepage velocity.
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1. Introduction

As increasing usage of fresh ground water supplies in

coastal regions, the dynamic balance between the fresh ground

water flow to the saline ocean water becomes instable. This

imbalance has been observed in the pollution of fresh water by

brackish water. This phenomenon has frequently happened due

to the drawdown of ground water in order to excavate grounds

near the ocean. The phenomenon of salt water wedge advancing

inland i~ called "salt-water intrusion". The earliest studies

of this subject were made in the northern coastal region of

Europe. The well-known Ghyben-Herzberg (1889-1901) static

equilibrium principle was the first formulation for the extent

of saline intrusion. since that time various studies have

been made, both theoretical and experimental. The dis'cussion

of seawater intrusion m0gels can be presented separately for

fully mixed models and sharp interface models. The type of

model concerns the way the transition zone between freshwater

and seawater is treated. In reality, freshwater and seawater

are two miscible fluids, with a transition zone between them.

In this zone dispersive mixing occurs between the two fluids.

Often this transition zone is very thin, compared with the

aquifer thickness. When this occurs, an adrupt or immiscible

interface between freshwater and seawater usually is assumed

[1,2]. Different equation are solved for different "types of

models". A fully mixed model requires the coupling of two

equations: the flow equation and the mass transport equation.

A sharp interface model requires the solution of two flow

equations: one for freshwater, the other for seawater.

To evaluate which model is better, it is necessary to

investigate a 'spread of a transition zone. With the advent of

high speed digital computers numerical models have become an

attractive solutions method for problems that are too compli

cated to solve analytically [3,4,5]. Many complicated seawater

intrusion problems with full mixed model can be solved by

applying finite element method. However, the reliability of

the results obtained by this method depends largely on the

accuracy of the numerical values of the hydraulic and disper

sion characteristics of aquifers. It is obvious that the result

of any seawater intrusion computation will be erroneous when
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these values are insufficiently known. In order to inverstigate

the validity and the accuracy of the numerical analysis

solution, in general two methods are used, i.e., numerical

results are compared with the analytical results of simple

problems for which rigorous analytical solutions are available

and numerical results are compared with the experimental

results. As far as authors know, there are only few the exper- ,

imental results on this subject, and there is no research on

comparing numerical results with experimental results for

seawater intrusion problems with the full mixed model.

The purposes of this paper are to propose rational methods

of getting diffusion and dispersion parameter for flow in

porous media in a laboratory test. These parameters of soil

are indispensable to apply an analytical approach or a numerical

approach to actual salt water intrusion problems.

2. Theory

2.1 Analysis of Determining Diffusion coefficient

(1) Boltzman's transformation method

In one-dimension, the equation describing the movement of

solution in a saturated homogeneous soil is

67
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3t 3z 3z (1)

where c is concentration of diffusion mass, z is the distance,

and D(c) is the diffusion coefficient. If we assume uniform

initial concentration and a constant concentration at the

boundary of a semi-infinite slab, the initial and boundary

conditions are

c=O, x>O, t=O

c=cO'x=O, t>O } (2 )

The Boltzmann transformation, A = z//itwhen substituted into

equation (l) reduces it to an ordinary differential equation[6J
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1 dc d { dc
--2-A~ == ~ D(c)~}

with the boundary conditions

( 3 )

c==O,

c==c 0' A==O } (4 )

It is convenient to consider the integral of (3) namely,

1 c dc----J Adc ==D(C)----dA
2 0

(5)

From above equation, the diffusion coefficient is given by

D(c)

c
-[0 Adc

2(~)
dA

(6 )

The numerator in equation (6) can be obtained by integrating

graphically with respect to C-A profile curve, as shown in

Fig.l. This curve may be differentiated graphically to give

the concentration gradient (dc/dA)
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Fig.l Functional relationship between

concentration and A(=x/lt)
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(2) Instantaneous Profile Analysis method [7]

The method of instantaneous profiles consists of deter

mining the profiles of the macroscopic concentration flow

velocity, the concentration gradient at any instant of time

after the commencement of diffusion test.

Integration of Eq. (1) with respect to z yields:
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f ac ac
~dz =D(C)-az- + Cl(t) (7)

It should be noted the velocity is zero at the column upper

boundary as sketched in Fig.2, then Eq. (7) becomes

z

J.
az
~dz

ZU
D(C)~

az
(8 )

From Eq. (8), it is a relatively simple matter to determine the

instantaneous hydraulic conductivity for any elevation and time

( 9)
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2.2 Analysis of Determining Dispersion

A one-dimensional dispersion model for a homogeneous porous

medium can be obtained by a mass balance:

dC
at (10 )

where D' is the logitudinal dispersion coefficient, V is seepage

velocity, and z is distance in a Cartesian coodinate system.

The solution of Eq. (10) for a step input has been reported for

several sets of boundary conditions. The semi-infinite boundary

conditions and initial condition are

c (0, t)

c (00, t)

c(z,O)

t?O

t~O

z~O
) ( 11)

where Co is inlet concentration. The solution to this equation

with the indicated boundary and initial conditions has been

given as [8]

c 1 z-Vt 1 Vz z+vtCo =-2-erfc ( 2ldt ) + -2-exp(~)erfc( 2ldt

(12)

where erfc(x) is the complementary error function, i.e.,

erfc(x)=l-erf(x) (13)

It can be shown that the second term of Eq. (12) can be neglected

when ( D'/VZ ) is less than one. with the second term neglected,

Eq. (12) can be written in dimensionless form as

where

~ erfc(E;;)

(z-Vt)
14Dt

(14)

(15)
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The numerical result of Eq. (14) is shown in Fig.3. For the

solution given in Eq. (14), the quantity ( 2c/cO ) can be

computed from experimental measurements for each value of time,

t. and each value of elevation, z .. Thus ~ can be determined
~ ~

form tables of the complementary error function or graphical

representation of this function. Eq.(15} can be rewritten as

71

,
D.=
~

1 (z-Vt) 2

4 V.t.
~ ~

(16 )

The longitudinal dispersion coefficient, D!, can be calculated
~

from Eq. (16) for each values of t and z. By using method of

least squares, the mean longitudinal dispersion coefficient,

D', can be obtained as the function of V from next equation,

I 1 ~~l' (z;-Vt1·}/t;
D=--( ... "'}2

4 L ~1 t.
1 1

(17)

2.£
Co
1.01--==::=-----,-----------,------,

2~0=erfc( t)

2St---------+--_-~Co

0.5~-------_+_---_1_-\--_f---_f

~=~
2!lIT"

Fig.3 Numerical solution of erfc(~)
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3. Experimental Equipment and Procedure

3.1 Diffusion

(1) Column

The longitudinal diffusion tests were performed in an

acrylic cylinder with an inside diameter of 5.4cm ( see Fig.4 ).

A thin stainless steel mesh filter and a porous plate at the

top and bottom respectiveiy were used to contain the porous

medium in the column. The length of the test section is the

column was 70.0cm. Provisions for conductivity probes were

located every 2.5cm. All water to be used in the column tests

was first deaerated by circulating through a vacuum tank.

During the curse of experiments, air was never detected in the

column. In order to avoid ~ntrapment of air in the sand while

filling the column, the desicator was first filled with water

and dry sand was then poured at a slow rate into the desicator

so that each grain fell separately and air could easily escape.

After this process, to ensure further removal of entrapped air

in the sand the vacuum pump was conected with the desicator.

(2) Materials

The soil samples used in this experiment were Toyoura

standard sand and the Asahi river sand. Each grain size accu

mulation curves for these sand are shown in Fig.5. The

materials were carefully packed into the acrylic cilinder

column from the desicator. The porosity of the standard sand

was 0.390, and that of the river sand was 0.397.

(3) Tracer substance

A solution of 3 per cent by weight NaCl was used as the

tracer solution. At this concentration, the conductance of the

electrolytic solution varies linearly with concentration, thus

simplifying the calibration of the conductivity probes.
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Fig.5 Grain size accumulation curves for standard

sand and river sand

(4) Conductivity probe

Conductivity probe method of measuring electrical conduc

tivity of the soil eliminates time lag but introduces the

problem of correcting the changes in conductivity with varying

concentration of the soil water. This method has been used on

much lager scale by geophysicists to measure the resistivity

of earth and rocks tested this method as possible procedure to

measure soil water content. A highly significant linear

relationship was found between specific electrical conductivity

and concentration of solution in soil water. In this experi

ment, the conductivity probe consisted of insulated copper

wire which were let to copper electrodes as sketched in Fig.G.

The position of the probe in the column can be see in Fig.4.

By filling the colamn with various concentrations of salt

solutions and independently recording the conductance, a

calibration curve was determined for the probe. The variable

of the dependence of solution conductance on temperature was

also revised in the various temperature tests. Fig.? shows the

relations between conductance and temperature for parameter of

concentration. Fig.8 also shows the relations between alter

nating current (AC) and concentration (c) for electrode point 1.
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Fig.S Relation between alternating current(AC) and

concentration (c) for electrode point 1

(5) Procedure

The packed column was saturated with fresh water ( t<D ).

The constant head reservoir of fresh water was connected to the

column. In this condition the reservoir at the bottom of the

column was alse filled with fresh water. At time, t=O, the

predetermined valves, Band C ( see Fig.4 ) were opened, and

the reservoir at the bottom of the column was filled with salt

water. After this process, immediately the value B was closed.

The head level of fresh water and that of salt water were kept

at l02cm and at lOOcm respectively. These head levels were

determined from the reason that the specific gravity of fresh

water is Pf=l.O and that of salt water of 3 per cent concentra

tion is p s =1.02. Then at the bottom of sand column, the

pressure of fresh water was in equipose with that of salt water.

Periodic measurements of alternating current were recorded.

3.2 Dispersion

(1) Apparatus

The same procedure as outlined for the diffusion was

repeated in this dispersiop experiment. The schematic diagram
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of the dispersion experimental equipment is shown in Fig.9.

This apparatus was used throughout this study.

(2) Procedure

The sand column was first saturated with

the fresh water and then valves C, B ( see

Fig.9 ) were opened. After salt water filling

the reservoir at the bottom of the column, the

valve B was closed. A front of salt water was

translated through the model causing a transi

tion zone to develop. To investigate an

effect of seepage velocity on the dispersion,

this experiments were performed in the condi

tion of various seepage velocity as described

in Table 1. The flow rate could be adjusted

by changing the reservoir box height at the

outlet. The flow was measured by means of a

volumetric tank. The vertical profiles of

tracer concentration were measured at the

twenty-six stations.

4. Experimental Results and Discussion

4.1 Diffusion

Table 1 Average

pore velocity

v (em /sec)

1. 43xlO- 3

-3
4.30xlO

-21. 02xlO
-21.62xlO

-22.54xlO
-23.92xlO
-- 24.02xlO

The results relative to the diffusion test are reported in

Fig.10 and Fig.ll. Fig.10 and 11 indicate the vertical profiles

of the tracer concentration at different time for the standard

sand and the Asahi river sand respectively. From these resaults

the relations between concentration (c) and Boltzman's trans

formation parameter (A) are easily obtained by the method of

previous section 2.1, as shown in Fig.12, 13. As the results,

the diffusion coefficients for the standard sand and the Asahi

river sand are plotted in Fig.14 and Fig.1S with respect to

concentration. As it is clear from Fig.14 and Fig.1S that the

diffusion coefficient is not dependent on the concentration.

For reference the diffusion coefficient of solution without

porous media are shown in Fig.14, 15. These coefficient are
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also independent of the solution concentration. Fig.14 clearly

shows that the diffusion coefficient without porous medias are

larger than the ones obtained with porous medias. The reason

of this difference may be explained as follows. Diffusion

coefficients are generally defined in terms of mass flux across

a unit area. In a porous medium the area across which molecular

diffusion takes place varies for the larger irregular pore

openings to the smaller connecting channels. Also the direction

of the mass flux is continually changing, since this would be

governed by the local concentration gradients across the

individual pores and channels. Thus a .diffusion coefficient

is defined for a porous medium. This coefficient is a function

of the fluid, the temperature, the concentration of the tracer

substance in the liquid, and the pore system geometry of the

media. And also this coefficient must be determined experi

mentally. The mean values of the diffusion coefficient obtained

in these experiments are given in Table 2 with the values

obtained by the end cap break-through curves method for various

size of glass beads [9]. It is obvious in Table 2 that the

diffusion coefficient increased with the grain size. Fig.16,

17 show the diffusion coefficients for the standard sand and

the Asahi river sand obtained by the instantaneous profile

Analysis method.

Table 2 Diffusion coefficient for various porous media

Media Diffusion coefficient
( lo-Gcm/sec)

solution 15.0

the standard sand mean size(d so ) 0.25mm 6.3
the Asahi river sand mean size(d so ) 0.88mm 8.8

glass beads effective size O.lOmm 5.7

glass beads effective size o.30mm 7.8

glass beads effective size 1.00mm 9.5
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4.2 Dispersion

One dimensional concentration, C, was recorded as a function

of time at the twenty-six conductivity probes, for specified

values of the seepage velocity. Typical results for this test

can be seen in Fig.18. From these concentration profiles,

experimental curves of clcO versus ( z-Vt ) is shown in Fig.19.

One can easily understand the transition zone spreading with

time. By the method of previous section 2.2, for each seepage

velocity studied, the dispersion coefficient for the standard

sand were obtained as listed in Table 3.

The dispersion coefficients and velocity are generally

correlated by the dispersivity model

bD = aV (18)

where a and b are constants determined experimentally. By

using method of least squares, a and b were determined to be

0.398 and 1.471 respectively, thus Eq. (18) can be written for

the standard sand as

D = 0.398V1.47l (19)

For the Asahi river sand, the constants in Eq. (18) were also

determined and Eq.(18) can be also written as

D = 1.144V1.408 (20)

Comparisons of the experimental results and regression equations

are shown in Fig.20.

Another model used for correlating the dispersion coeffi

cients and Reynolds numbers ( Reynolds number are defined using

the seepage velocity, the 50 per cent grain size ( d
50

), and

the Kinematic viscosity (v) of fresh water ) is

(21)

Table 4 shows the result of this experiment and previous works.

As Table 4 indicates, the value of a varies from 0.2 to 4.0,

but the range of parameter S is 0.98-1.47. It should be noted
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Fig.19 Concentration profiles for dispersion

test in standard sand (V=3.98xlO- 2 cm/sec)
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Table 3 Dispertion coefficient for various velocity

v (cm/sec) D (cm2/sec) Re L (Cm)

1. 43xlO- 3 1 ?7"ln- 5 -3 12.54.29xlO

'I -5 -3 42.53.95xlO 4.29xlO

'I 3.59xlO 5 -3 60.04.29xlO

-3 -5 -2 12.54.30xlO 6.41xlO 1. 29xlO
-5 -2 42.5'I 9.23xlO 1. 29xlO

/1 -5 -2 60.08.09xlO 1. 29xlO
-2 -4 -2 12.51. 02xlO 4.41xlO 3.06xlO

I, -4 -2 42.53.45xlO 3.06xlO

'/ -4 -2
60.05.01xlO 3.06xlO

-2 -4 -2
12.51. 62xlO 5.67xlO 4.86xlO

-3 -2 42.6/, 1. 38xlO 4.86xlO

" -3 -2 60.01. 95xlO 4.86:-::10
-2 -4 -22.54xlO 9.31xlO 7.62xlO 12.5

"
-3 -2 42.51. 67xlO 7.67xlO

'I -3 -2 60.03.73xlO 7.67xlO
-2 -3 l:19xlO- l 12.53.92xlO 2.30xlO

I, -3 1.19xlO -1 42.54.66xlO

" -3 -1 60.07.92x10 1.19x10
-2 2.14xlO- 3 -1 12.54.02x10 1. 21x10

" -3 -1 60.06.13x10 1.21xlO
V:Velocity D:Dispersion coefficient Re:Reynolds

number L:Distance to probe
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Table 4 Disersion coefficient

Madia Id,nmm D;v

the standard sand 0.32 o. 26Rel. 47

the stansard sanJ9] 0.32 o. 11 Re 0 . 989
d [lOr 2.2 0.85Re l . 40san
d [10] 0.56 3. 60Rel. 40san

louartz (Travel [11] 1. 65 0.86Rel . 14

lalass beads [11] 0.39 0.63Rel.14

Inlastic snheres[12] 0.96 0.66Re1.20

lalass be-"ds [15] 1. 00 1. OORel. 21

lalass beads [ 9] 1. 00 .1. 70Re O. 989
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that for Reynolds number less than 10-3 the seepage velocity

becomes so small that the influence of diffusion becomes

important. When the parameters a, S of Eq. (21) were compared

for the standard sand in Table 4, there was difference.in

these values. The reason may be the difference in bulk

densities. The porosity in this experiment was 0.397, and that

in reference [9] was 0.415.

5. Conclusions

(1) Two method were used for determing the diffusion coefficient

as a function of concentration.

(2} This method has the advantage of being an instantaneous

reading which is adapted for quick measurements of disper

sion of soils.

(3) The experimentally determined dispersion coefficient were

obtained from break through curves generated by uperward

miscible displacement in vertical columns of the standard

sand and the Asahi river sand.

(4). The values of the dispersion parameters were obtained by

method of least squares for both sands.
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