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In this paper, we formulate a new integrity constraint in correlation
with 3-valued stable models in an abduction framework based on
general logic programs. Under the constraint, not every ground
atom or its negation is a logical consequence of the theory and an
expected abductive explanation, but some atom may be unspecified
as a logical consequence by an adjustment. As a reflection of the
integrity constraint with an adjustment, we augment an adjusting
derivation to Eshghi and Kowalski abductive proof procedure, in
which such an unspecified atom can be dealt with.

1 Introduction

Abductive logic programming has been established primarily for the theory of general logic
programs by means of negation as failure, as its refinements are summed up in [12]. The
original Eshghi and Kowalski abduction framework, a triplet (P, Ab, I) of a general logic
program (theory) P, a set of abducibles Ab and an integrity I, was captured by the 2-valued
stable model semantics in the sense that the abductive explanation is in a close relation with
a 2-valued stable model of a program (theory). The integrity constraint I requires that any
ground atom or its negation is a logical consequence of the theory and abducibles, but both
are not. That is, if P U A satisfies the constraint I for an abductive explanation A, then
M = {a| ~a ¢ A} is a 2-valued stable model of P, and if M is a 2-valued stable model of P,
then P U A satisfies the constraint I for A = {-a | a € M}. However, Eshghi and Kowalski
abductive proof procedure (E-K procedure, for short) is not in general sound with respect to
the 2-valued stable model semantics [7]. The correctness of E-K procedure is guaranteed in
3-valued logic in that it is sound with respect to a 3-valued stable model [4, 6, 13].

We are motivated to formulate an integrity constraint under which an abductive explana-
tion is related to a 3-valued stable model. Owing to the 3-valued logic structure, an abductive
adjustment, as well as an abductive explanation, is taken into shape so that the adjustment
allows the atoms neither to be in an abductive explanation, nor to be a logical consequence
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of the theory and abducibles. In a more formal form, we intend an integrity constraint I,
for a program P with its Herbrand base Bp so that, for an adjustment I’ and an abdiictive

- explanation A, if PUT U A satisfies I;, then (Bp — (' UA), A) is a 3-valued stable model

and if (T, F) is a 3-valued stable modeél, then P U (Bp — (T'U F)) U F satisfies I,.

As a next step, in order to extract not only an abductive explanation, but also an ad-
justment, we augment an adjusting derivation to the original E-K procedure, in which the
enumeration of the adjustment is made. By such an augmentation, the abductive proof pro-
cedure is defined as consisting of succeeding, finitely failing and adjusting derivations. As
regards a merit of the augmentation, we regard all the three derivations as possibly initial
phases. Especially an adjusting derivation can be a prerequisite for an expected succeeding
derivation, since it detects and enumerates an adjustment before getting abducibles.

We must at the least examine the soundness of the augmented abductive procedure with
respect to the newly presented integrity constraint, before confronting the difficult problem
of the completeness of the abductive proof procedure. Because the integrity constraint is
expected to be related to a 3-valued stable model, the augmented procedure with an adjusting
derivation is to be proved sound with respect to a 3-valued stable model. Concerning the
3-valued stable model, the alternating fixpoint semantics ([1, 9]) is adequate in relation to
the constraint. Because the abductive explanation, as well as the logical consequence of the
theory and abducibles, is easy to be denoted by the fixpoint theory approach, though the
well-founded model 8 is an alternative. As well, the adjustment may be described by using
the alternating fixpoint techniques. We so far show a relation between the integrity constraint
and the 3-valued stable model through the alternating fixpoint.

On the other hand, rigid discussions regarding the soundness of the augmented abductive
proof procedure are necessary by induction on the length of derivations as natures of abductive
proof procedures, but may not be free from the procedural aspects even in terms of the

.alternating fixpoints.

This paper is organized as follows. Section 2 summarizes technical terms and basic results
in model theory for general logic programs. In Section 3, we have an abduction framework in
which a new integrity constraint is introduced so that we may have a natural relation between
the constraint and the 3-valued stable model. In Section 4, an abductive proof procedure.
with an adjusting derivation augmented, is given and its soundness is shown. In Section 5,
technical merits are stated.

2 Model Theory for General Logic Programs

2.1 General Logic Programs
A general logic program is a set of clauses of the form:
A—L,...L, (n>0),

where A is an atom, and L; are literals. A is called the head of the clause, and L; ... L, its
body. A normal goal is an expression of the form:

<—L1...Ln,

where L; are literals. If the clause contains any negation in its body, then it is said a definite
clause. A clause involving no variables is called a ground clause. As well an expression
without any variables is said a ground expression.
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For a general logic program P, its Herbrand base, constructed by any predicate symbols
and function symbols in it, is denoted Bp. Let (Bp)* be {p*(t1, ..., tn) | p(t1,...,tn) € Bp}.

Definition 2.1 For S C Bp let S* = {a¢* € (Bp)*|a € S}. For T C (Bp)*let Tt = {a €
Bpla*€ T}.
2.2 Model Theory

A 2-valued Herbrand interpretation is a subset of the Herbrand base, for which a ground
atom included in the interpretation is evaluated as true, and a ground atom not included
in it as false. In the context of the present paper, a (Herbrand) model of a general logic
program is a (Herbrand) interpretation in which any clause of the program is true. The
following transformation associated with a set of definite clauses is often made use of.

Definition 2.2 For a set of definite clauses P, Tp : 287 — 2BP is defined to be
Te(I)={A€ Bp |JA — A,... A, € ground(P) and {A,,..., A} C I},
where ground(P) is the set of all ground clauses obtained from clauses of P.

Now we take interpretations and models in 3-valued logic, where the truth value t (the
truth), f (the falsehood) and u (the undefined) are used. As in [16], the logical connectives
follow the truth tables.

- | Alt u f Vit u f
t|f tlt u f tit t ¢t
uju uj/u u f uft u u
flt f|f f f flt u f
—|t u f |t u f
t ]t t ¢t t |t f f
u|{f t t ulf t f
fif f t f | f f t

A 3-valued Herbrand interpretation, as in [16], is defined:

Definition 2.3 Given a general logic program P, a 3-valued Herbrand interpretation is a
pair < T, F >, where T, F C Bp such that TN F = §.

A 3-valued model of a general logic program is a 3-valued Herbrand interpretation in which
the program is true. Partial orders on the family of 3-valued Herbrand interpretations of a
given general logic program P are given as in [11, 16].

Definition 2.4 Let ] =< T,F >, and J =< T', F/ > be 3-valued Herbrand interpretations
of a general logic program P. We define <; and <j to be

I<,J & TCT and FFCF, and
I<zyJ & TCT and FCF".
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t, f and u are used as atoms which are regarded as true, false and undefined, respectively,
in any interpretation. = stands for the logical consequence relation in 2-valued logic, while
=3 for that in 3-valued logic. In this paper, [' =3 F means that F is true in any 3-valued
Herbrand interpretation making I' evaluated as true.

As:introduced in [16], the 3-valued stable model is defined as follows:

Definition 2.5 Let P be a general logic program and I =< T, F > its 3-valued Herbrand
interpretation. P/I is a set of clauses obtained by implementing the following procedures for
P:

(1) Delete the clause whose body involves —A such that A € T.

(2) Replace all the (negative) literals —=A by u, if A ¢ T'U F, in the remaining clauses.

(3) Delete all the (negative) literals —A in the still remaining clauses.

Let the least Herbrand model of P/I, with respect to <;, be denoted A(P/I).

Definition 2.6 Assume a general logic program P. A 3-valued Herbrand interpretation [ is
a 3-valued stable model iff A(P/I) =1I.

2.3 Relation of Alternating Fixpoint with 3-Valued Stable Model

As in [9], there is a mapping whose fixpoint is closely related with the well-founded model [8].

The well-founded model is a least 3-valued stable model with respect to <j [17]. [5] discusses

properties of the well-founded model. The relation between the 3-valued stable model and
the fixpoint of the mapping is discussed in [22]. Following [1, 9], we have some mappings:

Definition 2.7 Let F be a 2-valued Herbrand interpretation, and P a general logic program.
PF is defined by means of the following procedures: :

(1) Let A« By ...BpD; ... Dy, bein PF foreach A < By ... B,=D; ...~ Dp, € ground(P),
where D; = P(t1, ... te) iff D =p(ta,. .. tx).

(2) Let A — be in PF for Ac F.
We define a mapping Sp : 287 — 2BP to be Sp(F) = Bp NIfp(Tpr), where I fp(Tpr) is a
least fixpoint of Tpr. Let Ap(F) = Sp(Sp(F)), where the overline stands for the complement
with respect to Bp.

Based on the result in [22], we have:

Theorem 2.8 For a general logic program P and its 2-valued Herbrand interpretation F,
F= Ap(F) and FNSp(F) =0 iff < Sp(F ) F > is a 3-valued stable model ofP

3 New Integrity Constraint in Abductlon Framework

In a new integrity constraint of an abduction framework, we prepare an auxiliary means,
called an adjustment, to let intractable (ground) atoms be interpreted unspecified as a logical
consequence of the theory and abducibles. This seems natural as far as we consider just the
integrity constraint in 3-valued logic. By means of the constraint, any (ground) atom is
evaluated as a logical consequence of the theory, the abducibles and adjustments to be true,
false or undefined. With the new integrity constraint of an abduction framework, we will
have an augmented abductive proof procedure on the basis of Eshghi and Kowalski procedure

[7] (E-K:procedure, for short) in Section 4. From now on, the negatlon is sometimes replaced
by “*” for the same treatment as in [12].
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3.1 Abduction and Stable Model

An abduction framework (7] under some integrity constraint can be described by a 2-valued
stable model 10,

Definition 3.1 An abduction framework based on a general logic program is a triplet <
P*, Ab*, I* >, where:

(1) P* is a set of definite clauses obtained by substituting p*(ti, ..., tx) for -p(ts,...,tk)
in P.

(2) Ab* = (Bp)* is a set of abducibles.

(3) I* is the set of all integrity constraints of the form: VZ—[p(Z) A p*(Z)] and VZ[p(Z) V
p*(z)]. (Note that T stands for a tuple of variables, and p is a prechcate symbol in P.)-

For A C Ab*, we say that P* U A satisfies I* if for any s € Bp
P*UAEsAs* and PPUA [ sor PPUA = s*

If P* U A satisfies I*, then {a | a* ¢ A} is a 2-valued stable model, while P* U A satisfies

I* if we take A = {a* | a ¢ M} for a 2-valued stable model M. A is expected as an abductive

explanation for a query. But the following example shows that there is no A such that P*UA
satisfies I*.

Example 3.2 Assume a general logic program P:

{ t -
T < 7qs,
q ‘—p’
p «<—¢ }.

There is just one 3-valued stable model < {t},{s,7} > of P, but no 2-valued stable model.
Hence there is no A such that P* U A satisfies J*.

Since there exists a 3-valued stable model for any general logic program 7], we are hereby
motivated to consider an adequate constraint in correlation with a 3-valued stable model. As
well, we devise an abductive proof procedure which should be in a more close relation with
the newly considered constraint, though E-K procedure is sound with respect to a 3-valued
stable model 4.

3.2 3-Valued Integrity Constraint

We present an integrity constraint which an abductive explanation is denoted by, and which
is in correlation with a 3-valued stable model.

Given a general logic program P, we define Bps = Bp U (Bp)*. For an atom set S, let
S*={a—ulaecs} .

Definition 3.3 An amended abduction framework is a triplet < P*  Ab*, I >, where
(1) P* is the same as the set in the former framework.
(2) Ab* is the same as the set in the former framework.
(3) I} is the set of all integrity constraints of the form:

Vf;Lv(f) A (p*(Z) — u)] and VZ-[(p(Z) — u) Ap*(Z)]

VE[p(2) V P (3) V ((p(Z)  u) A (p*(3) — w)].
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For ' A C Ab*, P*UT™ U A satisfies I} iff for any s € Bp
(1) PPUT" UA f3 s A (s* < u), and
(2) PUT"UA F3 (s — u) As*, and
(3) PPUT*UA |Egsor PPUT"UA |3 s* or P*UTYUA =3 (s +— u) A (s* « u).

[ is expected as an adjustment, while A as an abductive explanation. It is easy to see the
following lemma.

Lemma 3.4 Assume an abduction framework < P*, Ab*, I} > and ', A C Ab*. If P* ure
UA satisfies I}, then TN A = 0.

Proof Assume that I'N A # 0. Then there is no 3-valued Herbrand model of P* UT" UA,
and any formula is a logical consequence of P* UI'™ UA, which contradicts the constraint I;.
Hence 'N A =4. g-e.d.

On the other hand, if TN A = 0, then there is a 3-valued Herbrand model of P* UT" UA:
On the assumption that ['M A = §; there is no case that a* € I and o* € A. Therefore
there is always a 3-valued Herbrand model of I'™ U A. There is no caluse of P*, whose head

has a predicate with *. Hence there is a 3-valued Herbrand model which satisfies P* and
I'nA.

3.3 Consistency of Constraints

In this section, we present several lemmas, whose proofs are shown in Appendix, as regards
constraints. The main purpose is to express any logical consequence of P*UT" UA by means
of the memberships in the sets TUA, A, Sp(A*) and SP(F+ UAT).

Observing P2 in defining S p(A*), we see that PA" is regarded as equivalent to P* U A
in the following sense.

- Lemma 3.5 Assume an abduction framework < P*, Ab* I} > and A C Ab*. Then

SP(A+) = {a € Bp | PPUA E a}.
Proof See the appendix.

We can see that any member of A is a logical consequence of P* U A and vice versa:

Lemma 3.6 Assume an abduction framework < P AW I > and A C Ab* a* € A iff
P*UAFEa*

Proof See the appendix.

Noting that P* U A is a set of definite clauses (clauses involving no negative literals in
their bodies), we have:

Lemma 3.7 Assume an abduction framework < P* Ab* I} > and A C Ab*. Forl € Bp-,
PPUAELfFPUA ;L

Proof See the appendix.

Now we investigate the relation between logical consequences of P*UA and P* U™ UA.
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Lemma 3.8 Assume an abduction framework < P* Ab* I} > and I';A C Ab* such that
'NA=0. Then

(1) A 3-valued Herbrand interpretation M = < Sp(AT)U A, 0 > is a model of P*UT™
UA.

(2) Forl € Bp., PPUA =3 L fff PPUTYUA 3 L.

Proof See the appendix.

By means of Lemmas 3.5, 3.6, 3.7 and 3.8, we have:

Corollary 3.9 Assume an abduction framework < P*, Ab*, I} > and I, A C Ab* such that
I'NA=0. Forle€ Bp-,

PrUAEl
& P*UAK;
& PrUTHUA ’=3l
< [le Bp=1e Sp(AM))A(le (Bp)*=1le A)

What follows, the relations between models of P* UT™ U A and P* U A are shown.

Lemma 3.10 Assume an abduction framework < P* Ab*, I} > and ', A C Ab* such that
rna=4. ;

(1) If < IT,IF > is a 3-valued Herbrand model of P* UT" U A, then Bp. — IF is a
2-valued Herbrand model of P* UT U A.

(2) If I is a 2-valued Herbrand model of P*UT'UA, then < I —T, Bp. — I > is a 3-valued
Herbrand model of P* UT" UA. ' .

(8) For anyl € Bp., P*UT*" UA 3l —u iff PPUTUA EL

Proof See the appendix.

By Lemmas 3.5, 3.6 and 3.10, we have:

Corollary 3.11 Assume an abduction framework < P*, Ab*, I} > and I', A C Ab* such that
| AN WAY =@ FOTlEBP‘]

P'UF“UAF:;Z‘—-U
& P*UTUAEL
e [(leBp=1le Sp(TTUAN))A(l€ (Bp)* =1 TUA)

As regards the logical consequence of P* U™ UA, we have:

Lemma 3.12 Assume an abduction framework < P*, Ab*, I} > and I, A C Ab* such that
'nA=90.

(1) For s* € Ab*, s* € A iff P*UT™ UA =3 s™.

(2) For s* € Ab*, s* €T ¢ff P*UT* UA |=3 s* < u.

(3) For s* € Ab*, s* ¢TUA ff PrUTYUA |3 s* — u.

Proof See the appendix.
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We now see the consistency of the constraint when P* U™ U A satisfies I;. Let

T = {l€Bp«| PFUT"UA =31},
F = {l€eBp. | PPUT"UA }£3! « u}, and

Lemma 3.13 Assume an abduction framework < P*, Ab*, I} > and I', A C Ab* such that
P*UT" U A satisfies I}. For any a € Bp,

(1) a€e T a*€F.

(2)acF < a*eT.

(3)aeUea*elU.

Proof See the appendix.

Lemma 3.14 Assume an abduction framework < P* Ab* I} > and I, A C Ab* such that
P*UT™ UA satisfies If. Then for any a € Bp,

(1)ace Tea*eF ©aeSp(At) s a* ¢TUA.

(2)aeF a*eTwad Sp(ITUAY) & a* € A

(3)ac U a*eUsac Sp(TTUAY) Aad Sp(AY) @ a*eT.

Proof See the appendix.

3.4 Relation between Constraint and Stable Model

We have the relations between the constraint I; and the 3-valued stable model by making

use of the alternation fixpoint semantics [1, 9], That is, whether P* UT™ U A satisfies /] is
equivalent to that < Sp(At), At > is a 3-valued stable model such that I't' = A+ U Sp(A+).
We see this relation in what follows.

Lemma 3.15 Assume I'’ A C Ab*. If At N Sp(AT) = 0 and T = A+t U Sp(AY), then
[+ UA* = Sp(AT).

Proof e
[MUAt = A+USp(AT)UAT

= Sp(A+) (by At N Sp(At) =)
g.e.d.

. Theorem 3.16 Assume an abduction framework < P*, Ab*, It > . P*UT" U A satisfies I}

for T, A C Ab* iff
(1) AN Sp(A+) =0,
(2) T+ = A*USp(A™), and
(3) A+ = Ap(AY).

Proof (Only if part) (1)

a*€A & a¢Sp(I'UAY) (by Lemma 3.14)
= a ¢ Sp(At). (by monotonicity of Sp)



Abductive Proof Procedure with Adjusting Derivations for General Logic Programs 105

(2)
a*€l & a€eSp(TTUAT)Aa g Sp(AT)
{by Lemma 3.14)
< ag At Aa & Sp(A*) (by Lemma 3.14)
& a g ATUSE(AY)
3)

a g Sp(Sp(A+)) (by the lemma 3.15
as well as (1) and (2))
& a€ Sp(Sp(At)) = Ap(AT).
(If part) (i) Assume that P* U U A |=3 s A (s* < u) for some s € Bp, on the contrary
to the constraint. By Lemma 3.14, s € Sp(A*) and s* e TUA. If s* € T, then

s* €T & s€ ATUSHAT) & s ¢ AT U Sp(AY),

which contradicts to that s € Sp(A™*). If s* € A, then s € At N Sp(A™), which contradicts
that A* N Sp(A+) = 0. Hence P* UT" U A [£3 s A (s* — u) for any s.

(ii) Assume that P* UT"U A =3 (s «— u) A s*, on the contrary to the constraint. By
Lemma 3.14, s € Sp(I't UA™Y) and s* € A. By Lemma 3.14,

a* €A & a¢gSp(I'"UA™Y) (by Lemma 3.14)
&

s € Sp(I* UAY) = Sp(Sp(A7¥)) & s & Sp(Sp(AT)) = Ap(A*) = At

which contradicts that s € A*. Hence P* UT"U A &3 (s «— u)A s* for any s.
(iii) Assume that P* UTY"UA 3 s, PPUTYUA 3 s* and P*UT* U A 3 (s «— u)
A (s* « u) for some s, on the contrary to the constraint. It follows from Lemma 3.14 that
s¢ Sp(A*) and s € A*. As well,
P*UT"UA 3 s —uor PPUTMMUA f3 s*

If P*UIUA 3 5 u, then
P*UT"UAK3s+—u & s¢gSp(lTtUAt) (by Lemma 3.14)

& s Sp(Sp(AT)) (by Lemma 3.15)

& s € Sp(Sp(At)) = Ap(At) = AT,
which contradicts that s € A*. If P* UTYUA [~3 s* « u, then

P*UTYUA 38" +—u & s¢gIltUA* (by Lemma 3.14)
: ' & s ¢ Sp(At)  (by Lemma 3.15)
< sE SP(A+),

which contradics that s & Sp(A+). Hence for any s
P*UT"UA |38, P*UT"UA 3 s*,0or PPUT"UA =3 (s — u) A(s* —u).
This concludes the proof. — q.e.d.

By Theorems 2.8 and 3.16, we have:

Theorem 3.17 On the assumption that < P*, Ab*, I} > is an abduction framework and T, A
C Ab*, P*UT" U A satisfies I} iff < Sp(A'1), At > is a 3-valued stable model and ' =
AtuUS P(A+).
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4 Augmented Abductive Proof Procedure

For a general logic program P as in Example 3.2, E-K procedure demonstrates the derivations
with P* obtained from P:

suc «t 1] A={r}

—r
—7* I
10 —q s
4 |
—s
1
fail

where suc stands for a succeeding derivation and ff for a finitely failing derivation. Because
there is no succeeding derivation from «— ¢, < ¢* is removed from the above ff. However, we
present an augmented procedure in which such a removal is replaced by an adjustment or an
explanation. This replacement is regarded as a reflection of some 3-valued stable model, on
the basis of the third truth value, that is, u.

4.1 Abductive Proof Procedure

The augmented abductive proof procedure consists of three derivations: an abductive suc-
ceeding derivation (suc, for short), an abductive finitely failing derivation (ff, for short) and
an abductive adjusting derivation (adj, for short). ' o

A normal goal of the form « L;...L, is called an abductive goal, where each L; is in
Bp+. By mgu(A, A’) we mean one of most general unifiers of A and A’ for given atoms A and
A'. For a substitution 6, 0 | stands for a substitution which can operate on just variables
involved in G. On the assumption of an abduction framework < P*, Ab*, I} >, an abductive
proof procedure is recursively defined by means of three derivations, when a safe rule R of
selection of literals for abductive goals is given. Note that no nonground literal is selected by
R. An expression Ef obtained by applying a substitution # to an expression E is explained
in [14]. Also see it for other terminologies as regards logic programming.

(1) An abductive succeeding derivation (suc):
An abductive succeeding derivation from G* of rank r and length h is a sequence of quadru-
plets of an abductive goal, a substitution, an adjustment and an abductive explanation

(GB, 00, FOa A0)7 ceey (G;u 9h1 Fha Ah)7

where G = G*, Gy, = 0O and the sequence is organized by the following rules. When
6o = &, the above abductive succeeding derivation is denoted by (G, To, Ag) ~%,. (Th, As)
for & = 64 |z, or (Gg, To, Ao) ~>suc (Or, T'a, Ap), without indicating the rank.

(Rules) Let Gy =— Ly...L,, where L; is selected by the safe rule R. (Gj 1, 0k+1,
Tk41, Agt1) is obtained from (Gj, 0k, T'x, Ag) by:

(sucl) In case that there is A’ « I,...l,, € P* such that L; = A and 8 = mgu(A, A'),

G2+1 = (L1 N Li—-lll AN lmLi+1 v Ln)9,
Ors1 = 00, L1 = Tk, Dpr = Dy
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(suc2) In case that L; = A* (a ground atom) and A* € A,

Gl’;+1 = L1 RN Li—lLi+1 cen Ln,
Ok+1 = Ok, Tky1 = T, A1 = Ar.

(suc3) In case that L; = A* (a ground atom), A* € I'x U A and there is an abductive
finitely failing derivation of rank ' (< r), that is,

({ A},Th Ag U {A"}) ~ gy (I, A,

GI:+1 =« Ll ce Li—lLi+1 v Ln,
Oes1 =0k, Tis1 =T, A1 = A,

(2) An abductive finitely failing derivation (ff):
For a set F of abductive goals, an abductive finitely failing derivation of rank r and length h is
a sequence of triplets of a set of abductive goals, an adjustment and an abductive explanation

(FOa FOa A0)7 Sy (Fhv Fh7 Ah)v

where Fy = F, F, = 0, O € F}, for each k, and the sequence is organized by the following
rules. The above abductive finitely failing derivation is denoted by (Fo, o, Ag) ~ 55 (Th, An),
without indicating the rank.
(Rules) Assume that Fp = F{ U {« L,...L,}, where L; is selected by the safe rule R in
(ff1) In case that L; = A,
Fk+1 = Fk,: U {GI ey G:n},
k1 =Tk, Bg1 = Dy,

where

Gt = (L1 e Li_ll{ P lgjLH—l A Ln)Hj

] =
is a derived abductive goal for A7 — {7 .. A3 € P* and ¢ = mgu(A, A).
(ff2) In case that L; = A* (a ground atom) and A* € ['y U Ay,

Fk+1 = Flé U {4—’ L1 ‘e Li—lLi+1 e Ln},
Ci1 =T, Dgy1 = Ag.

(ff3) In case that L; = A* (a ground atom) and A* ¢ [y U Ag,
(ff3-1) if there is an abductive succeeding derivation of rank 7’ (< ),
("— A7 Fk:Ak) ~ (Fl,AI))

suc

then
Fig= FI;: Ciyr = F', Alc+1 = A',

(ff3-2) if there is an abductive finitely failing derivation of rank 7' (< r), that is,
({(_ A}7 Fk’ Ak U {A*}) Mff (F’) AI)v
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then

Fk+1 = Fé U {(— L1 e Li—lLi+1 e Ln},
Do =T, A=A,

(ff3-3) if there is an abductive adjusting derivation of rank 7' (< r), that is,
({(t,; = A} T U{A"}, Ag) ~ag (I7, A1),
then
Fopr=F.U{—Ly...LisaLis1 ... Ly},
Doy =T, Appn =4,
(ff3-4) otherwise,

Fk+1‘= FIQU{(_ Ll--~Li—1Li+l---Ln}7
Tiv1 =Tk, D1 = Ag.

(3) An abductive adjusting derivation (adj):
An abductive adjusting derivation from C of rank r and of length A is a sequence

(Co,To, D), ..., (Ch,Th, An),

where Cy = C, each Ci has the form (V,G*) for V =t or u, (t,0) € Cr(0 < k& < h),
Cr = {(u,0)}, and the sequence is organized by the following rules. The above abductive
adjusting derivation is denoted by (Co, o, Ag) ~>qqj (I's, Ar), without indicating the rank.
(Rules) Let C, = CL U {(V,— Ly ...Ly,)}, where L, is selected by the safe rule R.
(adjl) In case that L; = A,

Cer1 = CLU{(V,G}),...,(V,Gy)}
Feyr = Tk, Apgr = A,

where
Gy = (Ly...Lial]... [ Liyy ... Ln)0?

is a derived abductive goal for A7 — I ... li, € P* and &7 = mgu(4, A%).
(adj2) In case that L; = A* (a ground atom), A* € I’y and A* & A,

Ck+1 = C],C U {(11, — L1 . Li—lLi+1 ca Ln)},
Ciyr =Tk, Bppr = A '

(adj3) In case that L; = A* (a ground atom) and A* € Ay,

Ck+1 = Cl/c U {(V', — Ll e Li—lLi+1 Cen Ln)},
Tryr = Tiy D1 = Ak

(adj4) In case that L; = A* (a ground atom) and A* &€ 'y U Ay, -
(adj4-1) if there is an abductive adjusting derivation of rank r' (< r), that is,

({(t’ — A)}’ Fk U {A*}v Ak) ~adj (Fla A’)’
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then
Cern=CrU{(u,Ly...Li_1Liy1... Ly)},
Tegr =T, Agr = 4,
(adj4-2) if there is an abductive succeeding derivation of rank v’ (< r), that is,
(= ATk, Ag) 5 (I, 47,
then
Cr1 = C]::, Cey1 =T, Mgy = 4,
(adj4-3) if there is an abductive finitely failing derivation of rank r’ (< r), that is,
({ AL Tw, B U{A"}) ~pp (I, A1),
then .
Cit1=CLU{(V,—Li...Li_1Liyy... L)},
Peg1 =T, Bgp1 = A

Example 4.1 Assume a general logic program P as in Example 3.2. With P* induced from
P, we have the following abductive adjusting derivation ¥ for « ¢*. For an abductive goal
— r, we have the following finitely failing derivation: ({« r},0,0) ~ s ({g*},0). As well,"
(—t,0,0) ~5,. {g°},{r*}). On the other hand, for an abductive goal « g, we have the
following abductive adjusting derivation: ({(t,« q)},0,0) ~.q ({¢*},0).

[fladj: T={¢*} £ A=0 adj r=40
(t,—q) <—Ir (tml—«ﬂ
(t,—p) —q* s (t,—p)
| I I
(t,—q*) —s (u, — ¢*)
| 1 |t
(u, O), fail (u, O)

To stand for any derivation suc, ff or adj, we adopt the following notation:

Definition 4.2 By (T, Ag) ~rany (', A), we mean (G*, To, Ag) ~%,. (T, A) for some G* and

suc

0, (F,Tq, Do) ~ g5 (T', A) for some F, or (C, Ty, Ag) ~rag (T, A) for some C.

By the definitions of suc, ff, and adj, we have:
o If ({« A}, To, Ag) ~ s (T, A), then A* € A,.
o If ({(t,— A)},To, Ag) ~agj (T, A), then A* € T,

We follow [4, 6] for the notations to show the recursive relations between derivations.

Definition 4.3 If a subderivation 7' : ([g, Ag) ~any (I';, Al) appears in a derivation 7 :
(To, Ag) ~any (T'y A), then it is denoted by v > v'. > is the transitive closure of >. '

From now on, S € v means that a configuration S appears in a derivation 7. For example,
(G*,8,T,A) €  means that (G*,6,; A) appears in 3.
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4.2 Soundness of Abductive Proof Procedure

Before seeing the soundness of the presented abductive proof procedure, we need several
lemmas. Assume an abduction framework < P*, Ab* I} > .

1. Succeeding, finitely failing and adjusting derivations

Intuitively speaking, the following lemmas state that if there is a succeeding derivation
from an abductive goal with initial sets then any finitely failing derivation cannot be expected
with the same set, nor an adjusting derivation. On the other hand, any finitely failing
derivation, which is a subderivation of any derivation with I' and A as results, cannot permit
any succeeding derivation, with the super sets of sets I' and A as initial sets, for the abductive
goal which occurs in the finitely failing derivations.

If there is an abductive succeeding derivation with results I' and A, then each atom
involved in the abductive goal is a logical consequence of P* UT™ U A. This is stated by:

Lemma 4.4 Assume that («— Ly ... Ly, T, Ag) ~suc (0,1, A). Then
Vi: [(1<i<n)= [(Lify =a€ Bp = a€ Sp(AT))
NLibp = a* € (Bp)* = a* € A)]}.
Proof See the appendix.

When I' and A are obtained by an abductive succeeding derivation, there is neither an
abductive finitely failing derivation, nor an abductive adjusting derivation, if I'' and A’ are
initial sets such that I’ C TV and A C A’. On the other hand, there is an abductive succeeding
derivation with IV and A’ as initial sets such that I' C I and A C A’. This is formally given
by: :

Lemma 4.5 Assume that (G*, T, Ag) ~suc (0,T,A). Then

VI, A, T", A": [T CT)A(ACA)=
(G*’ Fl’ AI) Mguc (F/7 AI)

/\({G*},F/,A/) ')[’)ff (F”, AII)
A{(6, G} T, &) o (T, A)]

Proof See the appendix.

If there is an abductive finitely failing derivation in some derivation with I' and A as
results, then there is no abductive succeeding derivation with the initial sets I'" and A’ such
that ' C IV and A C A’. It is shown below:

Lemma 4.6 Assume 7 : (I'o, Ag) ~any ([, A) and p : ({— B}, Ta, D) ~p5 (I, AL) such
that v > p. Let
AI/
= AU{s* | I, A TLAL: [T CT)A(ACA)A ({8}, Te, Ag) ~pp (T, A}
If({GI,...,G;},Fb,Ab) € U, then .
Vi,[V, A8, T,,A,: [(1<i<)=[TC)A(ACA CA"
= (G}, T, &) pGi (T, A)])
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Proof See the appendix.

If there is an adjusting derivarion with I and A as results, occurring in some derivation,
then there is also an adjusting derivation starting with ' and A for some abductive goal
occurring in the adjusting derivation. This is given formally:

Lemma 4.7 Assume that v : (Lo, Ag) ~vany ([,A) and v : ({(t,— B)},Ta,As) ~agi
(I, ALY such that v > v. Then

(C, Iy, Ab) cv = (C, T, A) ~*adj (F, A)

Proof See the appendix.
2. Adjustments and abducibles obtained by succeeding derivations

If there is an abductive succeeding derivation with < a as an abductive goal and with I'g,
4 as the initial sets such that a* € I'y and a* ¢ A, then a* € ' and a* ¢ A for ' and A
obtained by the derivation. In a more formal description, we have:

Lemma 4.8 Assume that («— a,T'g, Ag) ~2,. (T, A) fof a € Bp. Then

[(a* € To = a* € T) A (a* & Do = a* € A)].

Proof See the appendix.
3. Adjustments and abducibles obtained by finitely failing derivations

In case that there is an abductive finitely failing derivation in some derivation, and in
relation with the abductive goal, we have:

Lemma 4.9 Assume that v : (o, Do) ~rany (T, A) and p : ({« B}, Ta, Ag) ~p5 (T, A7)
such that v > p. Also assume that (F,Ty,Ap) € p, where F = {G},...,G}} for G =«
Ly L} (1<i<l). Then

Vi, p(ground substitution),3j: [(1<i <) =[(1 <j<n)A
(Lip=a € Bp = ag Sp(TTUAY) A(Lip=a* € (Bp)* = a* ¢ UA)||

Proof See the appendix.

Lemma 4.10 (F,To, Ao) ~ s (T, A), where F = {G1,..., G} for Gt =— Li...Li (1<i
<1). Then

Vi, p(ground substitution),3j: [(1<i <) = [(1 <7 <n)A
(Lip = a € Bp = a & Sp(Sp(A1))) A (Lyp = a* € (Bp)* = a € Sp(AY))]].
4. Adjustments and abducibles obtained by adjusting derivations

In case that there is an adjusting derivation, and in relation with the abductive goal, we
have:.
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Lemma 4.11 Assume that (C,To, Ag) ~agj (T, A), where C = {(W1,GY),...,(Vi,Gf)} for
Gf = Li...Li (1<i<I). Then

i, p(ground substitution),Vj: [(1<i < DA[Q<]<ni) =
[(Lip=a€ Bp =>a€ Sp(TTUAT))A(Lip=0a* € (Bp)* = a* €T U AN

Proof See the appendix.

Lemma 4.12 Assume that v : (0,0) ~vany (Lo, Qo) and v : ({(t,«— B)},Ta,As) ~ag
(T, AL); such that v > v. Let (C,Ty,Ay) € v, where C = {(V1,G}),...,(VI,G})} for
Gy =—Li...Li (1<i<l). Then

DAWi=t) = [1<5 Sm)n
a € Bp = a & Sp(Sp(T7 UAY)))
=q* € (Bp) =>ac SP(PO U A+ ]]]

Vi, p(ground substitution),3j: [(1<i<

[(Ljp =
NLsp
Proof See the appendix.

For the similar reason in Lemma 4.12, we have:

Lemma 4.13 Assume that v : ({(t,G*)},0,0) ~as (Lo, Qo). Let (C,Ty, As) € v, where
C={(Vi,G}),...,(Vi, G)} for Gi =— Li...Li (1<i<1). Then

Vi, p(ground substitution),3j: [1<i<HA(Vi=t)=> [(M
[(Lip = a € Bp = a & Sp(Sp(T5 UA])))
(Lz =g*c (BP)* =qa € SP(F(T U Ag))]]]

5. Lemmas for the soundness theorem

Now we have several lemmas, to be made use of, directly for the soundness proof, which
are established by means of preceding lemmas.

Lemma 4.14 If there is v : (0,0) ~rany (Lo, Do), then AL C Ap(AT).
Proof
a* €Ay = p:({—a},Ta,Ag) ~55 (I, Al) such that v >
= a ¢ Sp(Sp(ALt)) (by Lemma 4.10)
= ac€ SP(SP(A:;")) .

= a€ Ap(A)
= a € Ap(Af) (by A, C Ag and monotonicity of Ap)

Note that a* € Ag iff a € Af. Hence A C Ap(Af). : q.ed.

Now consider the family of sets obtained by applying Ap inductively.

Definition 4.15 We define A, inductively as follows.

Al =

{ Ap(At_y) if a is a successor ordinal,
24

Up<aAp(A%) if o is a limit ordinal.



Abductive Proof Procedure with Adjusting Derivations for General Logic Programs 113

Lemma 4.16 Assume that v : (0,0) ~gny (o, Ag). For X C Bp, let

(1) QUX) = T C Sp(T¢ UX),

(2) Q2(X) = T3 C Ap(T3 UX), and

(3) Q3(X)=XNSp(LfUX)=0. .
Whether Q = Q1,Q2, or Q3, the following three conditions are satisfied.

(a) Q(AF).

(b) Q(AY) implies Q(Ap(AY)).

(c) Q is inclusive, that is,

VL : [L C 257 is a chain = [[VY, € L : Q(Ya)] = Q(UL)]].

Proof (1) As regards Q1:
(a)
a* €Ty = v:{(t,—a)},Te,Ag) ~qq (T, AL) and v > v
= a € Sp(I'F UAZ) (by Lemma 4.11) w
= a€ Sp(TF UAY) (by I, C Ty, AL C Ap and
monotonicity of Sp).

Note that a* € Ty iff a € I'§. Hence I'f C Sp(I'§ U AQ).

(b) Assume Q(A}). By Lemma 4.14, Af € Ap(A7). By monotonicity of Ap and by

induction, At C Ap(A}). Combining it with monotonicity of Sp,
} Sp(Ig UAY) C Sp(T§ U Ap(AY)).
It follows that I'y C Sp(I'd U Ap(A)). Hence Q1 is preserved under Ap.

(c) Forany Y, € L, Sp(I'g UY,) C Sp(I'§ U (UL)). Clearly Q1 is inclusive.

(2) As regards Q2:

(a) . .

a*e€ly = v:({(t,—a)},Ts Ag) ~aq (T, AL) and v > v
= a & Sp(Sp(I'g UAY)) (by Lemma 4.12)
= a€ Sp(Sp(T5 UAD))
= ac€ AP(FE}-UA;)
Note that a* € Iy iff a € T'¢. Hence 't C Ap(T'§ UAD).

(b) As we see, AT C Ap(AY). By monotonicity of Ap and by that AT C Ap(AY),
Ap(TEUAY) C Ap(TEUAp(AL)). Assume that Q2(A]), that is, I € Ap(T§ UAY). Then
I'§ € Ap(Tg U Ap(AY)). -

(c) For any Y, € L, Ap(T¢ UY,) C Ap(T¢ U (UL)). Clearly Q2 is inclusive.

(3) As regards Q3: '

(a)

a* € Do = p:({=a}, Ty, Ap) ~pp (T, AL) and v > p
' = a ¢ Sp(T¢ UAY). (by Lemma 4.9)
Note that a* € Ag iff a € Af. Hence A N Sp(Tg UAF) = 0.
(b) Since A} C Ap(A}), it is easy to see that Ag C A,. Because Sp is monotonic,
Q3(AY) = AINSp(TfuAl)y=10
A} C Sp(Tg UAY)
Sp(A3) € Sp(Sp(T5 U AY)) -
Sp(Sp(Tg U AF)) C Sp(AF)
Ap(Tg UAY) C Sp(AD).

4 8y
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By (2) and monotonicity of Ap,
Fg’ C AP(F(; U A0+) C AP(FEI)- U Ag) and AP(A;';) - AP(FE)F U AI)
It follows that I'§ U Ap(A}) C Ap(T'§ U A}). By using monotonicity of Sp,
Q3(A%) = Ap(IT UAY) € Sp(Af)
= ITUAp(A) € Sp(AY)
= Sp(L§ U Ap(A7)) € Sp(SP(B}Y))
= P(SP(AQ) C Sp(I§ U Ap(AY))
=
=

Hence @3 is preserved under Ap.
(c) Assume that @3 is not inclusive, and that Q3(UL) does not hold for some L even if
Q3(Yy) for any Y, € L. Then

Ja:fae UL /\ a € Sp(Tg U(VL))]
= I, eL:[acY,naec Sp(ITUY,),

which contradicts @3(Ya). Thus @3 is inclusive. q.e.d.

Lemma 4.17 Assume 7 : (0,0) ~>any (To, Ao). Then there exists A satisfying the following
conditions:

(1) Ao C A.

(2) AT = Ap(ATY).

(3) T C Sp(Ig UA™).

(4) Ty € Ap(Tg U AY).

(5) At NSp(TgUAT) =0

Proof (1) and (2): Let A} be defined as in Definition 4.15. By monotonicity of Ap and
Lemma 4.14, there exists v such that A7 C AY and AT = Ap(AZ).
(3), (4) and (5): These follow from Lemma 4.16 and fixpoint induction. q.e.d.

Lemma 4.18 Assume v : (0,0) ~any (Lo, Ag). Then there exists A satisfying the following
conditions: ‘

(1) Do C A and AT = Ap(AT).

(2) A*NSp(AT) = 0.

(3) Po NA= @

(4) TE N Sp(A%) = 0.

Proof By Lemma 4.17, there exists A satisfying:
(a) Ao g_ A and At = AP(A+)
(b) g € Sp(I'g UAY).
(c) Tg € Ap(Ig UAT).
(d) At N Sp(TgUAT) =0. _
Hence (1) is satisfied. From (d) and from that Sp(A*) C Sp(I'f U A¥), (2) follows. By (b)
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and (d), (3) holds. It follows from (c) and (d) that

Ig CAp(I§ UAY) = T§ C Sp(Se(lg UAY))
= Tg NSp(Sp(Tg UA*)) =0, and
AtNSp(TEUAT) =0 = AT CSp(TFUATt)
= SP(A+) - SP(SP(Fa- UA+))

Hence (4) is satisfied. q.e.d.
6. Soundness theorems

Finally we have the soundness theorems of the newly presented abductive proof procedure.

Theorem 4.19 Let < P*, Ab*, I} > be an abduction framework. Assume v : (0,0) ~any
(To, Ag). Then there exist T' and A such that Ty C T, Ag C A and P*UT™ UA satisfies If.

Proof It follows from Lemma 4.18 that there exists A such that (1) Ag C A, AT = Ap(At),
(2) A*NSp(A*) =0, (3) ToNA =0, and (4) I'g N Sp(A*) = 0. By (3) and (4), I'g N
(AT U Sp(A*)) = 0. By setting ' = A+ U Sp(A+t), we have Iy C I'. By using Theorem
3.16, P U™ U A satisfies I. \ q.ed.

Theorem 4.20 Let < P*, Ab*, I¥ > be an abduction framework. If ((— Ly...L,), 0, @)
~9 . (To, Ao), then there exist T and A such that:

(1) To CT, Ap C A and P*UT" U A satisfies I}.
(2) PrUT"UA 3 V((Li A ... A Ly,)8).

Proof By Lemma 4.4, it is obtained that for any i (1 <i < n)

Li#p = a € Bp implies a € Sp(Af), and

L8y = a* € (Bp)* implies a* € A,.
By Lemma 4.18, I'o N Ay = @. It follows from Corollary 3.9 that for any i (1 < i < n),
L0y € Bp- implies P*UT§UA( =3 Lifyp. Hence for any ground substitution ¢, P*UT§UAq
s (L1 A ... A Ly)8yp. Finally '

P*UTSU A s V((Ly A ... A Ly)8).

By Theorem 4.19, there exist I’ and A such that 'y C T, Ag C A and P*UT™U A satisfies I7,
where I't = A+ U Sp(A+). By monotonicity of Sp, Sp(AF) C Sp(At). Owing to Corollary
3.9 and similar reasons as above, we have:

P*UT"UA 3 V((Li A ... A Lp)8).
q.e.d.

Theorem 4.21 Assume an abduction framework < P*, Ab*, I} >. If ({— L,...L,}, 0,0)
~+¢¢ (T, Do), then there exist I' and A such that:

(1)To CT, Ao C A and P*UT™ U A satisfies I}.

(2) PUTUUA K3 V(L A ... A Ly,) « u).

Proof By the proof of Théorem 4.19, there exist I' and A such that Iy C T, Ay C A,
P*UT™U A satisfies I}, and I't = A+ U Sp(A+). Now assume that there exists a ground
substitution ¢ such that
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PrUTHUA |=3 (Ll/\.../\Ln)QO<—u.
Then Vi: [(1 <i<n)=[P*UT*UA |=3 Lip + u]]. By Lemma 3.14,

Vi: [(1<i<n)= [(Lip=a€ Bp=acSp(I'"UAY))
A(Lip = a* € (Bp)* = a* e TUA)]]. (#)

By Lemma 4.10,

3:[(1<j<n) Al(Ljp=a€ Bp=adSp(Sp(A7)))
N(Ljp = a* € (Bp)* = a € Sp(AF))]]-

In case that Ljp = a € Bp, a € Sp(Sp(A{)). By Lemma 3.15 and (#),
a € Sp(T+ UA*) = Sp(Sp(AT)). |
Also

It follows that a ¢ SP(SP(A+)) = a € Sp(Sp(A+)), which is a contradiction.
In case that L;@ = a* € (Bp)*, a € Sp(Af). By Lemma 3.15, a € Tt UA* = Sp(AH).
Also a € Sp(Af) C Sp(At). This is a contradiction. 4 q.ed.

Theorem 4.22 Assume an abduction framework < P*, Ab*, I} >. If ({(t,— Li... La)}, 0,
0) ~»a4i (To, Ao), then there exist T and A such that:

(1) To CT, Ag C A and P*UT™ U A satisfies I}. '

(2) PPUT"UA 3 (L1 A ... A Ly) —u) and P*UTUA W3 V(L A .. A Ly).

Proof By the proof of Theorem 4.19, there exist I' and A such that I'y C T, Ay C A,
P*UT" U A satisfies I}, and I'" = A+ U Sp(A*).
By Lemma 4.11, "

Jip(ground substitution), Vi : [(1 <i<n)=
[(Lip=a€Bp=ac€ Sp(l"+ UAd))
ALy =a*€ (Bp) = a* € [y U Ay))]].

By Lemma 4.18, [y N Ap = . By Corollary 3.11, ; _
Jp(groundsubstitution),Vi: [(1 <i < n) = [P*U FO U Ao 3 Lip < u]|.
It follows that 3p(groundsubstitution) : [P* UT§ U Ag =3 (Li'A ... A Ly)¢ «— u]. Hence
P*UT3UAg 3 A(LiA...ALy) — u).
Since Sp is monotonic, Sp(T U AZ) C Sp(I't U A+). By the similar discussion as above,
P*UT"UA =3 3((L1A..;ALn) —u).

Now assume that there exists a ground substitution @ such that P* U M uA Es (L1 A
..ALp)p. Then Vi: [(1 <7< n)= [P*UT*UA |3 Liy]]. By Corollary 3.9,

Vi: [(1<i<n)= [(Lip=a€ Bp=ac€ Sp(At))
A(Lyp = a* € (Bp)* = a* € A}]].
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By Lemma 4.13,
F:[1<5<n)A
[(Ljw=a € Bp = a¢g Sp(Sp(I'{ UAYT)))
A(Ljp = a* € (Bp)* = a € Sp(T§ UA)]

In case that Lo = a € Bp,
o & Sp(Sp(TF UAD)) @ a € Ap(TF UAY) C Ap(TF U AY).
By Lemma 4.17, A* N Sp(C'¢ UA™) = 0. 1t follows that

A*ASp(TTUAT) =0 = A*CSp(ld UAY)
= SP(A+) - Sp(Sp(Fb+ U A"’))
= Sp(A+) C Ap(TI UAT)
= Sp(AY)NAp(TuUAt)=0.

But we see that a € Sp(A*) N Ap(I'f U AY), which is a contradiction.
In case that Ly = a* € (Bp)*, by Lemma 4.17, A* N Sp(T'§ UA*) = 0. But we see that
a € At and a € Sp(I'f UAY) C Sp(I'd U At). 1Tt is a contradiction. q.e.d.

Example 4.23 Assume a general logic program P as in Example 3.2. As we have seen in
Example 4.1, we.see that («— t,0,0) ~<,. ({¢*},{r*}). For I' = {p*,¢*} and A = {s*,7*},
P*U T U A satisfies I}, and P* UT" UA |=;3 t.

5 Concluding Remarks

The primary contributions of the present paper are to have a new integrity constraint in
an abduction framework based on general logic programs, and to augment an adjusting
derivation to Eshghi and Kowalski procedure in correlation with the presented constraint. As
an advantage of the augmented abductive proof procedure, each derivation can be regarded as
a start, whether it is an abductive succeeding, finitely failing or adjusting derivation. Hence,
as a prerequisite, an adjusting derivation can be implemented before starting a succeeding
derivation, to avoid an unsuccessful derivation. The possibility of adopting a general negation
as failure, discussed as in [19, 20, 21}, for the abduction framework with the presented integrity
constraint, and for the augmented abductive proof procedure, may be studied.

In [2, 3], positive and negative loops are examined in computations with respect to the
well-founded semantics. In [18], a loop is detected by an oracle in computations with respect
to the well-founded semantics. In more general, a sound and complete derivation is studied
in [15]. On the other hand, we present a derivation to detect the undefined as a logical
consequence. As regards the completeness of the presented proof procedure, we have a
question of which class of programs as theories can be a subject.
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Appendix
A.1 Proofs in Section 3

Proof of Lemma 3.5

a€Sp(AY) & a€BpNTpa+ Tw (by the definition of Sp)
& a€ BpNTppa Tw (by the definition of PA+)
& a€BpN{b& Bprya | PPUA b} (asin [14])
& a€e{beBp | PrUAED}

Hence we have the lemma. g.e.d.

Proof of Lemma 3.6 Assume that a* € A. It is evident that a* is true in any 2-valued
Herbrand model of P* U A. On the other hand, assume that P* U A | a*. Because a* does
not appear in any head of the clause of ground(P*), a* € A as long as P*UA Ea*. q.ed.

Proof of Lemma 3.7 (1) It is shown in [19] that P = a iff P }=3 a if P is a set of definite
clauses. The lemma follows it. g.e.d.

Proof of Lemma 3.8 (1)(i) Because A C Sp(AT)U A, M is a model of A.

(ii) For each clause a « L, ... L, € ground(P*): .

(a) In case that a € Sp(At), a is true in M, and thus a < L; ... L, is true in M.

(b) In case that a € Sp(A*), a is regarded as u (the undefined). It follows from the
definition of Sp that L; = b € Bp but b € Sp(A*t), or L; = b* € (Bp)* but b* ¢ A for
some L; (1 < i <n). Hence L; & Sp(A*)U A, and L; is evaluated as u by M. Finally
o« Ly...Ly, is true in M.

(iii) TNA = @ implies 'N(Sp(A*)UA) = §. It follows that any member in I' is interpreted
as u in M. That is, M is a model of I'".

By (i), (ii) and (iii), M is a model of P* UT" U A.

(2) (i) Assume that P* U A k=3 I. Since any 3-valued Herbrand model of P*UT" U A
is also a 3-valued Herbrand model of P* U A, [ is true in any 3-valued Herbrand model of
P*UT*UA. It follows that P*UT" U A =3 1.

(i) Assume that P*UTYUA |=3 I. Assume that P*UA }£3 . By Lemma 3.7, P*UA [ L.
If l € Bp then | € Sp(A*) by Lemma 3.5. If [ € (Bp)* then [ € A by Lemma 3.6. Hence
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l ¢ Sp(AT)UA. lis evaluated as uby M =< Sp(A+t)UA,d >, whichisa 3 valued Herbrand
model of P*UT" UA. This contradicts that P* UT" U A |=5 L. g.e.d.

Proof of Lemma 3.10 (1) Assume that < IT,IF > is a 3-valued Herbrand model of
P*UT“UA. Let I = Bp. — IF. ' |

(i) Because A C IT, I is a 2-valued Herbrand model of A.

(ii) Since < IT,IF > is a 3-valued Herbrand model of I'*, a* € Bp. — (IT U IF) if
a* o>uecl™ Hencea* € [. Thatis, I' C I, and [ is a 2-valued Herbrand model of T

(iii) Since < IT,IF > is a 3-valued Herbrand model of P*, any ground clause obtained
from a clause of P* is interpreted by < IT, IF > as follows:

t—t, t—u, u—u, t—f, u—f, or fe—f.
Hence, by I, any ground clause obtained from a clause of P* is interprested as
t—t, t—t, t—t, tef t—f or f—f,

respectively. It follows that I is a 2-valued Herbrand model of P*.

(2) Assume that [ is a 2-valued Herbrand model of P* UT' U A. Since [ is a 2-valued
Herbrand model of P*UTUA, T CTand ACI. Let M =<I—~T,Bp. — 1 >.

(i) Because TNA =0, AC I—T, and M is a 3-valued Herbrand model of A.

(ii) Assume that a* € T, that is, a* & u € I'*. It follows that a* ¢ I —T and a* ¢ Bp —1I.
Hence a* is interpreted as u by M. That is, M is a 3-valued Herbrand model of I'".

(iii) Since I is a 2-valued Herbrand model of P*, any ground clause obtained from a clause
of P* is interpreted by I as:

t—t, tf or f—f.
Note that any head of the ground clause is not in T". By M, it is interpreted as
t—t or t—u, t—f, or f—f,

respectively. Hence any ground clause obtained from a clause of P* is interpreted as t by M.
That is, M is a 3-valued Herbrand model of P*. '

By (i), (ii) and (iii), M is a 3-valued Herbrand model of P*UT™ U A.

(3) (i) Assume that there is | € Bp+ such that P*UI™UA =3l — uand P*UTUA ¥ L
It follows that there is a 2-valued Herbrand model I of P*UT'UA, which interprets [ as false.
By (2), M =< I —T, Bp« — I > is a 3-valued Herbrand model of P*UT™ U A. Because ! & I,
l € Bp» — I. Thus ! is false in M, which contradicts that P* UT"UA |3 — u.

(ii) Assume that there is | € Bp. such that P*UTUA E=1land PPUT*UA 3l —u. It
follows that there is a 3-valued Herbrand model < IT, IF > of P* U U A, which interprets
l as false. By (1), I = Bp« —IF is a 2-valued Herbrand model of P*UT'UA. Becausel € I'F,
[ ¢ 1. Thus ! is false in I, which contradicts that P*UT U A [ L.

By (i) and (ii), P*UT"UA k3l —u iff PPUTUAEL q-ed.

Proof Lemma 3.12 (1) It follows from Lemma 3.6 and Corollary 3.9.

(2) (i) Assume that s* € I". In any 3-valued Herbrand model of P* UT™ U A, which is a
model of I, s* & u is true. That is, P*UT"UA |3 s* < u.

(ii) Assume that P* UT" U A |3 s* « u. Because ' N A = @), and there is no clause of
P*, whose head contains s*, s* should be in T'.



Abductive Proof Procedure with Adjusting Derivations for General Logic Programs 121

(3) (i) If s* ¢ ' U A, then there is a 3-valued Herbrand model of P* UT" UA, which
interprets s* as false. It follows that P* UT™ U A f43 s* — u.

(ii) If P*UT™ U A }£3 s* « u, then there is a 3-valued Herbrand model of P* UT" U A,
which interprets s* as false. It follows that P* UT" U A p3 s* and P* UT" U A }43 s* > u.
By (1) and (2), s* €T and s* ¢ A. q.ed.

Proof of Lemma 3.13 (1) Assume that a € T, that is, P* UT" UA |=3 a. Since P*UT™
UA satisfies I}, P* U™ UA J£3 a A (a* « u). It follows that a* is false in some 3-valued
Herbrand model of P*U ' U A. Hence a* € F. On the other hand, if a* € F, that is,
P*UT"UA fe3 a* « u, then P*UT" U A k=3 a, that is, a € T, because of the constraint.
Hence a* € F impliesa € T.

(2) If a € F, that is, P*UT" U A 43 a < u, then P* U™ UA |k a*, because of the
constraint. Hence a* € T. On the other hand, on the assumption that a* € T, P*UTI'"U
A £3 a < u, because of the constraint. Hence a € F.

(3) It follows from (1) and (2) that

ceEUsadTAad¢FeoatgdTA¢gF & a*eU.
| g.e.d.

Proof of Lemma 3.14 By Lemma 3.4, TNA = 0.
(1) It follows from Lemmas 3.12, 3.13 and Corollary 3.9.
(2) It follows from Lemmas 3.12, 3.13 and Corollary 3.11.
(3) It follows from (1), (2) and ' N A = § that :

a*eUsa*¢gTUF < (@a*€cTUA)A(a*€A) & a* el
By (1) and (2),a* € T < a € Sp(TT UAY) Aa & Sp(A). q.e.d.

A.2 Proofs in Section 4

Proof of Lemma 4.4 It is proved by induction on'length k of the derivation: (« Li...Ly. T,
Ag) ~sue (6, T, A).

(1) If k =0, then n = 0 and it holds.

(2) Assume that it holds if K = m. Let k = m+1. Also assume that a literal L, is selected
in the abductive goal «— L, ... L,. :

(i) In case of (sucl): Consider the case that L; = A (an atom) and there is A" « L} ... L;
€ P* such that 6, = mgu(A, A’), and

(= (Ly... Ly 1Ly .. . LiLeyy ... Ln)81,To, Ag) ~2, (T, A)

suc

of length m, where 6,0’ = 6. By induction hypothesis,

Vi: [(1<i<n)A(i#s)=>
[(Li10'¢p = a € Bp = a € Sp(A™))
N(Li6,0'p = a* € (Bp)* = a* € A)]] and

Vi: [(1<j <) = [(Lj610'p=a€ Bp = a€ Sp(AT))
N(L;j0,0'p = a* € (Bp)* = a* € A)]].

Hence L,8p = A'0,0'p € Sp(A*) if A'6,60'¢ € Bp. This completes the induction.
(i) In case of (suc2): Consider the case that L, = A* (ground), A* € Ag, and
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(*— Ll e L5_1L3+1 Ce Ln, Fo, Ao) ~*sue (9, F, A)
of length m. By induction hypothesis,

Vi:[(1<i<n,i#s)= [(Lfbp=a€ Bp=ac Sp(AT))
A(Lifp = a* € (Bp)* = a* € A)]].
Because A* € Ag C A, the induction step is completed.
(iii) In case of (suc3): Consider the case that L, = A* (ground), A* & Iy U Ag and
({‘_ A}, Lo, AgU{A™}) ~s ( 0s Ap), then
(¢ Ly...Ls—1Lgyy... Ly, T, AY) ~suc (6,T, A)

of length m. By induction hypothesis for the derivation of length m and by that A* € A}
C A, the induction step is completed. q.e.d.

Proof of Lemma 4.5 It is proved by induction on length k of the derivation: (G*, Ty, Ao)
P suc (9, F; A)
(1) If K = 0, then G* = O and it holds.
(2) Assume that it holds for k = m. Let k = m + 1. Also assume that L; is the selected
atom in the abductive goal « L; ... L,.
(i) In case of (sucl): Consider the case that L; = A and there is A" — L! ... L; € P* such
that 6, = mgu(A, A’), and (G},To, Do) ~suc (¢, T, A) of length m, where
GI = (Ll e Ls-—lL'l e L;Ls_‘_l e Ln)el
and 6,6 = 6. By induction hypothesis,
vI',AN T A": [TCTHA(ACA) >
(G}, IV, 8") ~%,. (T, A)
N{GE, T A %y (I, A
/\({(ta GI)}v FI! AI) 7L’adj (F"v A”)]'
It follows that '

VIV, A" [T C ')A (A C AY) = (G5, TV, A') ~0 (I, AY)].

Because G7j is involved in the derivation from G*,
VI, AT A" : (TCIA(ACA) =
(G} T, A gy (7, A7) A{(8,G*)} T, A') rags (T7, A7)
(ii) In case of (suc2): Consider the case that L; = A* (ground), A* € A, and (G}, To, Ao) ~*suc
(0,T, A) of length m, where
GI = Ll ce Ls_1L3+1 N Ln.
By induction hypothesis,
VIV, AT A" [T CTHYAN(ACA)=>

(G1,TV, &%)~ (T, &)

N{Gi}, T, A gy (T, A7)

A{(t, G} T, A') Arags (T, A")].
Because A* € Ag € A C A/, the induction step is completed.

(iii) In case of (suc3): Consider the case that Ly = A* (ground), A* & To U Ao, ({~
A}, To,Ag U {A*}) ~s5 (Th, Ap), and (G3,Tg, Af) ~suc (6,1, A) of length m, where
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GI = L1 .. .Ls_1L5+1 . Ln.
Because A* € Ay € A C A/, the induction step is completed. q.e.d.

Proof of Lemma 4.6 It is proved by induction on the rank r of u. Let F = {G},...,G}}.

(1) In case that r = 0: It is proved by induction on the length k of the derivation for (F,
T, Bp) ~ 55 (s Bg)-

(i) If k=0, then F =0 and it holds.

(ii) Assume that it holds for k = m. Let k =m+ 1. Alsolet F = F'U{« L;...L,},
where the selected literal in «— L, ... L, is L;.

(a) In case of (ff1): Assume that L, = A, {g7,...,9,} is a set of derived abductive goals
by using A and

(F, U {gr’ o "g;}yrba Ab) ~ff (Fa, A;)
of length m. By induction hypothesis,

Vi, I, AT, A0, [(1<j<p)=
[(CST)A(ACA CA") = (g5, A) b, (T AL

As well,
Vi, [', A, Ty, A4, 0, (1< i < 1)
= [(Gf £ Ly L) A (TCI)A(AC A CAY
= (G* FI A/) suc (FZ7A )]] )

Vi, I', AT, A6, [1<i<])=
(CCTA(ACA CA") =
(G:v F, ) 7[’>suc (FZ’ AZ)”

It follows that

This completes the induction step.
(b) In case of (ff2) Assume that Ly = A* (ground) A* € Ty U A and

(F, U {‘— L1 v LS_IL5+1 PN Ln}, Fb, Ab) ~AfF (F,m Ala)
of length m. By induction hypothesis,

Vi, I, A" T,,A,,8,: [1<i<l)=>
[(G* ?é<— L1 L \% G* = L1 Ls 1Ls+1 P Ln)
AT CT)A(AC A C A" = (G TV, A) b, (T, A)]l.

(b-1) If A* € A, then A* € A, C A C A’. Hence
vI', A", T,, A, 0, :
(CCI)A(ACA' C A”)
(‘_ Ly...L,T, I) 7[”suc ( 294 )]
This completes the induction step.

(b-2) If A* & A, then A* € T,. Because I'y, C ' C I, neither (sucl), (suc2) nor (suc3)
can’t be applied to L, = A* in « L, ... L,. This leads to that

VI, AL T, A0, [TCT)A(ACA CAY) =
(<_ Ll Ln’ r AI) 7L'suc (FZ’ AZ)]
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This completes the induction step.

(c) The case of applying (ff3) is none, because the rank r is 0.

(2) Assume that it holds for r < t. Let r =t + 1. It is proved by induction on length k
for (F, Fb, Ab) ~Ff (F:z, A;)

(i) If k = 0, it is proved like the case that r =0.

(i) Assume that it holds for kK = m. Let k = m+ 1. Alsolet F = F'U{« L;...L,},
where L is the selected literal in «— L;... L,.

(a) In case of (ff1): It is proved like the cae that 7 = 0.

(b) In case of (ff2): It is proved like the case that r = 0.

(c) In case of (ff3): Assume that L; = A* and A* ¢ T, U Ab

(c-1) In case of (ff3-1): Assume that 3 : («— A, T, Ap) ~
such that > 7', and

1, Ap) for some Iy and A

sue (
(F", T, Ay) ~ 55 (T A7)
of length m. We prove that
VA" : [[ACA'CA")y= A* g A].
Assume that A* € A: Because A* €Ty U A,
o ({— A}, Ty, Ag) ~pf (T, A) for some Ty, Ay, T’y and Al and v > .

Because A* € Ay, p' occurs after 3’ starts. If 5/ >> ,u then, by induction hypothesis for the
rank (of 4') less than t + 1,

(= AT, 8) %% (T2 4,).

suc

Because I'y C T and A} C A, owing to Lemma 4.5, the induction hypothesis contradicts 3.
If ' % 1, then I’y C 'y and A} C Ay It contradicts ', by Lemma 4.5. Hence A* ¢ A.
Assume that A* € A’ — A. By the definition of A”,

dre, A, F,ca Aé : [(F - Fc) A (A - Ac) A ({‘_ A}a FCv.AC) ~ff (F::» Alc)]

Because I, CT' C I'. and A C A C A, it contradicts Lemma 4.5. Hence A* ¢ A’ — A.
These case analyses lead us to that A* € A’. Next we conclude that

Van Az,az : [(‘—— Ll Ln) F, AI) %} (FZ) AZ)]

suc

for the reasons:
Assume that A* € IV. Because A* ¢ A’, (suc2) and (suc3) are not applied, it is evident.
Assume that A* ¢ I". Because A* ¢ A/, A* ¢ ["YUA'. Sincel', CT CI"and Aj C A
C A’, by Lemma. 4.5,

({ AL T, ATU{A™}) £y (T3, A7),

which makes it hold that (« Ly...L,, IV, A’) % (T, A,).
Combining that V[, A,, 0, : [(« Li...L,, T, A") %
(I, AL), we complete the induction step.
(c-2) In case of (ff3-2): Assume that u' : ({— A} Ly, Ay U{A*}) ~p5 (T, Ay) for some T,
and A} such that u > ¢/, and

(F'U{~ Ly...Lg_1Lgy1 ... Ly}, T, AL) ~pp (T0, AL)

(T, A,)] and (F', T, Ay) oy

suc
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of length m. By induction hypothesis for the derivation of length m, and by that A* € Ay C A
c A,
VIV, AT, A0, [TCDHA(ACA CA") =
' (= Ly...Lp, TV, A" Y (T,,A,)]

This can complete the induction step.
(c-3) In case of (ff3-3): Assume that o/ : ({(t,— A)},Ts U {A*}, Ap) ~ag (T}, Ap) for
some [} and A} such that v > v/, and
(F’ U {4— Ll N Ls_1L3+1 v Ln}, F;,, A;) Mff (F;, A;)

of length m. Take'any I"and A’ suchthat ' CIY and A C A’ C A",
Assume that A* € A’. By induction hypothesis for the derivation of length m,

VI, 85,0, (— Ly ... Ly-yLap1 ... L, T', A') 6% (T, A,).

suc

Hence
suc

VT, A5, 0, (— Ly ... Lo, T, AY) b8 (T, A,).

This completes the induction step.
(c-4) Otherwise: Assume that

(F' U {4— Ly...Lg 1Lsyq... Ln}, Iy, Ab) ~g (F:l, A;)
of length m. For any I and A’ such that ' C I and A C A’ C A”, in case that
(4— L1 ce Ln, g, IV, A’), (4— L1 PN Ls—lLs+1 . Ln,E, FI, A')

is a succeeding derivation. By applying induction hypothesis for the derivation of length m,
we conclude that

(—Ly...Lp,, TV, A" %% (T,,A,),

suc

and in case that A* ¢ A’ and A* € I", neither (sucl), (suc2) nor (suc3) is applied for the
selected literal L in (« Ly... Ly, &,T", A’), and thus :

(—Ly...L,, TV, A % (T,,A,).

Assume that A* ¢ A’ and A* € ['. With the selected literal L, in « L;...L,, neither
(sucl), (suc2), nor (suc3) is applied. It follows that

VI,,A,,0,: (& Ly...L,, T/, A') 4% (T,,A,).

This completes the induction step.
Assume that A* ¢ A', A* €TV, and ¢ : ({— A}, IV, A" U {A*}) ~ 55 (Tq, Ay) for some Ty
and Ay. It follows that

((—- L1 e Ln, g, FI, AI), ((— Ll . Ls_1L3+1 . Ln, g, Fd, Ad)

is a succeeding derivation. We show below that Ay C A”. Assume that a* € Aj and o* ¢ A"
for some a*. a* € A" implies a* € A’. As well, a* € A, implies that

W ({e a},Te, Ae) ~p5 (T, AL) such that 4/ > p”, or a* = A*.
By the definition of A”, a* € A” implies
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VLo A, I, AL: [[ CTeAA C A, = ({ a},Te, Ad) 7 (T, AL)].

If a* = A*, then this contradicts ', because I' C IV and A C A'U {A*}. If a* # A*, then it
contradicts 4", because I' C IV C I, and A € A'U{A*} C A,. This concludes that Ay C A”.
By induction hypothesis for

(FFU{e— Ly...Le_1Lsy1 ... L}, To, Ap) ~rgpp (T, AL),
we see that
(—Ly...Ls-1Lgyq.. Ln,Fd,Ad) b (T, A)),
because I' C I’y and A C A; C A”. It follows that
VI, A,,0; : [(— Ly... Lo, T/, A') 0% (T, AL)]

This completes the induction step.
Assume that A* € A', A* ¢ T" and

VL4, Ag: [({— A} T, A"U{A%}) Aogs (T, Ad)]-
It is easy to see that
) Vr‘z:Azyez : [(‘_ Llr'“LnaF, )%suc (FZ7AZ)]'
This completes induction step. q.e.d.
Proof of Lemma 4.7 It is proved by induction on rank r of v.
(1) In case that r = 0, it is proved by induction on length & of the derivation for (C, Ty, Ap)
~ adj (Fa,A ) in v.
(i) f k =0, then C = {(u,0)} and it holds.
(ii) Assume that it holds for k=m. Let k = m+ 1. Also assume that C = C' U {(V —
L,...L,)}, where L is the selected literal in « L ... L,.

(a) In case of (adjl): Assume that Ly = A (an atom), the set of abductive goals derived
by using A is {gf,..., 9/} and ’

(C, U {(I/a g;)a ceey (V7 gl*)}v Fb) Ab) Madj (F:p A:;)
of length m. By induction hypothesis,
(Cl U {(‘/1 g;)a ey (V', g;)}7 Fa A) ~adj (F, A)
Because
(C,T,A), ([C"U{(V.gi),--..(Vig1)}. T, A)

is an adjusting derivation, we can complete the induction step.
(b) In case of (adj2): Assume that L, = A* (a ground atom), A* € T',, A* € A, and

} (C/ U {(u, — L1 “e Ls—lLs+1 ve Ln)}, Fb, Ab) ~“adj (F;, A::)

of length m. If A* € T}, then neither (suc3), (ff3) nor (adj4) is applied to A*. It follows that
A* ¢ A. Because A*e€T'y CT,

(C,T,A), (C'U{(u,Ly...Ly—1Lsp1... L)}, T, A)
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is an adjusting derivation. By means of induction hypothesis for the derivation of length m,
we complete the induction step.
(c) In case of (adj3): Assume that L; = A* (a ground atom), A* € A, and

(Cl U {(‘/, — L1 e Ls—lLs+1 e Ln)}, Pb, Ab) ~~adj (F:I, A;)
of length m. Because A* € A, C A,
(C, F, A), (C, U {(‘/, — Ll PN L3_1L3+1 .. Ln)}, F, A)

is an adjusting derivation. By making use of induction hypothesis for the derivation of length
m, we complete the induction step.

(d) In case of (adj4): There is no possibility, because r = 0.

(2) Assume that it holds for rank r < ¢. Let r = t + 1. It is proved by induction on the
length k for (C, Ty, Ap) ~aqi (I, AL).

(i) In case that k = 0. It holds as for r = 0.

(ii) Assume that it holds for ¥ = m. Also assume that k =m+1 and C = C' U {(V, «
L,...L,)}, where L; is the selected literal in « L;...L,.

(a) In case of (adjl): It is proved like the case r = 0.

(b) In case of (adj2): It is proved like the case r = 0.

(c) In case of (adj3): It is proved like the case r = 0.

(d) In case of (adj4): Assume that Ly = A* (a ground atom) and A* ¢ I', U A,

(d-1) In case that v/ : ({(t,— A)},Ts U {A*}, Ap) ~aqgi (T}, A}) for some I'y and A} such
that v > ¢/, and .

(C, U {(ll, — L1 e L3_1L5+1 v Ln)}, F;,, A;,) ~adj (F;, A;)
of length m. Note that A* € I, C I'. We show below that A* € A. Let A* € A. Then
p o ({— A}, Te, Ap) ~5 (T, AL) for some T, A, T, and A/, such that v > u'.

Because A* € Ap and A* € A, V' does not appear after p/. It follows that A* € Ty C T'..
This contradicts the application of (suc3), (ff3) or (adj4) for A*. It is impossible that v > p'.
Hence A* ¢ A. By applying (adj2), we have an adjusting derivation:

(C, F, A), (Cl U {(u, ‘—‘ Ll [N Ls_1L3+1 . Ln)},r, A)

By making use of induction hypothesis for the derivation of léngth m, we complete the
induction step. :

(d-2) In case that 8’ : («— A, Ty, Ap) ~5,. (T, A}) for some I'y and A such that v > #,
and

(C", T4, A4) ~agj (Tg, B)
of length m. It is sufficient that A* € U A and («— A, T, A) ~%,. (T', A), to see that
4 (C,T,A), (C',T,4)

is an adjusting derivation.
Assume that A* € T'. Then

Vo ({(t, A A)}, L., Ac) ~adj (F,c’ A::)
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for some T, I',, A, A such that v > /. Because A* ¢ [, and A* € T, #’ does not appear
after /. If 8 > v/, then the rank of v/ is not greater than ¢. By induction hypothesis on
rank,

({(tv — A)}v L, A) ~* adj (F’ A)'

Because I';, C T" and A} C A, this contradicts Lemma 4.5. Unless 8’ > v/, I, € I'c and
Ay C A, which shows that v/ contradicts Lemma 4.5. Hence A* ¢ T.
Assume that A* € A. Then

iu'l : ({(_ A}a L, AC) ~ff (Flc’ A,c)

for some I';, A, I", and A such that v >> p/. Because A* ¢ A, and A* € A, ' does not
appear after u/. If 8’ > u/, then by Lemma 4.6,

V., AL 0, ¢ [(— AT, A) 5% (T, A,)].

Because Iy C I' and A} C A, this contradics Lemma 4.5. Unless 8’ > /, y’ contradicts
Lemma 4.5, because I'y C T, and A} C A,. Hence A* € A.
Because I, C T and A} C A, by Lemma 4.5,

(— AT, A)~¢

suc

(T,A).

By the adjusting derivation (C,T',A), (C’,I',A), and by induction hypothesis for the
derivation of length m, we complete the induction step for (C,T, A) ~ 44 (T, A).

(d-3) In case that p' : ({— A}, Ts, Ay U{A*}) ~s (I, A}) for some Iy and A; such that
v >y, and '

(C'U{(V, = Ly...Ly-1Los1- .. Ln)}, Ty A}) ~orqs (I, AL)
of length m. Because A* € A} C A, o
(C,T,A),(C'"U{(V,— Ly...Ls_1Lsy1... L)}, T, A)

is an adjusting derivation. By making use of induction hypothesis for the derivation of length
m, we complete the induction step. q.e.d.

Proof of Lemma 4.8 Assume §: (« a,'g, Ao) ~¢,. (I', Q).
(1) On the assumption that a* € Ty and a* € ',
, vi({(t;a)},Tay Ag) ~agy Iy Ay)
for some Ty, A4, T, Al such that B> v. By Lemma 4.7,
({(t, = a)}, T, A) ~qq (T, A).

This contradicts Lemma 4.5. Hence a* ¢ I'g implies a* ¢ I.
(2) On the assumption that a* & Ag and a* € A,

H: ({‘_ a}’ L, Aa) ~ff (F:u A:z)
for some T'y, A4, I, and A} such that 8> u. By Lemma 4.6,
(‘— a, Fv A) ’/”gfm (FZ’ AZ)
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for any I';, A, and #,. This contradicts Lemma 4.5. Hence a* € Ay implies a* € A.  q.e.d.

Proof of Lemma 4.9 It is proved by induction on the length k for (F, [y, Ap) ~ 55 (I, AL).

(1) If k = 0, then F = @ and it holds.

(2) Assume that it holds for k <m. Let k=m+ 1 and F = F'U{« L;...L,}, where
L, is the selected literal in « L;...L,.

(i) In case of (ff1): Assume that L, = A, the set of abductive goals is {g],... , gy} derived
by using A, and

(FI U {gf, e 7g;}1 Fln Ab) ~ff (F:za A:l)

of length m.

(a) If p = 0, then there is no abductive goal by using A, and Ls;p € Bp implies Ly ¢
Sp(I't U AY).

(b) On the assumption that p > 0, we assume

Jp(ground substitution),Vj: [(1<j<n)=
[(LJQO =a€BpAac SP(F+ U A+))
V(Ljp =a* € (Bp)* Aa* € TUA)]]. (#)

Alsolet g; =« (L1...Ls1li.. .1y Loyy ... Lp)i for Ay 1} ... I} € P* and 6; = mgu(A4, A;).
In case that ¢ = 6;p (a ground substltutlon) for some i (1 < i1 <p)and.p, Ap=A0;p=
Aifip. By the assumption (#), Ap € Sp(I'" UA*). That is, A;6;p € Sp(I't U A*). Hence

(A — 1i.. . I )6:p€ € ground(P*),Vj :
(1<j<p)=

[(li6:p€ = a € Bp = a € Sp(T* UAT))
M”m?—aGU#)ﬁaérUAm(ﬂ

By induction hypothesis for the derivation of length m, applied to g}, for any ground substi-
Jj<n,j#s)A
g =

tution o,
(b-1) F5: [(1<
[(L;6; a € Bp:>a¢SP(F+UA+))
N(L;jbioc =a* € (Bp)* = a* T UA)]| or
®3)3j3K1<jSPJA

(l’OU—a € (Bp)*=a* ¢ TUA).

The case (b-1) contradicts (#), while the case (b-2) contradicts (*).

In case that there is no ¢ such that ¢ = 6;p for any p, there is no clause in P*, whose head
is unifiable to Agp. It follows that Ap ¢ Sp(I't U AY), which contradicts (#).

Therefore

Yp,35: [(1<j < n)A
[(Lip=a€ Bp=>ag Sp(T* UAY)) A(Ljp = a* € (Bp)* = a* € TUA)]].

By making use of induction hypothesis for the derivation of length m, we complete the
induction step.
(ii) In case of (ff2): Assume that L; = A* (a ground atom), A* € ', U A,, and

(F'U{e— Ly...Ly_1Lg1... Ly}, Do, Ap) ~rgs (T, AL)
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of length m. By induction hypothesis for the derivation of length m, the induction is com-
pleted.

(iii) In case of (ff3): Assume that Ls = A* (a ground atom) and A* & I, U Ay.

(a) In case that 3’ : (« A, 'y, Ap) ~,. (I}, A}) and

(', Ty A4) ~ 55 (Ta Ag)

of length m. Since induction hypothesis can be applied to the derivation of length m, it is
sufficient to show for the completion of the induction step that A* ¢ I' U A. Assume that
A* € TUA. By Lemma 4.8, A* ¢ ', U A}. It follows that

(a-1) V' : ({(t,— A)}, ¢, Ac) ~aqi (I, AL) such thaty > v/, or
(a-2) o' : ({— A}, Te, Ag) ~y5 (T, AL) such thaty > p'.

In case of (a-1), A* € T, and G’ does not appear after /. Hence I'j, C T and Ay C A.. This
contradicts Lemma 4.5. In case of (a-2), A* € A, and (' does not appear after 4'. Hence
[, € Tc and Ay € A,. This contradicts Lemma 4.5. Therefore A* ¢ I'U A.

(b) In case that («— A,Ts, Ay U {A*}) ~ss (I}, A}) and

(F'U{~Ly...Ly-rLgsr ... Lo}, T, Ay) ~opp (T, AL

of length m, it is easy to see that the induction step is completed by applying induction
hypothesis to the derivation of length m. -
(c) In case that ({(t,— A)}, Ty U {A*}, Ap) ~qqi ([}, A}) and

(F’ U {é-— Ly...Lg_1Lgyq... Ln}, F;,, A;;) ~Aff (F:z’ A')

a

of length m, it is easy that the induction step is completed by applying induction hypothesis
to the derivation of length m.
(d) Assume that

(F’ U {f— Ll .o Ls—lLs+1 v Ln}, Fb, Ab) ~rf (F,a’ A;)

of length m. By applying induction hypothesis to this derivation, we complete the induction
step. ’ g.e.d.

Proof of Lemma 4.10 It is proved by induction on the length & for (F, o, Ag) ~ 5 (T, A).
(1) If k =0, then [ = 0 and it holds.
(2) Assume that it holds for k = m. Let k = m+1. Assume that F = F'U{— L, ... Lo},
where L, is-the selected literal in «— L,...L,. ,
(i) In case of (ff1): Assume that L; = A, the set of abductive goals derived by using A is
{gi,...,9;} , and

(F’ U {g;, ... ,g;},I‘o, Ao) A f (F, A)

of length m. _
(a) If p = 0, then there is no derived abductive goal by using A, and L;p € Bp iniplies
Lsp & Sp(Sp(At)).
(b) Assume that p > 0. Also assume that
Jp(ground substitution),Vj: [(1 <j<n)=>

[(Lip=a € BpVa€ Sp(Sp(AY))) V (Ljp =a* € (Bp)* Aa & Sp(AY))]] (#)
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Let gf = (Ly... Loyl ... L} Loty ... Ly)@ifor A; 13 ... I} € P* suchthat 6; = mgu(A4, A;)
(1<i<p).
In case that ¢ = 6;p (a ground substitution) for some i, Ap = Ab;p = Ab;p. By (#),
Ay € Sp(Sp(A*)), that is, A;0;,p € Sp(Sp(A+)). Hence
A — 1. . 1 )0:p€ € ground(P*),V5: [(1< 5 <pi)=
[(l:6:06 = a € Bp = a € Sp(Sp(A+))) A (li0:p6 = a* € (Bp)* = a & Sp(A*))]] (*)

By induction hypothesis for g, for any ground substitution o,

(b-1) Fj: [I<i<n)A(G#3)A
[(L]-Bia =a€Bp=>a ¢ SP(SP(A+)))
A(Ljfio = a* € (Bp)* = a € Sp(AT))]]
or
(b2 Fj: (1<) <pA -
[(12910' =a€Bp=>a ¢ SP(SP(A+)))
A(l36:0 = a* € (Bp)* = a € Sp(A1))]]

The case (b-1) contradicts (#), because ¢ = 8;p, while the case (b-2) contradicts (*).

In case that there is no ¢ such that ¢ = 6;p, there is no clause in P*, whose head is
unifiable with Ap. Hence Ap & Sp(Sp(At)), which contradicts (#).

It follows that :

Vo(ground substitution), 35 : [(1 < j < n)A

[(Lig =a € Bp = a & Sp(Sp(A+))) A (Ljp = a* € (Bp)* = a € Sp(A1))]].
By making use of induction hypothesis for the derivation of length m, we complete the

induction step.
(ii) In case of (ff2): Assume that L; = A* (a ground atom), A* € 'y U Ag and

(F, U {4— Ll e Ls_1L3+1 PN Ln}, F(), Ao) ~rf (P, A)

of length m. By induction hypothesis for the derivation of length m, we complete the induc-
tion step.
~ (iii) In case of (ff3): Assume that L; = A* (a ground atom) and A* & I's U A,.
(a) In case of (ff3-1): In case that («— A, g, Ag) ~¢,. (I's, Ag) and

(F,a F(h Ai)) ~ff (F7 A)

of length m, it is sufficient for the completion of induction step to show that A € Sp(At).
By Lemma 4.4, A € Sp(Ag"). Because A C A and Sp is monotonic, A € Sp(A™).
(b) In case of (ff3-2): In case that ({«— A}, o, Ao U {A*}) ~ s (I'5, AY):

(FI U {‘—‘ L1 “ee LS_1L3+1 .. Ln},F(), Aa) ~Arf (P, A)

of length m. By applying induction hypothesis for this derivation, we complete the induction
step. o :
(c) In case of (ff3-3): In case that ({(t,— A)},T'o U {A*}, Ag) ~aqi (I, Ap) and

(F’ U {4— Ll . . L3_1L8+1 e Ln}, F{), Aé)) ~fF (F, A)

of length m. By applying induction hypothesis for this derivation, we complete the induction
step.
(d) In case of (ff3-4): Otherwise,
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(F’ U {4— L1 PN Ls—lLs+1 SN Ln}, F(), Ao) ~if (F, A)

of length m. By applying induction hypothesis for this derivation, we complete the induction
step. q.e.d.

Proof of Lemma 4.11 It is proved by induction on the length k& of v : (C,T'g, Ao) ~*aa
(T, ).

(1) If k=0, then C = {(u,0)} and it holds.

(2) Assume that it holds for k=m. Let k = m + 1. Also assume that C = C'U {(V, —
Ly...L,)}, where L; is the selected literal in « Ly ... Ly,

(i) In case of (adjl): Assume that Ly = A, the set of goals derived by using A is {g7, ...,
95}, and

(Cl U {(‘/a gr)’ RS (‘/7 g;)}a FO, AO) ~“*adj (Fv A)

of length m.

(a) If p = 0, the induction step is completed by applying induction hypothesis for the
derivation of length m.

(b) In case that p > 0: Assume that the induction step is not completed by applying
induction hypothesis for C’. Let

g: = (L1 v L's_llli e l;iLs-H e Ln)92~,
where A; « Ij...l; € P* and §; = mgu(A, A;) (1 <i < p). By induction hypothesis,

3, p(ground substitution),Vj : [(1 <i < p)A

[(1<i<n)A(j#5)=

[(Libip=a€ Bp = a € Sp(I'tU A+)) A (Ljbip = a* € (Bp)* = a* € T U A)]]
/\[ 1 <j< pz) =

[l;H,cp =a€Bp=>ac SP(F+ U A+) A l;H,go =a*€ (Bp)* =>a*e€lU A]]]

Hence
I (ground substitution) : [(1 < i < p) A (Aibipo =a € Bp = a € Sp(TTUAT))].
Because A;0; = A#;, '
Ab;pc =a € Bp=>ac€ S’;:(F*' UAT).

This completes the induction step.. , » *
(ii) In case of (adj2): Assume that L; = A* (a ground atom), A* € Iy, A* € Ao and

(C, U {(u, — Ll RN Ls—lLs+1 ca Ln)}, Fo, Ao) 2 adj (F, A)

of length m. Assume that the induction step is not completed even by applying induction
hypothesis for C’. By induction hypothesis for the derivation of length m,

Jp(ground substitution),Vj: [(1 <j<n)A(j #s)=
[Lip=a€ Bp=a€c Sp(TTUA*)ALjp=0a*€ (Bp)*=>a* € TUA].

Because A* € 'y C T', the induction step is completed.
(iii) In case of (adj3): Assume that L, = A* (a ground atom), A* € Ag and

(C’ U {(V, — L1 . L3-1L's+1 P Ln)}, Fo, Ao) '\’)adj (F, A)
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Because A* € Ay C A, the induction step is completed.
(iv) In case of (adj4): Assume that Ls = A* (a ground atom) and A* & I’y U A,.
(a) In case of (adj4-1): Assume that ({(t,«— A)},ToU{A*}, Ag) ~ag (I, Ap) and

(C'U{(u,~Ly...Le_1Lgy1... L)}, Ty, Af) ~agi (T, A)

of length m. Because A* € I'j C T, the induction step is completed.
(b) In case of (adj4-2): Assume that (« A,To, Ag) ~<,. ([, Ag), and

(C,’ F6a A6) ~“adj (F’ A)

of length m. By applying induction hypothesis to the derivation of length m, the induction
step is completed.
(c) In case of (adj4-3): Assume that ({— A}, To, Ag U {A*}) ~sf (T, Ap) and

(Cl U {(V, «— Ll Ces L3_1L3+1 . Ln)}, Fi)’ AB) 2 adj (F, A)
Because A* € Aj C A, the induction step is completed. g.e.d.

Proof of Lemma 4.12 It is proved by induction on the length k for v : (C, Ty, Ap) ~ragi
(s, A).

(1) If k =0, then C = {(u, 0)} and it holds.

(2) Assume that it holds for k = m. Let k = m + 1. Also assume that C = C' U {(V, «
L,...L,)}, where L, is the selected literal in «— L;...L,.

(i) In case of (adjl): Assume that L, = A, the set of abductive goals derived by using A

is {9{,..-,95}, and
(C, U {(V’ gr)v AR (‘/a g;)}v Fba Ab) ~adj (F:u A;)

of length m. If V = u, then the induction step is completed by applying induction hypothesis
for C'. Let V=t. :
(a) If p = 0, then there is no derived abductive goal by using A, and Lsp € Bp implies
L, & Sp(Sp(T¢ U Af)). By applying induction hypothesis, the induction step is completed.
(b) Assume that p > 0. Also assume that ’

Jp,Vj:[(1<j<n)=
[Lig=a€ BpAae Sp(Sp(T§ UAY)) or
Lip=a*€ (Be)* Aa & Sp(Tg U AP (#)
Let
g: = (L1 e Ls—lli .. l;iLs—f—l .. Ln)ez

for A; —1j...I;, € P* such that 6; = mgu(4, A)).
In case that ¢ = 6;p (a ground substitution) for some i, Ap = A6;p = A;b;p. By (#),
Ayp € Sp(Sp(T§ UAY)). That is, Aibip € Sp(Sp(I'¢ U AZ)). Hence

A < 4. )06 € ground(P*),Vj: [(1 <5 <pi) =

[li6:p6 = a € Bp = a € Sp(Sp(T'§ UAG))A
Li6ipf = a* € (Bp)* = a & Sp(T U A (*)
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By induction hypothesis, for any ground substitution o,

3 [1<5<n)AG# A

[LJ-G,-U =a€ Bp=a ¢ SP(SP(FE,F U AE)F))/\
Lifioc =a* € (Bp)* = a € Sp(I'f UAY)]] or
7 [(L<7 < p)A

[lifio = a € Bp = a & Sp(Sp(I's UAF))A
li6,0 = a* € (Bp)* = a € Sp(I'§ U A7)]].

The former case contradicts (#), because ¢ = 8;p. The latter case contradicts (*).
In case that ¢ # 6;p for any ¢, there is no clause of P*, whose head is unifiable with A¢p.
Hence Ap ¢ Sp(Sp(I'§ U A{)), which contradicts (#).
Therefore
Vi, 35 : [(1 <5 < n)A
[(Ljp = a € Bp = a & Sp(Sp(I'5 UAY)))
/\(Lj(p =a* € (Bp)* =>ac€ Sp(Fg’ U Ag))]]
This is applied to the completion of induction step.
(ii) In case of (adj2): Assume that L, = A* (a ground atom), A* € T, A* € A and

(C, U {(u, e Ll s Ls—lLs+l o Ln)}, Fb, Ab) ~adj (F;, A:;)

of length m. If V' = u, then the induction step is completed by applying induction hypothesis
for the derivation of length m. Assume that V' = t. It is sufficient for the completion of the
induction step to show that A € Sp(I't U Af). Because A* € T,

Vo ({(t,— A} Te, Ap) ~rag (T, AL) such that v > V.

By Lemma 4.11, A € Sp(I;" U Alf). Since I, C Ty, A, C Aq and Sp is monotonic,
A e Sp(T'f UAR). ‘ _,
(iii) In case of (adj3): Assume that Ly = A* (a ground atom), A* € A, and

(C, U {(V, «— L1 . Ls—lLs+1 PPN Ln)}, Fb, Ab) '\”ad]’ (F;, A;)

of length m. By applying induction hypothesis to this derivation, we complete the induction
step.

(iv) In case of (adj4): Assume that Ly = A* (a ground atom) and A* & [, U A,,.

(a) Assume that ({(t,— A)},Tp U {A*}, Ap) ~ag (T}, A}) and

(C, U {(u, — L1 .- L3_1L3+1 N Ln)}, Fg, Ag) ~adj (F;, A;)

of length m. If V = w, then the induction step is completed by applying induction hypothesis.
Assume that V = t. It is sufficient for the completion of the induction step to show that
A € Sp(T§ UAY). By lemma 4.11, A € Sp(Iyt U AF). Because I, C Ty, A, € A and Sp
is monotonic, 4 € Sp([§ U Af).

(b) Assume that («— A, T, Ap) ~5,. (T}, A}) and

(C', Ty, Ab) ~agj (T Ag)

of length m. If V = u, then the induction step is completed by applying induction hypothesis
for this derivation. Assume that V = t. It is sufficient for the completion of the induction
step to show that A € Sp(I'§ UA{). By Lemma 4.4, A € Sp(A}t). Because A, C A and
Sp is monotonic, A € Sp([g U Af). ’

(c) Assume that ({«— A}, T, Ap U {A*}) ~ g5 (T}, A}) and
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(Cl U {(‘/, — Ll e Ls—lLs+1 RPN Ln)}, Fé, A;z) ~adj (F;, A;)

of length m. By applying induction hypothesis for this derivation, the induction step is
completed. g.ed.





