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SYNOPSIS

There are some substances in which their hydrogen bonds are considered to
play quite important roles in their ferroelectric or antiferroelectric phase tran-
sition. These ferroelectrics usually have large isotope effects in phase transition
temperatures and we expect the physics of hydrogen bonds is closely related to
the effects. We propose a simple model describing the isolated hydrogen bond.
Based on quantum-mechanical analyses of this model, we study the difference

between the behavior of a proton and a deuteron in hydrogen bonds.

I. INTRODUCTION

Tripotassium hydrogendisulfate, K3H(SOy),, has hydrogen bonds between two SO, radicals
which do not form networks and these isolated hydrogen bonds are often referred to as 0-dimensional.
The ferroelectrics and antiferroelectrics which have hydrogen bonds are known to have large iso-
tope effects in the critical temperature of phase transitions. While we have no phase transition
in K3H(S04); down to very low temperature of the order of Kelvins, KsD(SO,), undergoes the
antiferroelectric phase transition at about 84K". The analysis of these 0-dimensional hydrogen
bonds, especially of their isotope effects, on the basis of the electronic theory is not only important
but also useful to clarify the nature of ferroelectric or antiferroelectric phase transition.

We propose a very simple model which, we expect, contains essential physics of hydrogen bonds.
Our model is composed of two cations, A and B, a proton (or deuteron) P and an electron as shown

in Fig. 1. Hereafter we denote the proton or the deuteron in our system simply as proton when
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not specified otherwise. We fix the distance between A and B at Ry and solve the Schrédinger
equation for the proton and the electron.

The total Hamiltonian in atomic units is

H=He+ Hp + Hep, (1
where
Ly B
He - _2V Ta I~ E] (2)
1 o ZaZp | ZpZp | ZaZB
==Y *"r, TR, TR 3)
and
Z
Hep = =~ (4)
Tp

Here, r,, r, or r, denotes the distance between the electron and A, B, or P, and R; or R, denotes
the distance between P and A or B. Z,, Zg, and Zp are electric charges of cations A, B, and the
proton, respectively. The mass ratio of the proton and the electron is denoted by M. We assume

that the proton always sits on the line connecting A and B.

electron

Cation A proton or Cation B
deuteron

Fig.1 Model for hydrogen bond.

We apply the adiabatic approximation to our system. We first calculate electronic state p(r, R)

of the Hamiltonian H, + Hep, with the position of the proton R as a parameter:
(He + Hep)p(r, B) = E(Ro, Ryp(r, B). (5)

We then determine the wave function of the proton in the adiabatic potential E(Rg, R) determined
by ¢(r,R) as

HA*$(R) = Eioar(Ro)¥(R), (6)
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HA = Hy, + E(Ro, R). (7)

The total energy of our system is given by Eiota(Rp) as a function of Ry.

In this article, we present the formulation of this model in detail and some preliminary results.

II. CALCULATION

Our solution of the electronic wave function is based on the variational method?. The electronic
state p(r, R) and the adiabatic potential are obtained by minimizing the expectation of H, + Hep

[ o(r, By (e + Hep)ip(r, R)dr
/ ¢(r, R)"p(r, R)dr

We adopt the linear combination of three 1s electronic wave functions with variational parameters

E(Ry, R) = min. (8)

ay, ag, and a3 as our trial function:

o(r, R) = aixa + aaxe + asxs, 9)

—Ta —Tb

1 1
Xlz'ﬁe ) X2=—\/—7?e v X3 = =€
We rewrite the right-hand side of (8) into

Z Z On Oty Hpr
n/

E(Ry, R) = min. m , (10)
where

Hyw = /)(,,('He + Hep)Xwdr, n,n'=1, 2,3, (11)
and

At =/Xan'd"', n,n' =1, 2, 3. (12)
The values of &y, @, and @3 which minimize E( Ry, R) are determined by the conditions,

-a—%lz-.——:R)z(], k=1,2, and 3,
or

> an{Hu — AnkE(Ro,R)} =0, k=1, 2, and 3. (13)

Solving this set of equations, we obtain E(Rg, R) and o; (¢ = 1, 2, 3). We now need to evaluate
the values of H,, and A,,,.\.

Since x's are normalized, the diagonal elements of A, reduce to unity;
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—_ — 1 —2r — -
All = Agz = A33 = - /e dr = 1. (14)
Using spheroidal coordinates (see Appendix I), we obtain the off-diagonal elements of A+ as
Al? = A21 = l/e‘("“b)dr = e_R" <1R(2) + 120 + 1) ’ (15)
7 3
L[ s p (1
A23:A32:;/e(‘>+P)dr=eR2(§R§+Rz+1), (16)
and -
Agy = Az = % / e rtre)dp = ¢~ (%Rf + R, + 1) ) (17)

An example of the diagonal elements of H,, is

Hy = l/e_r“ (—lvz _oa_ é - —Z—E> e 2 dr
T 2 Ta Th Tp
7 ~2ra —~2ra
_ l/e_m(——l--i-}——é)dr——B R 2y
T 2 r, 1, T N T T

Expressing the integrals / exp(—2r,)/rpdr and / exp(—2r,)/rpdr in spheroidal coordinates, we

obtain
1 re-2a 1 00 2 TR3
hul = = —Ro(A+p) = 2 _ 2y Mo
7r/ ™ dr ﬂ/—ldﬂ/ll € Ro()\—;t)()‘ #)dA 4
1
= E[l — e 2Ro(1 4 Ry)]. (18)
We thus have
1 Z Z
Hy = -—2x- __13[1 - e—2Ro(1 + RO)] - _P[l - e_ZRl(l + Rl)]' (19)
2 Ry R”y
Other diagonal elements H,, are similarly calculated as
_ 1 ZA —2Rp ZP ~2R;
H22 = Q—ZB_RO[l_e (1+R0)]_R1[1_e (1+R1)]’ (20)
1 Z : Z :
Hyy = >—Zp—ZH1—eP(14 Ry)] - o[ — (1 + By)). (21)
2 R1 RZ

The off-diagonal elements need some more elaborate integrations. For example,

Hy, = Hy _
= l e_T‘ (.._lvz — é — é — é) e_"bd"-
T 2 Ta T s
or
Hyy, = Hyn
1 1 Z 1
= —=Ap—— /e"a “hemrdr — —/e"‘ ( 1 + é) e "tdr
2 T Ta T Ta Th

1 _, Zp e .
—;/e rpe dr. (22)
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The second and the third terms on the right hand side of (22) can be calculated in the same way
as (18);

1 [ e(ratm) 1 71 = 2 TR3
il - = ~RoA___ 5% (e 0
T / Ta dr = T ]—1 dﬂ/l € Ro(/\ +u) W —n )d/\

= e (14 Ry)

—(ratrs)
= }- / € dr
T ™

The last term on the right hand side of (22) includes another type of integration but can be

calculated similarly (see Appendix II). Finally H,, = Hy reduces to

H, = Hy
1 -Ro
= —-2-A12+e (1 —ZA_ZB)(R0+1)
7 [2R1R2 {e77(3 + 3Ro + R3)(log 2Ro + 7) ~ 3Roe™
+e™(3 — 3Ry + R3)Ei(—2Ro) } + 6—@2—— e (Ro + 33)] 23)
0

Here, v = 0.5772. . .is Euler’s constant and
00 p—t
Ei(~z) = _/ e—dt

is the exponential integral function.

. . 1

For other off-diagonal elements, Hy3 and Ha3, another kind of integrations like / e *—e "rdr
Tp

are necessary (see Appendix III). The final results are

Hy; = Hy
1
= —§A13+C-R1(1—ZA—ZP)(RI+1)

-m [2BoR:y, Ry Ro+ R,
_ 2 ~R;
ZB [Rle ( R% lo 0og —— R2 R1 )

x e 2R @+9&+i+%+i+i + i+i+_1_
¢ R R 'R R R R) \E RE'R

12R2? 12R, 6 12R, 6 2 2R
_ R | _.—2Ro _ s e MY e - _ = l 0
Folae [ ¢ {< B B B E'E B™R

6Ro 9 6 6 6 23\
—_—— — — —_ = e —_— _‘)RD
+( R R%»*R%>}+(R% R¥+R1>E’( ” )]

2
+RyRpe [_e—zne {(_% _12R, 6 12R, 6 l) log 2202
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Hy3 = H3y = His(Ry — Ry, Ry — Ry, Za — Zp, Zg — Za). {25)

Substituting Egs.(14) through (25) into Eq.(13), we obtain the electronic potential E(Ry, R).

We calculate the total energy Eioa(Ro) again by the variational method or by minimizing
[w(ByHre(R)R
[ w(Byw(R)R

As the variational wave function for proton, we take a linear combination of two Gaussian functions

(26)

Eioia( Ro) = min.

$(R) = fre -2 | g,e=MBt=) (27)

with variational parameters A, zg, 81, and B;. The variational procedures with respect to 3, and
B are performed in the same way as determining «;, a; and az, but those related to A and z

require numerical treatment.

II1I. RESULTS

Some examples of adiabatic potential including the constant terms, ZxZp/R; + ZgZp/R; +
ZaZg[ Ry, are shown in Fig.2. Although our computation may be performed for arbitrary set of
Z4, Zp and Zp, here we assume for the sake of later convenience Z, + Zg+ Zp = 1 and Z, = Zg.

The widths of the figures are taken to bo proportional to the hydrogen bond length R,.

-0.250 ' -0.250
-0.275 ~0.275
-0. 300 ~0.300 F
(2) (b)
=-0.325 = -0.325
-1.75 0.00 1.7 ~2.50 ¢.00 7.8
-0.280 =0.250
-0.275 =-0.275
-0. 300 ~0.300
(c) ().
-0.325 = ~0.325 L
-3.25 0.00 3.2 -4.00 0.00 1.00

Fig.2 Adiabatic potentials for Zy, = Zgp = 0.1 and Zp = 0.8:
(a)Ro = 3.5, (b)Ro = 5.0, (¢)Ro = 6.5, and (d)Ro = 8.0 (in atomic units).
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Fig.3 Minimum value of the adiabatic potential vs. Rp: (a)Zs = Zg = 0.05, Zp = 0.9,
(b)Za = 2 =0.1, Zp = 0.8, and (c)Z, = Zg = 0.3, Zp = 0.4. Solid lines denote
the minimum of potential, and broken lines the potential at the center of A and B.

proton deuteron
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0.50 0.50
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Fig.4 Wave functions of proton and deuteron (Zx = Zg = 0.1, Zp = 0.8):
(a,)Ro = 5.0, (b)Ro = 6.0, and (C)Ro = 17.0.
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In Fig.3, we show the minimum of the potential as the function of Ry. . Solid lines denote the
minimum of potential, and broken lines the potential at the center of two cations. In the case of
Ry<3.0, no minima are found in the potential and there is only a potential barrier at the center.
We show the distributions of a proton and a deuteron in the hydrogen bond in Fig.4 for various
values of Ro. The three figures on the left-hand side are wave functions of a proton, and those on
the right-hand side are of a deuteron.

We also obtain the distribution of electron, p(r), in the hydrogen bond as

o(r) = [ lo(r, DPIW(R)PAR. (28)

In Fig.5, we show an example which shows the difference in the electron distribution in the cases

of the proton and the deuteron in the same adiabatic potential.

0.40 . 0.40 T
(a) proton (b) deuteron
0.30 0.30
0.20 0.20 ’-
0.10 0.10 1
0.00 - . — 0.00 f
-6.50 -3.25 0.00 3.25 6.50 ~6.50 -3.28 0.00 3.25 5.50

Fig.5 Distribution of electron (Z4 = Zg = 0.1, Zp = 0.8, and Rp = 6.5):
Cation A is at —3.25 and cation B at 3.25. (a) proton, and (b) deuteron.

These results are preliminary and more extensive investigation may be necessary to apply our
model to real hydrogen-bonding materials. The analysis of the interactions between two dimers
composed of two hydrogen bonds described above is now in progress and the results will be

reported elsewhere.
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APPENDIX I INTEGRATION OF / exp[—(ra + rp)]dr

We express the volume integral into the spheroidal coordinates

)\_T1+T2 Ty
- R y /’L'— R ’

and,

Jar= [0 [} an [0 - o,

and evaluate the integral

1 1 oo
= | e~ (ratmn) = 9,20 —RoA(y\2 _ 2
- /e dr = =27 d,u/1 e~ M = p*)dA

APPENDIX II INTEGRATION OF / exp[—(ra + )] /rpdr

Taking spheroidal coordinates, we rewrite 1/r;, as

1 Fo
T'p a R27‘§ + }217'i2> - ROR1R2
2

VREN® + p2) + 20 pRo(R; — Ry) — 4R, Ry

We then have

1 1
L = —/e‘“—e“"’dr

_ / / e BN — p?)dAdp
VR3O + p?) + 2\uRo(R, — Ry) — 4R, Ry

- &?/ ~RoX /\2/ du
2 . =1\ /R3(A2 + p?) + 2ApuRy(R; — Ry) — 4R R,

- / iy dA
-1 \/R3(X® + p?) + 20 uRo(R; — Ry) — 4R\ R,

Rg {2R1R2 2 , +1 ) (6R1R2 )}
L] 322 — 1)lo, 22 1) b
2 e R ( ) R2
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The first term in { } of the right hand side is integrated as -
/ ¢ #%(32% — 1)(log | + 1| - log |e — 1|)dz
1

- /2 ¥ &A1 (362 _ 6t 4+ 2)log tdt — /0 * e=PH1)(3¢2 1 6t + 2) log tdt

ple-e[9 (6.6 2 6 6.2 —pt

i (B g) et (55 5) [l
9 6 (6 6 2

_e_ﬁ{ﬁf’_+ﬁ_(ﬂ3+/§§+ﬂ)(7+bgﬂ)}

= oBl(8 .6 )0 6} ﬁ(_6___6_ 3) -
{('83—'-’,32 (log2B +7) - 7 e 7 ,32+,3 Ei(—28).

Here, we have used

/ e Plogtdt = —(v + log B)/B.
0
The final result of I, is

I

_2R:R
L = };3 2 {e7Po(3 +3Ro + R2)(log 2Ro +7) — 3Roe™
6Ry R, — R?
Ro(3 - 330 + R3)Ei(—2Ro } + ——l—éo—oe_m(Ro + R3).

APPENDIX IIL INTEGRATION OF / exp[—(ra + rp)]/mpdr

In spheroidal coordinates, 1/r, is written as,

1_1 .2
r, Ry Ro+ Ry | 4RoR;
M) -2
Jor ) - e 2
Substituting ry = ——ROA+ B and ry = —ﬁ%&, we obtain
. Ry Ri

12 2

o E.\/(/\2+ﬂ2) + 2y — 1y

The integral we need becomes

1 1
I, = —/e_r“—e_rpdr
™ b

_ _/ o Fad {/\2/ dp B prdp }dA
2 N VP 2udr + A2 =1y SVt 4 2udr A — 1y

_ R_%/we_ﬁlx{(v_3A?r%—kz+rz) log | Lt Ars + VIF 2Ar 4 X7 — 15
2 A 2 —14 A 4+ VI =22 + X2 =1y

1 -3y 1+43Ar;
2 2

V1 —2Ary + A2 — rz} A,

V1422 4+ X2 =1y —

Here, we have to examine the range of variable A before performing integration.
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V1-2dr 422 =X —ry, 1< )< oo,
2R,
\/T+2/\7'2+/\2—'I"2=—‘/\—7‘1, 1</\<1+§—~
1
2R,
\/T+2AT2+A2—T2=A+T1, 1+R—</\<
1

The integral is thus divided into two parts:

_ Rf 14+2Ry /Ry “Ri 2R0R2 2 Ry R0+R2 2
R [/ . R (BN = Dlog 22+ Z2=2(3x — 1) d

o _2R{)R2 2 A+1 6ROR2
+/1 { () 1)1og]A l+2A( > )}d)\].

+2R2 /Ry

We can easily perform the first integral as

14+2R2 /Ry .
/ ’ e‘Rl’\{ 2R"Rz(:uz ~1)log fo Bot R2(3A2 - 1)}
1 Rl 2
R 2RoR, 2holta | & _ Ry + R,
"R °°R, "R

or (128 12B, 6 1R, 6 2\ (1 3 3
BE TR E R EtER R RTRE)[

The first term of the second integral turns out to be

/°° e BA (302 — 1) log |2t L] 4

142Rz /Ry ) -1

- /°°R . e~R1X(3)2 — 1) {log |\ + 1] — log |A — 1]}dA
142R2 /Ry

= [T e Rl-D{3(t — 1) — 1} logtdt — e Pt (3(¢ 4 1)2 — 1} log tdt
S €D =1 = 1Hlogedt — [ e R (344 1)* 1) g

_ 12R2 12R2 6 12R, 2\. 2R

— of1 |_o—2Ro 0 0 — — = | log

° [ {( BB R R%*R% R) R

6R, 9 6 6 6 2 ( 2R, )

+( - R?+R%)}+(R? R§+Rl)El ; B
N TS 12R2  12R} 6 12R, 6 2R,
© [e {< R} R} Bt R? TR R1 lgRl

(6B 9 6)] (6 6 2 Ei(szR)
R} R} R} R R R R, )|

The second term of the second integral becomes

R} R, R?

14+2R; /Ry

/°° e~fr.9) ( 6R°R2> d) = 2e7Fae 2R (i + = 2R2 += ) <1 + 6R°f2) .

Finally we obtain

_ 2Ry R Ry Ro+R
12 = Rfe Ry (_R?lIOgE__Rl_z)
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6R] 6R, 3 6F, 3 1 3.3 1
~2Rp (%2 , 22, 0 T2, Y o B TN T
x{e (R§+R?+R§+R§+R§+Rl>+(3§+R$ Rl)}

12R2 12R, 6 12R, 6 2 2R,
_ Ry | ___,~2Ro _ e et Vo b - _ = o2
fole [ © {( E R R RE R R)%ER

6Ry 9 6 6 6 2 .
+ (_R_"f - E:I; + R%)} + (R#? - E%- + E) El(——2Ro)]

12R? 12R 6 12R 6 2 2R,
' -Ry | _o—2R2 et ez D et D 4 o i’

6R, 9 6 ‘6 6 2\._.
+("R%'R-;*‘R%)}*(R%*Rf*Rl)El(‘ZR”]

1 2R 1 6RR
2 .,—Ri-2R; | _2 —_— 2
+Rie e (Rl + i + R%) (1 + B ) .

1 1
To calculate another integral — / e ™ r—e""’dr, we only need to replace R; by R, and R; by R,
7r
in the above result. :





