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Abstract
We treat the problem of water pollution by the method of a mathematical model. We illustrate the
method of analysis with Kojima Lake. We analyze in-flow and out-flow of the lake, compute numerical
solutions of the governing equations of the water flow and the pollutant. The simulation leads to the
conclusion concerning the figure of Kojima Lake.
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1. Introduction

In consequence of intersection between human beings and their surroundings, the contamination of rivers,
lakes, and sea with waste matters and chemical materials has increased during that past quarter century.
Especially, the overnourishment leads to surplus breeding in harmful planktons against aquatic life.
In this article, we have treated the problem of water pollution by the method of a mathematical model
formed as a system of partial differential equations, which will be made use of controlling the environment;
the partial differential equations have numerically been solved by finite element method. We have studied
the case of Kojima lake in this article. Kojima lake, located in Okayama prefecture and fronting on Kojima
bay in the Inland Sea, was constructed in 1959, for the purpose of ensuring irrigation water; it is an artificial
and freshwater lake. It has a water lock (200 meters in length), which prevents sea water from flowing back,
so that the draining off of the contamination is considerably obstructed by the lock. This article is composed
of the analysis of the amount of inflowing water from the rivers into Kojima lake, the simulation of the flow
of water in the lake, and that of convection diffusion of contamination there.

2. Analysis of The Amount of Inflowing Water
In order to study the hydrologic cycle of Kojima lake, we have investigated the amount of flowing water
for the rivers which are inflowing in Kojima lake. In this article, as we treat the stationary state case,
we can, therefore, assume that the amount of outflowing water through the lock is as much as the totally
amount of inflowing water. It is important to investigate those amounts since the boundary conditions of
our differential equations are principally determined by them.
When a river basin is determined, the amount of flowing water for the river can be estimated by the
quantity of precipitation on its basin. By using topographical maps on a scale of 1 to 50,000, all the basins
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the river of which flows into Kojima lake have been described; for the cases of Sasagase river and Kurashiki
river, those are shown in Figure 1 and Figure 2.

Figure 1
The outline map of the Sasagase basin

Figure2
The outline map of the Kurashiki basin

In this article, we have studied the cases of three kinds of the amount of flowing water:
(i) the mean amount a day, which is averaged through a year
(ii) the maximal amount a day, which is averaged through the month on a ramy season that has the
maximal rainfall in a year
(iii) the minimal amount a day on a period of water shortage
We use the rainfall data at Okayama, Takahashi, Fukuwatari, Kurashiki, and Tamano observation points
for past six years (1989-1994) offered by the Okayama Meteorological Observatory. The estimation of the
quantity of precipitation on the Sasagase basin, and the Kurashiki basin depended on the mean of five
rainfall data at Okayama, Takahashi, Fukuwatari, and Kurashiki points, and on the mean of two data at
Okayama, and Kurashiki points, respectively. For each river, the mean amount (i) is calculated by the
product of the area of its basin and the effective rainfall after subtracting the amount of evapotranspiration,
assuming that 650 mm/km 2 a year from the annual rainfall. The maximal amount (ii) is also calculated as
the same way of (i). The minimal amount (iii) is estimated at the product of the area of its basin and the
quantity of grand water, assuming that 1 mm/km 2 a day. We have tabulated above three amounts (i), (ii),
and (iii) for Sasagase, Kurashiki, and Kamo rivers in Table 1.
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Table 1.
The amount of flowing water and the area of river basin

Rivers

km

Area of basin
Mean amount
Maximal amount
Minimal amount

Sasagase

Kurashiki

Kamo

2

290

150

60

5

3

4.8

2.4

0.9

5

3

20.6

10.5

3.9

5

3

2.9

1.5

0.6

10 m jday
10 m jday
10 m jday

3. Analysis of The Flow of Water
In this section, we analyze the flow of water in Kojima lake the outline of which is shown in Figure 3
by using Navier-Stokes equation. As for inflowing water from the estuaries, we have adopted the data in
section 2, and the boundary conditions on the estuaries and the lock of the bank separating fresh water and
salt one are determined by them.

+

Figure 3.
Kojima lake

The mean depth of Kojima lake measures up to 1.6 m and is very shallow. Since the depth of water does
not vary much, we may use 2-dimensional equation for our analysis. Navier-Stokes equation is non-linear
and is hard to deal with. The water in Kojima lake flows so slowly that the non-linear term can be negleete,{
in this equation. Moreover, since the influence of vortexes in the lake can be practically disregarded. wt'
may assume that there exists a scalar function <I> such that the vector field (u( x, y), v( x, y)) descri bi n~ t ht'
water flow equals to -grad<I>. In this case, the equation becomes to the following Laplace's equati,)n
~<I>

=0

We also set the constant velocity boundary condition on the estuaries and the bank. \.\)[' tht' ,'()(\wnience
of calculation, we simplify the shape of Kojima lake as in Figure 4; it is dividE'd int() t ht' nlt,,.;ht'''; also shown
in Figure 4.
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(2)
(3)

(1)

Figure 4
Meshes

In Figure 4, (1), (2), or (3) points out the estuary of Sasagase river, the estuary of Kurashiki river, or the
new lock on the bank; the width of above two estuaries or the gate measures up to 11 = 1, 110m, 12 = 540m,
or 13 = 200m, respectively,
Let n be a normal vector at a point of the boundary directed to the inner part of the area. We set the
boundary condition as the following form:
Q<I> = I

on
I = -T1

The velocity function I is decided as follows.
on the estuary of Kurashiki river, I = -T2 on
the estuary of Sasagase river and I = T3 on the lock (3), where T1 and T2 stand for the water velocity at
1 + T2 12 I
. 0 f b ot h flvers,
.
' d etermme
. d by t h e equatIOn
.
T1 1 1
t h e estufles
and
T3 IS
T3 =
.
n ot h er p I aces on t h e
3

boundary, we put 1= O. The function I on the boundary satisfies the following identity, which is necessary
for the Neumann type boundary condition.

ll(s)dS=O
Here we use the symbol 0 for Kojima lake modified in Figure 4 when we treat the lake in mathematical
sense. 00 stands for the boundary of O.
We use the finite element method for the computational analysis of this problem. This equation is
transformed into the weak form by multiplying a piecewise differentiable function 'P and integrating over O.

J1(--- + - n

O'P oel>
ox ox

O'P Oel»
oy oy

dxdy

=-

1
an

'PI ds

Let 'Pi,j be the piecewise linear function which takes a value 1, or 0 at (i, j)'s lattice point, or the others
lattice ones, respectively. Let {Ck,1 }i,j be a set of real constants. We substitute 'Pi,j to the above 'P,

Lk,1 Ck ,I 'Pk ,I to el>.
Then we get the following simultaneous linear equation with respect to {Ck ,il 'So

L
k,1

(J Jn{ (O~i,j O~k,1 +
ox

oy

O¢i,j O¢k,l) dXd y ) Ck,l
ox oy

This can be solved by the sweeping method. We omit the details.

= - { hjl ds
Jan
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Differentiating the approximate solution <I>
field by the lines is displayed in Figure 5.

Li ,j <I>i ,j, we get the vector field of the flow. This vector

Figure 5.
The flow of water in Kojima lake
4. Convection Diffusion analysis of Contamination

We assume that the contamination flows into Kojima lake from Sasagase river and Kurashiki river. We
study the diffusion of the pollutant in Kojima lake by convection-diffusion equation. In this article, we treat
only the stationary solutions.
We denote by c(x, y), and (u(x, y), v(x, y)) the density of the pollutant at (x, y), and the velocity vector
of flow at (x,y), respectively. The velocity (u,v) has been simulated in section 3. We also denote by" the
diffusion constant of contamination. Then the function c of (x, y) satisfies the following equation:

,,!:i.c

= ucx + vc y

We set the boundary condition as follows:

c
f)c
f)n
f)c
f)n

constant,
-roc,

0,

on the estuaries
on the lock (Robin condition)

otherwise
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We determine the value of the diffusion constant in a standpoint of chemistry and hydrodynamics. We
transform the above equation into weak form as in section 3.

I:k,1 Ck,l<Pk,1

We substitute <Pi,j to <P,
v=

I: Jj,v J{Jj ,v O~Jj,v.
uy

to

C.

By <I>

= I:Jjv J{Jj,v <PI' ,v , we

get u

= I:Jj,v J{Jj,v O~~,v

and

We substitute these to u and v. Then we have the following simultaneous equation

with respect to {Ck,t}.

(J 1
L.J

~

(O<Pi j 0<Pkl
n
Ox Ox

k,1

+

~~
[~J{
L.J L.J
If,

k,1

1
an

Jj,V

v
1',

+ O<Pij O<Pkl)
oy oy

dXd Y) Ckl

J1
n

<Pi' (O<pJj,v O<Pkl
J
Ox
Ox

+ O<pJj,v O<Pkl)
oy oy

dXd Y] Ckl

<Pi,j9 ds

Solving this equation numerically, we get {Ci,j}. The graphical expression of the simulation carried out
in the case of mean amount of flowing water (i) is given in Figure 6; these graphs are projected from two
distinct points of view.
The simulation quantitatively shows that the pollutant tends to accumulate in the southwest part of
Kojima lake.
In order to obtain better results, we should study the non-stationary models in future.
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Figure 6
The numerical solution of the convection-diffusion equation
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