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Demand and supply of service are complicatedly related with the balance
between fixed capital and circulating capital, movement to the left or right side
from a break-even point, and other factors. If there is the disproportion be-
tween demand and supply of service, the waiting line to take a service will
vary, and in some cases, fixed equipment will not be employed effectively.

This report presents trial manufacture of the experimental equipment for

waiting line problems.

Introduction

§1.

We make the following assumptions in the
experiement of waiting line problem.

Assumption 1

The stream of arrival of units* show the sim-
plest stream which possess a single parameter.
The unit is served in order of arrival at a chan-
nel. The length of service is always indepen-
dent as a rule.

The arrival of units applies to Poisson Dis-
tribution which takes a optional length k/mn
(k=1, 2, —) in optional time interval (0, 1), and
shows the unit number in the interval of length
“t” with a parameter “Jt” as follows

Udt)=exp(—it)s(2t)*/Kk!, [k=0, 1, 2---]
(1)

The length of service time *I” applies to an
Exponential Distribution as follows

p(<t)=exp(—put), #<<0, x>0)

Assumption 2

The mechanism of service station can be
classified into two groups.

Group 1: If the channel is unoccupied when
a unit arrives at this channel, the unit will occu-
py the channel and receive a service there.

If the channel is occupied when a unit arrives
there, the unit will be refused, and process of
system after receiving a service will be brought
back to a starting point.

Group 2: Another mechanism preserves (as
a next demandant of service) a unit which arri-
ves at the channel when it is occupied, and
when unoccupied, at first gives unit the channel
to a unit preferentially.

@

* The unitmeans an article, a manufacture, a man, a
customer and the others which arrive to service channel.

98

These two mechanisms are a little different
in existing probability.

In the former, the formation of waiting line
is not recognized, and in the latter the length
of waiting line has a close connection with the
acquisition of service.

In this problem, we consider a case where
there is the waiting line of some length. If the
length of waiting line reaches “m”, so far as the
system is not unchanged. (for instance, a unit
among the “m” gets through the service), next
unit will be refused to take a service and the
unit progresses as if it does not reach at the
beginning.

Thus, assumption 2 makes a waiting line
within the limits that the length of waiting line
is less than “m” and “k” pieces of unit occupy
the space in the waiting line at the optional time
point, and the process of probability variable
“N(t)” to possess the space at the optional time
point “t” follows the probability process.

“m” pieces of the existent probability “P..”, in
the system of such cases where assumption 1
and 2 are included, is given as equations (3),

(4).
P.=p"P,, (0<n<m) (3)
o=1—p)/(1—p™) 4)

In the same way, extinction rates on the
maximum length of waiting line “m” are given
as follows

Pn=p"P, (5

§ 2. Experimental Equipment

The simplest form of model which can be
used has the maximum length of waiting line
m=2. Tkte flow-chart of this system is shown
in Figure 1, and Figure 2 represents the circuit
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in which the relays are used.

Experimenters can set up and operate at
their option of the arrival times and distri-
bution of service time of a unit.

The mean service time and the time re-
quired for an experiment correlate through
the form of distribution, and the simple
repetitional experiments is apt to cause the
operational errors. For instance, we have
found 2~3 per cent operational error dur-
ing 150 minutes of experiment.

On the contrary, the influences of the
sense for experimenter to set up the times
and of precision of timer for service times
increase if the experimenter decreases the
mean service time in order to shorten the
experimental time. For instance, the rela-

Measgment tions among the parameter “x“ (mean ser-
S""‘”Ltm vice rate), the experimental time, and traf-
Pecad of fic density “p=A1/u" are shown in Table 1,
service time and in the case of the *“ux=6", 95 per cent
“P (I<<t)=0.95" of the service times distri-
"o bution becomes more than 0.5 seconds, and
it is beyond 30 seconds at “P (I>>t)=0.05".
e In particular, the fact that must be set up
the service times below the 0.5 seconds for
Service off 5 per cent of all trial units mumber, means
¥ that the timers will be of no use in this case,
OUT PUT % W.L: witing Line  for the simple timers on the market show a
gross error below the 2 seconds in set up
Fig. 1 Flow-chart of the system. times.
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Fig. 2 Circuit diagram of experimental equipment.

Therefore, the experimental model uses on

“u<2 (=>0)" as the Table 1.

As mentioned above, on the experiment for
stationary of the waiting line, if the trial num-

ber of times per experiment is one hundred
times, the time requires about two hours at
“p=04", and about four hours at the “p=0.2",
The situations of a system under the experi-
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ment are made record by the Al
recorder from the begininig to r 2 (mim) 4 b 8 10
the end. The results of experi- ) 1
: 0
ments are recorded in the chart Ol?‘ 2 Ei 0 ] 2, 5 8?/3 62 1/2 5(
as the variation of potential in ! ! ! i | !
Figure 3. ! : : : ,l ;
; ? H
§3. Result of Experiment [.0 50 25 1673 [ 127, 10
The distribution of service Ts 1.5 0.75 0.5 0.48 0.3
R sec sec sec sec sec
times was represented as an ex- -
. it 0 .
pmient‘l‘al dzlftnbtcxlt:;n é)f pg};a- Te 90gec| $ogeci 3055 | 225, 18sea
meter pu=27, an e distribu- Table 1. Experimental times for each “p” on arrival number of trial

tion of arrival time was repre-
sented with the various values
of paremeter “A” by using
traffic density “p=0.2, 0.4,
0.6, 0.8, 1.0" and each distri-
bution is determined by Monte
Carlo Methods. As the result,
the arrival time and service
time were cbtained in the table

Explanation :

T2

Ty :

e

=100, and caluculative values of service time.

Calculative values of service time = arrival number of
trial 1/(peu).

Maximum time when arrival unit of 5 per cent receives
shot service=in exp (—ut)=0.95, “t” 60sec.
Minimum time when arrival unit of 5 per cent receives
long “service =exp (—ut)=0.05, “t” 60sec.
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of appendix.

units

5.

Mpm

Thus, arranging the result of

experiments as to each traffic
density, the results are sum-

ing! poindiof-$erdiced

marized in Table 2.
The table 2 (a) (b) (¢) is divi- :
ded into ten periods, and the ! |

each experimental time as fo
each traffic density “p:”, and

each rews represent the period, s
each probabilities are represent ’ &

as follows.

Existential probability of no

unit = P’y ~> Table (a) !
Exsitential probability of one

-

unit = P’y — Table (b)
Existential prcbability of two
unit = P’y — Table (c)
The table (d) shown extinc-
tion rates P’'m of arrival units, and the last row
indicates the total average probability on each

traffic density.
The other hand, theoretical values are evalu-

ated from formula (3), (4), (6). And comparing
these values with each total average of evry
probabilities on the basis of experiment, it is
shown as Figure 4.

Generally, theoretical probability (Po, Py, Po,
P..,) approaches to 1/3 as traffic density closes
to 1.. But there is some difference between the
theoretical value and experimental value as to
processes of approach.

it

...‘I

T T T

Fig. 3 Result of experiment.

§4. TestingStatistical Hypothesis of Ex-
perimental values

The experimental value of table 2 shows the
result based on arrival time distributions and a
service time distributions which we obtained
by using Monte Carlo Methods. Therofore,
they can be considered as a part of samples in
experimental results of infinite times. Conse-
quently, on each traffic densities “p;”, the total
average “xr,-o;”, the variable number “Vr ,+q,”
from period No. 1 to No. 10 of the probability
“Pp-p” with “n” units in the system at a time
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Table 2 Experimental values of probabilities.
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(A B = 7meofexislentialof ro unit /rimeof 2 perios
w1 2 3 4 5 6 T 8 g 10 [sal LA
1.0 {029 038 03¢ 038 021 03% 075 032 014 042 | 0.36 0.333
0.8 [033 065 031 029 078 069 066 0.4 042 063 | 0.¢5 | 0410
0.6 |036 08) 045 059 06l D60 092 037 045 04D | 0.51 | 051D
0-4 (063 074 048 072 086 088 052 074 080 0.36 | 0.67 | 0.64)
0-2 |p83 089 066 085 096 0.80 069 086 073 0.56| 0.7 | 0.808
(b) AB=7imeof aistential of one unt / zime of period
%1 2 3 ¢ 5 6 T 8 g 10 |%ef AR
1.0 | 022 046 026 026 o050 03¢ 0.23 0.35 0.33 030| 0.33 | 0.933
0-8 |og7 035 030 033 022 029 03] 058 042 gal | 035 (0328
0.6 |o3g 015 022 0)8 029 03¢ 030 052 0.5¢ 033| 0.33 | 0.306
0.4 lo2¢ 024 025 08 030 0912 036 02) 018 03¢ | o022 | 0256
02 |pa7 011 030 anl 004 0.10 029 012 021 035| 018 | 0.16)
(C ) ;3 = Time of exisienleal of Two tnil, / Teme of period
—;ﬁ"“% 1 2 3 ¢ s 6 ‘7 8 ‘ g 10 ;'Vl;ﬁf.?l (/’:;?' %
1.0 | 048 015 04/ 036 029 032 002 03¢ 053 02| 0.3) | 0.833
0-8 |p36 000 030 038 o50 002 003 027 046 009 | 921 | 0.262
0.6 |026 00¢ 032 ¢23 010 o005 023 03 00/ 027 0.18 |ei8%
04 1013 002 028 010 005 o0 000 005 004 03/ | 011 | 0103
0.2 |o000 000 003 000 co0 000 00/ 002 008 009 | 0.03 | 0.032
(d ) (Extinclive rate): Bn==Fxlinclive namber .~ Arrival number
A1 2 3 ¢ 5 6 T 8 9 |PHL|LEE
1.0 | 044 023 027 020 011 047 o000 0% 030 033| 0.25 | 0.393
0.8 |odo 000 027 033 040 o000 000 027 000 000| 0.9 | 0262
0.6 |07 000 03] 014 013 000 000 poy o000 OM| o0 | 0184
0-4 |(0.}) o000 00T 022 0.41 000 000 pio 017 023 o0 0.103
0.2 |[o0.00 000 000 008 0,00 0.00 000 0.0 000 0.00 0.0 0.030.




102

S. KikucH1 and N. ToMiTa

(Vol. 1,

Probabilties,
-

0.3t -=--1 Tworetical values

08 A —— Experimental values
0.7+

056[

03r St -
a"‘—’ < /:—/'
P X /’
0.2t = -
rRE /‘7
0.1 et
R
['] Pm 3
P 0.2 04 0.6 08 1.0
(s Traffic densities

Fig. 4 Difference between theoretical and experimental probabilities.

Table 3. Values of “t”.

A e 0.2 0.4 0.6 08 1.0
A 0-113| 0203 | 0037 | 0184 | 0.177
A 0.204| 0447 | 0194 | o0.188 | 0.044
R 0241 | 0047 | o028 | 0352 | 0151
Pom l.ood | e.007 0.907 0.627 | 0667
point is as follows Thble 3, and on 95 per cent of the level of
AR 1/n X ; Xp e, (6) significance, they are as follows
VPn'p‘ =3 (xpﬂ.p‘)z( -3 xpp.p‘)z/n (7 tpn-p‘ < t(9,0.05)=2.262.

3 §€

and Fisher’s “t” is given
tp, 0= [Tp o0, — p"(L—p) [ (L—p™" "] [No[n
(8)

Caluculating the “tr,-»,”, they are shown at

Hence, the experimental equipment and the
data that were obtained by the experiment have
significance, and they can be trusted as the
result of experiment on the theory of waiting
line.




Table of Poisson arrival distribution.

Table of Appendix (1)

p=0'2 p =04
T - f A T T X T N ] - T - T :
Ho Mives (oo Mime e Al o s Mt | e e o Al o AL | A
| : O 23: 4262 | §) [ 7226 T8' 1073 I : Osec| 26 | | 1722 510 3367 | 761 5419
2 | 123 | 27, 430% | 51, y4s7 | 7| ii1i2] 2, Tolar. im2s | &2 3550 | TT 1 54m2
3, 438 | 281 4333 | g3t 7585 | M. 11732 3! 2! 28! 1757 | 53, 3656 | 79 [ 5877
4, 508 |29' 381 | 4! 7830 | 79! 852 4 ' 43 | 29, 1786 | 54 3686 |79, s64%
6, 680 | 30' 4387 | 55, ges0 | B0, 11909 5 ' 208 | g0! 1938 | 55, 3792 | B0, 5705
61 1050 | 81, 9% | 56! 812 | B1. (2365 6 ' 353 |31 1970 | 56, 3957 | §) ' 5805
Tt 1541 {82+ 4958 | 57, 8769 | 82 2405 7 442 |32« 1989 | 57! 39718 | 82 : 8006
8 1 1594 {83! ;2 | 581 gas5e2 33: 12723 8 . 517 |3 ! 2031 | 58 i 399¢ | 83, 6185
9! 2013 | 3! 4620 | 591 g9s8 | g4, 12717 8 , 526 |34, 2198 | 59 | 4057 | 84 6229
10 : 2066 | 35 : 4624 60: 9136 | 85, 2798 lo | 614 | 351 220! 60 : 4095 | 85| 8230
Iy 228) | 361 4685 611 g750 | 86 3104 no! 957 |36 ! 2226 6l \ 4314 | 86 ] 6233
121 2319 | 37 : 4739 | 62! 9792 | BT!' 13291 12 : 7710 | 37 | 2382 | 62 | 4452 | 8T | @396
131 2335 |83, 806 |63, 9932 | 88' (3456 3. 790 |38 239 | 631 4¢5¢8 | 881 g542
14 : 2414 {39 | 4B85¢ | 64, o111 | 89, 13502 141 g3l | 39 | 2422 | 64 ) 4597 | 89 | 6717
6 i 2941 | 40 ! 5083 | 651 jeli4! | 90! 3550 g ! 959 | 40 + 2521 | 65 | 4654 | 90+ 6837
16 2m9 |41 ! 5347 | 661 ofTo | 91! 3562 6 ' 1048 |4 | 2674 | 66, 4705 | 91, 6639
(71 2047 |42 ! seo4 | g1 joig7 |92, (3693 ) 1169 |42 ) 2706 | 67| 4885 | 921 850
I8! 3010 [43 1 5666 | 88 ' o204 |93, 13987 18 | 1290 | 43 | 2956 | 68, 489! 93: 6892
19| 3196 |94 1 5847 | 69 joai! |94, 14056 | |9 | 1335 | 44| 2758 | 69| aq9es | 94, 7052
20, 38192 |46 ! fo0b | T0 0276 | 96 4102 20 ' 1408 | 45+ 2813 | 70| 4992 95: 7104
2]+ 38318 | 4961 6°44 | 71, 1085l |96 14136 21 ' 1479 | 98 : 30585 | TI |} 4206 961 7126
2 ; 3495 1 471 6183 [ 72, 0651 |97 4534 22 ) 1488 | 97T, 3059 |72 ' 5277 | 971 Tis3
23 8612 | 48 : 6204 | 79 : 10869 | 98 | 14655 23 I 1578 | 48 ! 3007 | 73+ 5282 | 06 : TIT7S
24, 3925 (49 . €686 | 21 10949 |99 47n 4 r6t5 |49, 9216 | 7¢ | 5295 |99 ) 7227
25, 4092 [ 50 ' 709¢ | IS5 ! 003 |yeo | 18454 2s ! 173 | S0 3230 |75 5401 100 7348

(Experimental time = 250 min)

(Experimental time = 125min)

(9961
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Table of appendix (2)

Table of Poisson arrival distribution.

¥01

p = 0.6 p = 0.8

|, | Arrival | Arrival Arri | Anyival L Arrival | Anrival | Arrival v Arrival
Ao. !LA'li‘mg 0. | A tri'me Ma‘:/qrtz:él No: iL,me m’i Art{‘i;tje "o 3 ’?zlime "o | time #o. ' time
b 0sc] 26| 1394 | 51! 2647 [v8i 39622 R 0wed 261 914 | 51+ 1853 | 78! 2649
21 10 | 271 1417 | 521 2708 | 7T: 3645 24 48 | 27!  ga5 | 521 1677 | TTI 2660
3 48 | 28" 1421 | 53 ©m4¢ | T8 3689 3! 65| 28} 940 | 53, 1683 | 78} 2802
¢! 113 | 29 { 1432 | 5¢. 2753 | 79! 3725 ¢ 144 | 29! 943 | 541 1890 | 79! 2819
5 f 1468 | 307 1456 | 55! 275 |80, 37140 5| 156 | 30 983 | 55| 1806 | go! 2826
6! 240 | 81! 1463 | 56 2759 | 81 3872 ' 201 | 31 1033 | 56} (813 | 811 2856
71 257 | 821 500 | 5T gygl | 82! 3929 7! pag| 321 1050 | 57! 1837 | 821 2860
8) 274 | 38! 530 | 56 2839 | 83! 394 Bi 237 | 33, 1099 | 581 1§98 | 831 2975
91 803 | 3%, 1669 | 59, 2862 |84 3957 9, 242 | 341 1141 | 59! 949 | 84, s0g0
loi 817 | 85! 768 | 60! 2913 | 85, 3967 10! 38% | 351 [19¢ | 60 4948 | 85, 309]
iy ¢S5 | 361 1774 | 611 2918 | 86 3988 1 439 | g6 1180 | 61, 2080 | 86} 3132
12+ 983 | 371 1888 | 62 2837 | 87T 9064 12| 451 | 371 1193 | 62, 2/01 | 871 3160
13, 639 | 38, (892 | 63! 2956 |88 qui 131 535 | g8i 1213 | 63! 2121 | ggi 8170
14! @80 | 39+ (929 | 6¢ 1 3023 |89 ar2 41 568 | 391 19235 | 64, 218¢ | 89 3478
151 707 | 40, 2084 | 65, 8078 |80, ¢26l (6, 611 | g0} 250 | 65 2198 | goi 3283
181 w19 | 411 2254 | 66, 3143 | 91| 4345 161 687 | 41i 1339 | 66! 2277 | 91} 3289
T 719 [ 921 2361 [ 67! 8158 | 92! 448 (7. T3 | 421 jsgo | 67 2867 | 92} 330¢
181 846 |43 2370 | 68| 3265 | 93, 4438 i81 738 | 43! 1406 | 68, 2369 | 931 3932
19 967 | 441 2426 | 69! 8330 94| 459 19, 768 | a¢! 1427 | 68! 2372 | 94! 3464
g0 1058 | 45: 2476 | Yo 342¢ | g5 1 4856 20! 773 | 45, 145%¢ | 701 2386 | 95, 3468
2/ ] 1071 | 461 2980 | Tl 1 9955 | 98| 4736 21 784 | 46! 1483 | TI, 2899 | 96! 8575
221 1101 | 47| 2509 | 72| 3485 | 97, 4745 | | 20 829 | 47! 1489 | 721 2453 | 97, 3605
237 1158 [ 48 2540 | V3. 8563 | 981 473 231 877 48 1493 789 + 2480 | 98 i 3614
2¢) 1181 | 49! 2548 | 74 | 8575 | 98| as72 2¢1 888 [ g9 1517 | 74, 2531 | go! 9683
25: 1376 | 50! aby5 | 75! 3583 liso: 4399 95! 895 | 50! 1688 | 75, 2586 [100: 8708

(Experimental time = 83min) (Exporimental time = 62.5min)

vLIKO], ‘N Pu®e IHOOAIY 'S
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Table of Exponential service distribution.

Table of appendix (3)

p=1.0 u=2

1 Artival i Ayrival { Arrival | Arrival 1 Service ' Service » Service | Sepvice
70. : time M”l Atim /yo"J' Attnc V0. ! 4;.[;«: v I teme e, ! tcme L ' time /)’0_; Su‘me
N Ol 26! 69% [ 511 1638 |70, 2298 TR EXX 63 | &1 ; 12 | 1817 30
2, T | 27! qe2 | 52! 1566 | 77, 2315 2, 6 | 27| 12 | 52 9 | 11) o
3, 22 28: T03 53 : 1586 | 78, 232! 3 30 28 l 2¢ | 53, 6 | 78 : 19
4 37 | 23, Y25 | 5%: 1588 | 79, 2336 41 8¢ | 29, 9 | 5¢! 39 | 79, 9o
5| 69 | 30, 79¢ 55! 1679 | g0 23¢9 5 12 80 | 15 | 55, 6 | 80! 24
' 135 ) 31, 95T | 58, |687 | 811 238] 6, 48 |31t  5¢ | 56 3 | &' a7
7! 166 | 32 857 | 57! 1728 | 82, 2414 71 3 32 ! 18 | 571 36 | 821 19
§' 179 | 33, gr0 | s8| 1762 |83 2420 &, 36 |33l 6o st 5y @51 s
9, 188 | 3¢ go7 591 1777 | 841 2948 g 3 | 34" 18 | sa, 48 | 8% o5
1o, 318 | 35" qo080 | 6o 783 ssi 24589 oy, 27 (35" 33 |61 g2 85 2%
N 397 36, 1066 | 61, 185) 86| 2472 1 9 38 3 el 33 | 88, 5¢
127 413 | 37T, jeT7¢ | 621 1856 | 87| 25I6 2!l e |37 g5 | 62 g9 | 8T 57
13] 429 | 38! o3¢ | 43 (898 |88 ' 2527 19 | 6 | 38 3 | 63 si| 88 19
141 450 | 39 [I166 | 6+ (914 | 89! 255] 140 21 |39 9 |64, 24 | 89! 45
61 487 | q0) 1216 | 65 1982 |90, 259¢ 151 42 0. 21 | 65! 39 | 90 5
16! 476 | 411 )233 | 66« 2004 |91 | 2637 18 3 ¢1 : 3 66 ! 3 9) ! 5
17! 488 | 42, 257 | 67! Q048 |92' 2982 Tt o210 | 42, 27 | 67 18 | 921 6
18! 500 | ¢31 1275 | 68 ' 2071 |93 ' 2747 18 15 1431 6 | 68 . 18 | 93, 30
19] 599 | a¢' 1333 | 69! 2077 |9¢1 2ved | | 190 g6 (44! o) |es) s [ge! 72
20, sil 4s 1368 | 70 2105 |95+t 2782 20; 12 45 | 3 70} 2] 95! 33
21, 538 |48, 1422 | m' 2189 | 98! 2808 21, a5 |46 3 T 57 |98 8
221 573 | 97, 1440 | 72 2200 | 97, 2948 921 12 47'1 5 | 72, 9 | 97 9
23 | 599 {¢48' 1473 | 73, 223% |08, 2970 28] 6 48 | 9 | 73, 6 | 98 18
¢! 602 | ¢ai 1509 | 9¢ 1 2287 |99 9986 2¢: 30 | a9 3 | 74 9 | 99! 6
25! 664 | s0! 1518 |y5! 2288 |1e0 | 299) 95' 96 | so| g | 75 s |10 o7

(Experimental time = 50 min)
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