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1 Introduction 

Principa.l cOlllponent analysis (PCA) is a. statistical Inethod which reduces th dinlcll­

sionality of the spa.ce using appropriate cOlnponellts. In general, each C01l1pOnent is a 

linear c0111bination of all of the original varia,bles, but this is sOlnetilnes regarded as a 

deficiency of this approa.ch. That is, all tl1e original variables are still needed to d flue 

new conlponents or variables. It is also stated that in many applica.tions it is de irable 

not only to reduce the clilnension of spa.ce, but also to reduce the nUlnber of variables that 

are considered r 111easured in the future (see, e.g., McCabe, 1984). 

Actually, we often 111 t the problenl of selecting varia bles in many practical situations. 

Suppose we wish to apply PCA or factor analysis (FA) t ) nlake a slnall dimensional rating 

scale which 111easures latent traits. Froln the validity aspect, in order to gather ilnportant 

di111ensions well, the itelns or variables should include all possible ones. On the other 

hand, froln the aspect of practical application, the nU111ber of variables should be as slnall 

as possible not only because of waste of tirne and resources but also because of difficult 

interpretation of cOlllponents extract d frOln too 111any variables. It often happens that 

investigators 111easure Inore variables than strictly necessary on each sa111ple individua.l. 

Hence it is essential to reduce the ntunber of variables as w 11 as possible without disturbing 

the sa111ple features. 

In such a case, v:hil analysts have tried to reduce the nUlnber of variables subjectiv 1y 

by applying correlation analysis or cluster analysis of variables, it has been desirabl to 

develop an appropriate procedu]' to elect variables autornabcally. Since procedures for 

selecting variables in multiple regr ssion or discrilninant ana,lysis ca,nnot be used directly 

under this CirCU111stance, it is necessary to propose variable selection 111ethods in 111ulti­

variate analysis without response variabi s, i.e., PCA , riA and so on. 

The problenl of variable selection in tIle lTIultivariate analysis without response vari­

ables has been studied by sorne authors. Variable selection methods in PCA have discussed 

by Jolliffe (1972, 1973), Robert and Escoufier (1976), McCabe (1984) and Krzanowski 

(1987a, b) a1110ng others. Xia and Yang (1988) have derived some criteria and proc -

dures of variable selecbon in Hayashi's third lnethod of quantification. Works on variable 

selection in FA have been proposed by Tanaka and Kodak (1981) and Tanaka (1983). 

This thesis consists of two lnain parts. The first part i, discussed backward elinlina­

tion procedures for variable selection using Escoufier's RV -coefficient and the so-called 
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pert UT ba bon theory as lnath lnabcal tools) cOlllparing wi t h the above author ' lllethod .... 

The procedures are proposed ill PCA and Hayashi's third Inethod of quantification. W 

focus on the behavior of the principal cOlllponent (PC) sc()re Inatrix and the sanlple score 

Inatrix in PCA and Hayashi's third Inethod of quantification, respectively, when a variable 

is discarded. In the second part i the generalized PC A is propo 'd as an applied version 

of variable sele tion. It extracts the gen ralized principal C0111pOnents (PCs) whicll ar' 

conlputed using only a selected subset of variables but represent all the original variables. 

The selection procedure and such PCs are djscussed. In this part, sensitivity analysis of 

individuals and variables are also applied to observe the influence of thern when such P 1S 

are found by discardillg variables. 

In chapter 2, as a prelilninary a brief review is presented on sam of studies about 

variable selection in PCA and sorne of the Inathelnatical tools and concepts that. will be 

usefu 1 for the t udy of variable selection. It includes a nU1l1ber of vaTiab Ie selection 111 th­

ods in PCA studied by Jolliffe (1972,1973), McCabe (1984) and Krzanowski (1987a, b). 

The idea of variable selection presented by Robert a.nd Escoufier (1976) is also SUlnlna­

rized. Mathelnatical tools a.re "RV-coeffi ient (Robert a.nd Escoufier, 1976)", the so-called 

"perturbation theory" which includes influence functions and perturbation th ory both 

of ordinary and generalized eigenvalue probleln 1 and Rao(1964) . PCs of instrulnental 

variables. 

In hapter 3, a, backward procedure of variable selection in PCA is proposed in which 

we discard a variabl which has the closest configurabon of the PC score nlatrix alnong th 

existing variables successively. This Ineans that the variable selection Inethods select a set 

of variables reproducing as closely a possible the general features of the complete data. 

In our study, RV-coefficient is used to evaluate the closeness between the configuration of 

PC score nlatrix before discarding a variable and that after discarding. The perturbation 

theory of eigenvalue problenls as w 11 as the exact rnethod are also utilized in cornputation. 

To evaluate our method it is cOlnpared with Jolliffe's and McCabe's Inethods, and with 

biplot and cluster analysis of variables. A numerical exanlples, we aI ply our lnethocl to 

"Crilne rates data (Ahamad 1697)" which was analyzed by both Jolliffe and lcCabe, 

to the artificial data set g nerated by Jolliffe (1972), and to "Au tomobil clata (Becker, 

et al., 1988)". In this nunl rical study three 11lore procedures are appli cl to evaluate the 

goodness of successive way and usage of p rturbation in our procedure. 

In chapter 4, since Hayashi's third nlethod of quanfifi ation ca.n be thought the cat­

egorical version of PCA, a. sinlliar procedure to variable selection in PCA proposed in 

chapter 3 is applied to Hayashi's third lnethod of qua.lltificatiol1. Backward procedure 

of variable selection are proposed in which we discard a variable which has the smallest 
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effect on the salnple score Inatrix alIlong the existing variables successively. In the pro­

cedures we use the RV-coefficient and the perturbation theory of eigenvalue probl Ins as 

well as the exact l11ethod in computation. The procedures deal with the following two 

typical problerrls on categorical data and its variable selection: categorical data has two 

data fOl'lll', free-choice and iteln-category [o1'1ns; which have thE' saIne infor111ation but 

lead to different results in Hayashi's third 111ethod of quantjfi cation' there are SOlne cases 

where we cannot continue to cOlnpute because SOlne row Sluns in the denOlninator gE't 0 

when a variable is discard d. As solutions for the problclns we propose two procedures 

which treat both two data fOrIn and introduce perturbation to the da ta 111atrix instead of 

discarding variables exactly. We evaluate these Inethods by analyzing two real data sets, 

"Spirits data (Arima and Ishin1ura, 1987)" and "Fatigue data (Ma hashi et al., 1993)". 

In th last chapter 5, we discuss PCs which are cOlnputed using only a s lected subset 

of variables but represent all the variables including those not selected . To find such 

PCs we borrows the ideas of Rao(1964)'s PCA of instrumental variables and Robert and 

Escoufier(1976) 's approach based on RV -coefficient. This is called the generalized PIA. 

In the 111eaning of variable selection, the 111ethod finds specified va.riables which represent 

all the original variables as well as possible. Furthennore, when such PCs are found, we 

propose a method of sensitivity analysis by deriving influence functions related with the 

generalized PCA. We also discuss the influence of variables to the results of analysis. To 

evaluate the proposed methods we analyze two data sets, "Alate adelges data (Jeffers, 

1967)" and "Mild disturbance of consciousness (lVIDOC) data". 
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2 Preliminary Foundations 

In this chapter, a brief revjew is presented 011 SOllIe of prelin1inary foundations. l~ ir t 

the variable selection 111ethods in principal c0111ponent allaly::,is (P A) will 1 c shown 

focusing those proposed by Jolhffe, McCabe, Krzanowski, Robert and Escoufi.er anlOng 

others. ext th Inathenlatical tools and concepts will be presented, which are useful to 

study varjabl selection in the later chapters. They conta,in Escoufi I' s RV -coefficient, 

the so-called p rturbation theory and Rao's principal cornponents (PCs) of instnllnental 

variables. 

2.1 Overview of variable selectio:n in principal com­
ponent analysis 

The problen1s of variable selection III Inultivariate analysis without response variables 

have b en studies by SOlne authors. Jolliffe (1972. 1973, 1986), McCabe (1984) and 

Krza.nowski (1987 a, 1987b) st udied variable selection in PCA. Robert and Escoufier (1976) 

also discussed the possibility of variables seledion in PCA but presented no exalnple. In 

the other analysis withou t response variables, variable selection procedures have be n 

proposed by Ta,naka a.nd Kodake (1981) and Tanaka (1983) in factor analy is, and Xia 

and Yang (19 8) in Hayashi s third Jnethod of quantification. Here, as an overview of 

these studies, we will review the first thre authors) methods in this section, while the 

possibility of variable selection presented by fourth authors will be sUJTITnarized briefly ill 

the last section. 

Suppose that X is an observation data rnatrix which has p variables observed on each 

n indi vidua.ls. We would now like to sel ct q (q < p) va.riables among the original p 

variables. 

Jolliffe (1972, 1973) dis ussed a numb r of variable selection 111ethods based on I11ultiple 

correla.tion coefficients, PCA and clu ter analysis of variables. His concept is to select a 

subset of varjables which preserve 1110St of the variation in X. He examined three main 

types of Inethod using pes and concluded that the following two I11ethods, which ar 

called B2 and B4 were satisfactory: 

B2 Associate one variable with each of the last p - q PCs and delete those p - q variables. 

The reasoning behind thi method is that sInall eigenvalues correspolld to near­

constant relationships between a sub. et of variables. If one of the variables involved 
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In such a rE"lationship i deleted, little infol'll1at.ion is lost. A sensiblE" choice for 

deletion is the variable with the highest coefficient in a,bsolute value ill the relevant 

PC. An iterative version can be considered; 

B 4 Associate one variable with each of the first q PCs, nalnely the varia,ble not already 

chos n, with the highest coefficient in absolute value in each succe sive PC. These 

q variables are retained, and the rell1aining p - q are deleted. 

Then he appli d his proposed lnethods; lncluding B2 and B4, Lo sil11ulated data (1972) 

and various real data sets (1973) to evaluate them. Through these exanlinations, he found 

that none of th In was infornlally best, but several of them selected reasonable su bs ts in 

rno t cases. 

l\1cCabe (1984) started froll1 the fact that PCs atisfy a nUll1b r of different optilnality 

criteria. His approach is based on the ai111 to select a subset of variables thaL contain 

in SOlne sense, as lTIuch infornlation as possible. A subset of the original variables which 

optinlizes one of these criteria is called principal variables. To find the p1'incipal variables, 

he considered 12 criteria which lead to one of four criteria 

P-f] 

r 1ininlize II ¢J; (2.1a) 
j=l 

p-q 

Minin1ize L ¢J' (2.1b) 
j=1 

p-q 

Minin1ize L ¢;~; (2 .1c) 
.7=1 

q 

lVlaxinlize L P~; (2.1 d) 
j=l 

where cPj I j == 1,2 .... ,p - q are the eigenvalues of the conditional covariance (or corre­

lation) 111atrix of th p - q deleted variables, given the value of the q selected variables, 

and Pj) j == 1 2, .. . ) q-, q- == nlin( q, p - q) are the canonical correlations between the set 

of p - q deleted variables and the set of q selected variables. Then be argued that the 

first criterion is cOlnputationa1ly feasible to explore a]] possible subsE"ts and the second 

one can be used to define a stepwise procedure. although the other two criteria were not 

explored further in bis paper. He also stated that applying the pes optilllahty criteria to 

the variab le selection problern dose not lea.d to a unique solution. 

I<rza.nowski (19 7a) proposed another sel etion ll1ethod in which a selected subset of 

variables convey the ll1ain features of the whole sanlples. As a reason for proposing his 
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rnethod he p01nt ed out that the Inethods currently available for selecting variabl s in 

PCA, nalnely Jolliffe's and YIcCabe's 111ethods, JTIay not lead to an appropriate subset. 

His lnethod, based on P rocrustes Analysis, is as fo llows: Suppose that X is an n x ]J data 

111atrix and the essential di111ensionality of the data is T. Let Y be the n x T transfonned 

data 111atrix of PC scores, yielding the best T-dilnensional apprOXill1ation to the original 

data configuration X. \ ,yheu we want to select q of the original p variables, th y should 

be hoped recovering the true structure. Denote the n x q data Inatrix which retains 

only q varii-lbles selected frorn and the n x T' 111atrix of PC scores of these reduced data 
- ~ ~ 

by X and Z) respectively. Z is therefore the best 1'-diroensiona.l approxinlation to th 

original data configuration )(. To llleasure the discrepancy betwe n Y and 2, Procrustes 

Analysis is conducted . This analysis yields the SU111 of squared differences between the 

two configurations as 

(2 .2) 

where trC) denotes a trace of the 111atrix C) , Do: = d:iag(Cil,"" aT) ' aJ are singular 

values of 2'Y, and both Y and Z are centered. The best subset of q variables will be that 

subset which yields the smallest value of M2 among all q-variable subsets. He proposed a 

backward eli111ination based on this criterion and found that his method lead to a better 

subset than the other authors'. 

2.2 RV -coefficient 

Robert and Escoufier (1976) has derived a Ineasure of sim.ilarity of the two configurations, 

taking into account the possibly distinct metrics to be used on thell1 to lneasure the 

distances between points. The lTIeaSUre is called RV-coe:fficient. 

Consider a given sample of n individuals on which two sets of observations , an n x p 

data lllatrix X and an n x q data 111atrix Y. Denote the centered matrices corresponding 

to X a,nd Y by X and Y, respectively. L t C(X) and C(Y) be the two associated config­

urations, in RP and R5, respectively. As a 111easure of the relative positions of points in 

a configuration, say C(X) , the matrix XX'j{tT(XX' )2P /2 is used . This matrix i trans­

latjon and rotation independent and the sca.lar denolninator {tr(X X')2} 1/2 ensures that 

it is also independent of global changes of scale. The distance between the configurations 

C(X) and C(Y) is therefore Ineasured by 

dist { C(X), C(Y)} 
XX' 
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where 11·11 indicates L2 or Euchdean nonn, especially II~CXI/{l1'(XXI)2}1/211 = 1. Thus 

R\I(X, Y) 
{ tT( X X 1)2 . t 1'( Y}/" /)2 } 1/2· 

(2.4 ) 

The coefficient RV(X, Y) can be used as the actual Dleasure of closeness of C(X) and 

C(Y). The value of RV(X, Y) is in the closed interval [0,1] and the closer to 1 it is, the 

closer the patterns are. When p = q = 1, RV (X, Y) is equal to the squared ordinary 

correlation coefficient. 

2.3 Perturbation theory 

2.3.1 Influence functions 

As a basic tool or concept to evaluate the influence of individuals or variables in the data 

111atrix X (n x p), we can nlake use of the notion of influence function proposed by Ha1npel 

(1974). We shall show the case where we observe the influence of individuals. In influence 

function a perturbation is introduced to the cUTIlulabve distribution funcLion (cdf) F in 

such a way that F is changed to 

(2.5 ) 

where 6x is the cdf with a unit point nlass at x. The theoretical influence functioll (T I F) 

is defined for a quantity e which is expressed as a functional of the cdf as 

I(x; e) = lim e((l - c)F + c6x ) -- e(F). 
C-+O C 

(2.6) 

Consider the case where e((l - c)F + c8x ) = e(c) is expanded to the Taylor series as 

(2.7) 

in the neighborhood of c = 0. Then, the T I F is obtained as the coefficient eO) of the first 

order tenn of c in the power series (2.7) or silnply defined as the first order differential 

coefficient of e(c) at c = o. 
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The above (2.6) is the definition of influence function ba.sed on the pop1l1a,t,ioll dis ­

tribution function. As sarnpl versions two killds are often used. One is the clnpiri al 

influence function (EJ F), which is obtained by replacing the enlpirica.l cdf F for }' in the 

definition of the T I F. Of particular intere·t are th values at x = Xi Ci = 1, ... ,n) giv n 

by 

J ...... ( .' 0 ...... ) _ l' e ( (1 - c) F + c 8 x J - 0 ( F) ( ) 
X t , - nn . 2. 

~-+O c 
The other is the sample influence function (Sf F), which is obtained by oIllitting "EIn" 

and putting c = -l/(n - 1) in (2.8), i.e., 

l(x .£; e) = -(n - l)(e(i) - fJ). (2.9) 

where the subscript (i) indicates the Olnission of th i-th individual. 

Influence function discuss d s far is usefLtl to evaluate the influence of a singl obser­

vation. To deal with the influence of Inultiple individuals it is conv nient to consider the 

perturbation fro111 F to Fc: = (1 - f)F + cG, where G = k- 1 2: ox" the summation being 

taken for a. subset of k individuals {xJ, and define a generalized influence function for 

this subset of individuals as the differential coefficient of O( Fc:) with respect to [ at c = O. 

Then, it can be verified easily that this generalized influence function is equal to th aver­

age of the ordinary influence functions for the individuals belonging to this subset. This 

property suggests that a ubset of individu als whose E J F vectors have silnilar directions 

and large lengths 111ay COlnpose an influential subset and that P 'A or canonical variate 

analysis (PCA with llletric [cov( 0)]-1) is useful for finding out such individuals. FrOlTI 

the above property a general procedure based on ElF has been developed for sensitivity 

analysis of individuals to evaluate the influence of Inultiple as well as single individuals 

(see, Tanaka., Castano- Tost.ado and Odaka, 1990; Tanaka, 1992). 

The perturbation as (2.5) has the sa111e 111eaning as the following change of weight on 

each row of data matrix: 

{ 
l-c atJS 

Wo: = 1 ---+ W(Y = 1 + (n _ 1)c a E S 1 
(2.10) 

where.) is a. specified set of variables. 

On the other hand, we can use the above influence functions to obs rve the influence 

of variahles as sensitivity analysis of variables, but in the lTleaning of variable selection it 

is often easier-to-interpret to introduce the perturbation as th weighting (2.10) replacing 

(n - l) by (p - 1). Moreover we can also use the following weighting: 

{
] atlS 

Wo = 1 ---+ Wa = 1 S . 
- [ Q' E 

(2.10') 

-8-



2.3.2 Perturbation theory in ordinary eigenvalue problems 

Consider an ordinary eigenvaJu problem 

(H - A ·I)v . - 0 J J - , (2.11) 

where I-I is a p x p real sYlnnletric 111atrix A.i is the j -th eig<:-nvalue and v j is the associated 

eigenvector (j = 1, ... ,p). Introducing S0111e s1naJl perturbation in this eigenva.1u proble1l1 

as 
(2.12) 

the eigenvalues and eig nvectors can be expanded as a convergent power series in th 

neighborhood of 6 = 0 as 

Aj + 6A;1) + ([,2/2)A)2) -+ 0([,3), 

Vj + 6V;1) -+ ([,2/2)v;2) + 0([,3), 

(2.13) 

(2.14) 

froIn the perturbation theory of eigenvalue proble111s. If the eigenvalue of interest is si1nple, 

it is easy to obtain the co ffici nt of the first order terrn in the above expansions. \~jthout, 

loss of generality, we can assume that we are interested in the first q (q < p) eigenvalues 

and that they are all si111ple. Then we hav~ tIl e following forrnulas of the first differential: 

where 

a (1) 
JJ 

~ ( A j - A k ) -1 a ~1} ~v k , 

ji-k 

(2.15) 

(2.16) 

(2.17) 

Furthennore, the followillg two 111atrices, which are functions of eigenvalues and eigen­

vectors, contribute iUlportant roles in the fonuulation (Tanaka, 19 8): 

q 

P = ~Vjvj (2.18) 
.7=1 

q 

T L AjVjvj. (2 .19) 
j=1 

Considf'ring a s111all perturbation which corresponds to the perturbation (2.12) on H, 

these two quantities can be expanded as 

P 

T 

P -+ 6P(1) -+ (6 2 /2)P(2) -+ 0(63
), 

T -+ 6T(1) + (c2/2)T(2)(0) -+ 0(c3
). 
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The coefficients p(1) a,nd T(l) are obtained as 

CJ p 
p(l) L L (AJ - Ak)-l (vjH(l)vd('V}'V~ + vkvj), (2.22) 

j=lk=q+l 
q q 

T(l) L L(vjH(l)Vk)VJV~ 
j=lk=l 

q 7J 

+ L L A.i(Aj - Ad-l(vjH(l)Vk)(VjV~ + VkVj)i (2,23) 
j=lk=q+l 

in spite of the fact whether the eigenva.lues of interest a.re all simple or not (Tallaka, 

1988). See Castano-Tostado and Tanaka (1990) and Tanaka (1992) about the details of 

the second differential coefficient. 

2.3.3 Perturbation theory In generalized eigenvalue problems 

Here we consider the following type of eigenvalue pro blelll) nalnely a generalized eigenvalue 

problen1 

(2.24 ) 

where A is a p x p syrnmetric 111atrix, B is a p x p positive definite sY1111TIetric InatI-ix and 

U.i is the eigenvector associated with the j -th la,rgest eigenvalue BJ nonnalizecl such that 

ujBuJ = 1 (j = 1, ... ,p). 
To derive influence functions related with eq. (2.24), the following lemlTIa provides a 

useful tool. 

Lelnn1a (Tanaka, 1989) Suppose that A and B in (2.24) are functionals of the cdf and 

that they are twice continuously differentiable with respect to c. Then, the influence 

functions or equivalently the differential coefficients with respect to c at c = 0 a.re 

obtained a.s 

I(x ' fl .) = u l (A(l) - ll.B(l))U · . 1 ,UJ J UJ J) J= , .. . ,]J, 

I(x; u
J

) = L(Bj - (h)-l{ uj(A(l) - BjB(l))Uk}Uk 
ki=j 

(lj2)(ujB(1)Uj)Uj, j = 1, ... ,p, 

I(x; L UjU~j) = - L L(ujB(l)Uk)UjU~ 
JES j,k ES 

+ L 2:(Bj - Bk)-l{uj(A(l) - B:iB(1))Uk}(UJU~ + ukuj), 
JES krf.S 
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where S indicates the subset of the indices of the eigenvalues of interest. Note that 

Bj is assunled to be a sinlple eigenvalue in (2.26) but not in (2.27). In (2.27) there 

Inay be 111ultiple eigenvalues alTlOng those of interest (S) and/or alTIOng those of no 

interest (5). It is only assumed that the eigenvalues a,re separated between Sand 

S, nalTlely, eigenvalues which ta,ke the sarne value belong one and only one of Sand 

S. 

2.4 Principal components of instrumental v'ariables 

\t\lhen two data lnatrix ~X (n x p) and Z (n x q) are given on the saJne n-individual salnple, 

Rao (1964) treated the probleln to find the optilnal r bnear cOlnbinations Y = Z A in such 

a way that the predictive efficiency' of Y for ~X is a nlaxin1UlTl. He called a new lnatrix Y 

as pri'ncipal components of instrumental variables. 

Let again X be an n x p data matrix and Z an n x q data Inatrix. Z Inay include SOHle 

or a.ll the variable of X theoretically. Denote the covariance matrices of (X, Z), which 

indicates an n x (p + q) lTlatrix such that Z is added Lo the right side of X, by 

( 
~1l ~12) 
~21 ~22 . 

(2.28) 

Suppose we wish to replace Z by the r linear cOlnbinCLtions Y = Z A which jointly predict 

X as well as possible. The covariance Inatrix of (X, Y') is 

(2.29 ) 

and the residual covariance 111atrix of )C subtracting its best linear predictor in terlTIS of 

Y is 

(2.30) 

We may consider the two llleasure of predicti ve efficiency of Y as 

(2.31) 

or 

(2.32) 

Although the solubon is obtain d by Ininilnizing either (2.31) or (2.32), it is easier to 

cOlnpute (2.31). 
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Mini111izing (2.31) i~ the saIne as 111axilllizing 

t1' {(A/~22A)-l A' U21 ~12A} 

a~ ~21 ~12al --=----- + . .. + ~--
a~ ~22al 

(2.33 ) 

which is the s cond tenn of (2.31), as, urning that a i ~22aJ 0, i i: j, wi hout loss 

of generality. The best choice of A is the set of the 'I' eigenvectors a.ssoeiat d with the 

largest T eig nvalues of the matrix ~21~12 with r sped to ~22' i.e ., those of the following 

eigenvalue proble111: 

(~21~12 - AJ~22)aj = 0 j = 1, ... , q. (2.34) 

Then th Ina.xinlized value of (2.33) is given by 

Inax tT{~12A(A/~22A) - 1 A/~2d == L Ail (2.:35 ) 
i=l 

where \ are in order of Inagnitude, i.e., Al ~ A2 ~ ... ~ '~q. 

Furtherrnore, this problelD ca.n be treated in the sense of nlaxilnizing RV -coefficient. 

Robert and Escoufier (1976) derived the solution in the sense that the gemTl 1,ri al repre­

sentation of the sa111p1e C (.,X) and C (Y) = C (Z A) will be silni1ar as possible. They call 

the new varia.bles Y the principal components of Z with respect fo X, which is the ~anle 

Illeaning of Rao( 1964) 's PCs of instnnnental variables. 

\All th the RV -criterion of optil11ality, 

(2.36) 

lllUSt be rnaxl111ized within a multipbcabve factor of l/n. Then the sanle eigeJlvalu 

problenl as (2.34) is solved under the constraint 

(2.37) 

and the eigenvalues are obtained. The COhln111S of A should be the jgcnvectors as oeiated 

with the first l ' eigenvalues. The value of the RV-coefficient is then 

(2.38) 

where ai i the variance of the i-th variable. If the values of the variances of the n w 

variables have not been preassigned, an optinlal choice of the ai s is given by Ai and 

global 111axjmuln for RV will be attained 

ll1ax 
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Robert and Escoufier (1976) also stated about the possibility of variable selection with 

the RV-coefficient in the above sense. Without loss of generality, aSSUllle that Z consists 

of the first q variables of X. Then we ca.n select a set. of variables as Z 1 which has the 

largest value of (2.39). This set of variables is the best one arnong the sets of q variables 

in the sense of rnaximizing RV -coefficient. 
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3 Variable Selection with Ii~V -coefficient 
in Principal Component ~Analysis 

In prin ipal C0111pOnent analY'l 1 we propose a. backward procedure of variable selection 

in which we discard a variable which has the sinallest effect on the principal cOlnponcnt 

(PC) score 111a.trix alnong the existing variables succe~sively (Mori; Tarunli and Tall aka, 

1994a, b). In particular, we focus on the closen ss of the relative positions of individuals' 

PC scores, nanlely the closeness between the configurations of the PC score rnatrix be­

fore discarding variab les and that after discarding . This is to propose variable selection 

nlethods in which we select a 'et of variables which can reproduce as closely as pos'ible 

the general features of the conlplete data . 

Variable selection Inethods in PCA have studie 1 by Jolliffe (1972, 1973), McCabe 

(19 4) and I<rzanowski (19 7a i b) anlOng others. A shown in the overview in section 

2.1, Jolliffe's nlet hods are bas cl on the way to renlaill the variables related to illlportan t 

PCs or to reject those related to uninlPortant PCs by observing the eigenvalues and 

the coeffici nts of the corresponding eigenvectors . McCabe's Inethuds select variables 

containing (in sonle sense) as much salnple infonnatioll as possible. Their Inethods satisfy 

various optilnality criteria derived by thenlselves, how vel', they do not necessarily 111 et 

the re<'luirelnent such as to reproduce the general feature' of the cOlnplete data . On 

the other hand, the ainl of Krzanowski' s Inethod is to satjsfy this requirelnent with the 

criterion based on Procrustes Analysis of P C scores . 

In our study, the RV-coefficient (Robert and EscoufieT, 1976) is used to evaluate t he 

effect on the PC score lnatrix, and in cOlnputatioll the so-called perturbation theory of 

eigenvalue problelDs as well a the exact rnethod are utilized as an approximation of 

discarding variables. 

Since RV -coefficient is a good tool to ll1easure the closeness of the configurabons of 

points associated with two Inatrlces representiug the sall1e individuals, it is able to evaluate 

the closeness between the PC score Inatrix ba.s d on original variables and that based on 

elected varia bles. Robert and Escoufier have already eli cussed the possibility of variable 

selection wi th R V -coefficient in their paper (1976) but no examples were given . Then we 

use R V-coefficient in our lIlethods, altho ugh its usage is different frOln their original id a. 

(The origiua.l idea. on variable selection with R V-coefficient wi ll be described in chapter 

5. ) 
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The perturbation theory is utiliz d such as weighting 0 on a variable of interest instead 

of discarding exactly. This has the following two Inain purposes: to avoid recOlnputing to 

solve an eigenvalue problelll every tilIle when a. variable is discarded; and to observe the 

effect of each variable by changing the weight in the future. 

3 .1 Formulation 

3 .1.1 Formulation of principal component analys is 

Suppo 'e X is an n x p centered observation ll1atrix with n individuals and p variables. 

Consider an eigenvalue probleln of the nlatrix )C, tha tis, 

1 , \ 
-XX U j = I\j U j, (3.1 ) 
P 

where Aj are the eigenvalues ordered fron1 the largest to the s111allest as AI) A2) ... ,Ap 

and Uj are their associated eigenvectors nornlalized as 'u j U j = 1) (j = 1) ... ) p). Let 

C == ~ X X', the spectral decolnposition of C is given by 
p 

(3.2) 

where Al = diag( AI, ... , Ar) and A2 = diag( Ar+l) ... ) Ap) are the T largest eigenvalues and 

the relnaining p - T ones, respectively. and VI = (Ul, . . . ) u r ) and V2 = (U r +l, ... , u p) are 

their associated eigenvectors. The PC score InaLrix A of the T largest eigenvalues is given 

by 

A - U A 1/2 
- 1 HI ' (3.3) 

(3.4 ) 

Then the aim of this study is to observe the behavior of this T when a variable is discarded . 

3 .1.2 Introduction of perturbation 

For the sake of convenience for the below fonnulations, we generalize the eigenvalue prob­

len1 (3.1) to 

(3.1') 

where vll = diag( WI j • • • , w p ) is a diagonal nlatrix which has weights on each coluum, 

wQ(a = 1, ... ,p), as diagonal elements. In the case of the original eigenvalue problem 

W Q = 1. 
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Now let introduce the following perturbation to the weight n1atrix HI : 

{ 
1-E o:#j 

wo:=l---t wo:= J+(p-l)c: a=.j (l:S;j:S;p). (3.5 ) 

This change of weights with a slnall perturbation E is done as the SUlll of weights keeps 

p. According Lo the perturbation in shown (:3.5), C is changed to 

(3.6) 

Let ciz,(i,i' = 1, ... ,17,) be the elenlents of C and xtJ..·(i = I j ••• ,n· k = 1, ... p) those of 

the data n1atrix X, then 

1 P 

Cii' = - 2:= XikXi'k, 

P k=1 
1 P 

c~J) = -- 2:= l:ik X i'k + X-ij X i'.7' 
P k=1 

(see, e.g., Mori and Tarurni, 1993), that is, 

(3.7) 

C(1) = Xjxj - C. (3.8) 

In particular, E = -1/(p - 1) and this CU) are substitut d in (3.6) when discarding one 

variable cOlnpletely a1110ng p variables. 

3.1.3 Variable selection with R,V-coefficient 

Here let us consider the RV-coefficient between unperturbed and perturbed PC score 

rnatrices to find a variable \I\'hich have the s111allest effect on the relative positions of PC 

scores in the configuration. 

Denote the unperturbed and perturbed PC score lnatrices by A and A, respectively. 

Substituting A and A in (2.4), we can obtain the RV -coefficient between then1 as 

RV(A A) = tr(AA'AA') = tr(TT) , 
' . {tr(AA')2 . tr(AA')2} 1/2 {tr(T2) , b'(T2)} 1/2 

(3.9 ) 

Then, if T is expanded as T = T + cT(l) + (c2j2)T(2) + O(c3
), Vle obtain 

- c2 [tT(T(1)2) t'T'(TT(l))] 3 

RV(A, A) = 1 - 2 tT(T2) - tT(T2) + O(c: ) (3.10) 

(see, Appendix A.l; Castano-Tostado and Tanaka, 1991), where 
T 7' r P 

T(1) = L L(ujC(1)udu.i U~' + L L Aj(Aj - Ak)-l(ujC(1)Uk)(UjU~ + ukuj) (3.11) 
j=l k=l j=l k=?,+l 

(Tanaka, 1988). 
Our variable selection procedure is to discard a variable whlch has the largest RV­

coefficient cOlnputed by (3.10) successively. 
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3.2 Variable selection procedure 

Our proposed procedure is a backward elilnination. In each step, we COlnpute the RV­

coefficient by (3.10) for each one alnong existing variables in turn. and discard a variablf' 

which has the largest RV-coefficienL. In the next step, we renew T and repeat the Salne a -

bons. When the nU111ber of re111aining variables is equal to the pr assigned di111cnsionality 

r , we stop the procedure. T he process of the procedure is sUlllmarized as follows: 

1) Apply PCA to the original data and put q := p; 

2) Specify r(r < p); 

3) C0111pute RV-coefficient between the unperturbed and perturbed PC score Inatrices, 

where the perturbed Inatrix is based on the data 111atrix with q -1 variables obtained 

by omitted each one aillong q variables in turn; 

4) Find a variable which has the largest RV-coefficient in 3)' 

5) Apply PCA to the 111atrix without the variable found in 4); 

6) Let q := q - 1, and return to 3) unless q = 1'. 

3.3 Numerical examples 

3.3.1 Plan of evaluation 

To evaluate t he proposed Jllethod, first we COlllpare our results with Jolliffe's and McCabe's 

ones. In practice we apply "Crirne rates data (Ahamad, 1697)" which was analyzed 

by both Jolliffe and McCab (their results and discus ,ions were sUTIllnarized by Jolliffe 

(1986)). Next, we apply our lllethod to the artificial data sets generated by Jolliffe (1972) 

and then valuate our nlethod by following Jolliffe's aspect. Finally, we show a result of 

analyzing "Automobile data (Becker, et a1., 1988)". 

In these evaluations we apply some additional patterns of procedure. When we com­

pute T while our procedure proposed in section 3.2 uses an a.pproxilnation with the 

perturbation theory, we can obtain T exactly by olnitting a variable in practice and re­

computing the eigenvalue problern. In this case we can get the RV-coefficient by (3.9). 

This Inakes it possible that w COlllpare our proposed rnethod with the exact method, 

although we lose t he advantages of using perturbation which are 111entioned above. On 

the other hand, while we renew T which consists of selected q variables successively in 
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Table 3.1: Four patterns based on how to obtain T a.nd T 

T T 
Perturbed Exact 

Succe'sive 
SP 

SF: 
(proposed) 

Original OP OE 

each step, we can compute the RV-coefficient with fixed T which consists of all the orig­

inal p variables. This lnakes it possible that w evaluate the goodness of the successive 

procedure. Then four patterns an be considered as sho\~ln in Table 3.1. We aJso apply 

these four patterns at the sanle tilne in the following exarnples. 

3.3.2 Crime rates data 

This data set given by Ahamad (1967) consist of IneasureInents of the crinle rates in 

England and Wales for 18 different categories of crilne (the variables) for 14 years, 1950-

63 (Appendix B.l). Jolliff (1986) cOlnmented about the data set as follows: the salllple 

size n = 14 is very Slllall and sInaller than the nUlnber of variables; furthernlore the data 

are tinle s ries and the 14 observations are not independent , so that the effective sanlple 

size is even slnaller than 14. This potentia.l pro bleln and other cri ticisn1S of Aharnad's 

analysis caused his and also our rnotlvation to select a subset of variables. 

The data seenlS to hav the following 4 clusters of variables, {V3}, {VI, VI3}, {VI0, 

V17} and {V2, V4, V5, V6, V7, V8, V9, VII. V12, V14, V15, V16, V18}, by biplot of 

variables (Figure 3.1) and cluster analysis of variables (Figure 3.2). 

ow) we shovl the result of applying our Inethod to this data set. At the first step 

in our procedure: we applied PCA to the standardized data set and obtained the eigen­

values and cUlllu]ative proportions, Ar = 11.937(71.42%) > A2 = 2.531(86.56%) > A:3 = 
0.885(91.86%) > A4 = 0.638(95.67%) > As = 0.298(97.45~) ) > ... in order of lllagnitude. 

Then we specified l' = 2 a.nd the result of our proposed Inethod SP is shown in Table 

3.2 which indicates the process of discarding and the RV-coefficients in each step. Table 

3.3 shows the order of variable rejected by four proposed nlethods. You can select as 

Inany variables as you want frOJn right to left in Table 3.3,) starting the last variable. To 

conlpare our results with Jolliffe's and McCabe's ones, all the results are sUlnmarized in 

Table 3.4 which is created by Inodifyillg JoHiffe(1986)'s Table. In Table ;3.4, "3 variables' 

and' 4 variables'j in our methods are the last 3 avariables, respectively, in Table 3.3. 
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Figure 3.2: Dendrogran1 obtained by cluster analysis of variables (Crime data) 
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Table 3.2: Process of chscardiug variables (Crinle data j T = 2) 

Variable 
RV -coefficient 

Step 1 Step 2 Step 3 Step 4 Step 5 Step 6 Step 7 Step -
VI 0.99669 0.99612 0.99540 0.99441 0.99317 0.99152 0.98937 0.9 '6l5 
V2 0.99954 0.99944 0.99933 0.99921 
V3 0.99649 0.99591 0.99516 0.99421 0.9930:3 0.99160 0.9 953 0.98655 
V4 0.99899 0.99880 0.99859 0.99833 0.99773 0.99711 0.99592 0.99474 
V5 0.99976 0.99968 
V6 0.99956 0.99946 0.99932 0.99914 0.99882 0.99844 
V7 0.99976 
V8 0.99967 0.99958 0.99947 
V9 0.99948 0.99935 0.99916 0.99890 0.99867 0.99831 0.99777 
V10 0.99733 0.99688 0.99630 0.99550 0.99468 0.99346 0.99195 0.9 '932 
V11 0.99953 0.99945 0.99934 0.99915 0.99888 
V12 0.99939 0.99928 0.99912 0.99894 0.99862 0.99812 0.99730 0.99636 
V13 0.99634 0.99574 0.99498 0.99402 0.99269 0.99092 0.98878 0.98571 
V14 0.99919 0.99901 0.99 ' '0 0.99858 0.99806 0.99756 0.99644 0.9951 ' 
V15 0.99919 0.99905 0.99 83 0.99852 0.99828 0.99781 0.99718 0.99594 
V16 0.99929 0.99915 0.99898 0.99880 0.99836 0.99784 0.99701 0.99592 
V17 0.99628 0.99565 0.99486 0.99380 0.99251 0.99081 0.98850 0.98509 
V18 0.99941 0.99928 0.99910 0.99890 0.998,55 0.99806 0.99743 0.99628 

Rejected 
V7 V5 V8 V2 V11 V6 V9 V12 

variable 

Variable RV -coefficient 
Step 1 Step 10 Step 11 SLep 12 Step 13 Step 14 Step 15 Step 16 

VI 0.98191 0.97514 0.96445 0.94404 0.91692 0.85894 0.42896 0.77072 
V2 
V3 0.98244 0.97695 0.96745 0.955 4 0.94433 0.91 -'36 
V4 0.99231 0.98798 0.98293 0.96623 
V5 
V6 
V7 
V8 
V9 

V10 0.98603 0.98117 0.97015 0.95682 0.94454 
V11 
V12 
V13 0.98119 0.97374 0.96480 0.94017 0.90302 0.85 34 0.73554 0.19142 
V14 0.99263 0.9 816 0.98214 0.96334 0.90445 0.89694 0.81906 
V15 0.99388 0.99046 
V16 0.99390 0.99016 0.98562 
V17 0.98076 0.97435 0.96271 0.94864 0.9 :3170 O. 6114 0.50699 0.48 70 
VI 0.99459 

Rejected 
V18 V15 V16 V4 V10 V3 V14 V1 

variable 

- 20 -



Table 3.3: Result of discarding variables (Crime data, r = 2) 

(The number in the table indicates the variable's number) 

Method 
Step 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
SP 7 5 8 2 11 6 9 12 18 15 16 4 10 :3 14 1 13 17 
OP 7 5 8 2 11 6 9 12 18 16 15 4 3 10 14 1 13 17 
SE 7 5 8 2 ] 1 6 9 12 18 15 1 16 10 4 17 13 :) 14 

OE 7 11 5 1 17 2 6 3 16 18 8 12 9 1:3 10 14 4 15 

Table 3.4: Subsets of selected variables (Crin1e data) 

(Each row corresponds to a selected subset with X denoting a selected variable.) 

Method 
Variables 

1 3 4 5 7 10 13 14 15 16 17 
McCabe using criterion 

Three variables 
best x x x 
second best x x x 

Four variables 
best x x x x 
second best x x x x 

Jolliffe using criteria B2 B4 

Three va.riables 
B2 x x x 
B4 x x x 

Four variab]es 
B2 x x x x 
B4 x x x x 

Using RV coefficient 
SP x x x 

Three variables 
OP x x x 
SE x x x 
OE x x X 

SP x x x x 

Four variables 
OP x x x x 
SE x x x x 
OE x x x x 

Tote . This table is created by modifying Jolliffe(1986)'s table. 
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Jolliffe (19 6) stated that while the results of .J olliiIe's and 1cCabe 's Inethod~ were 

a little different frOID each other, variable VI was a, IneIllber of a,l] the select d variab] s 

and variables V 10, V13 and V 17 were selected by both types of Inethod. FraIn thi' point 

of view, our Incthod SP and OP selected va,riablc VI, V13 and V17. 1oreover SP and 

OP selected the .. aIlle subsf't of variables as McCabe's best subset when the size of subset 

is 4. 

In COlllpanson with OJ e clusters observed in the profile plot of variable , Me' abe's 

best and second subset with ize 3, Jolliffe's B4 with size 3 and Ll, our SE with size 3 

and 4 selected one variable frorn each cluster ~ while our SP selected variables Vl and V 13 

",:hich are close to each other in the profile plot of variables. 

C0l11paring our 4 methods wjth each other, sirnilar results were obtained in SP and OP, 

and SP had th Sal1le variables as ones by SE in the first half steps. However OE sel cted 

variable V15 which was selected by neither Jolliffe nor I\1cCabe and selected variables 

f1'01D the saIl1e cluster. 

3.3.3 Jolliffe's artificial data 

Jolliffe (1972) generated a larg nUlllber of artifici al data sets, conforllling to Olle of five 

precletern1ined rnodels. Each nwdel was constructed in such a way that certain variables 

were linear cOITlbinations of otber variables, except for a randOln cb ~ turbance, and hence 

were redundant (see the definition in Table 3.5). He then tested his various rejection 

111ethods on the data sets to sec 'v hether the variable' they r jected were redundant ones. 

In all his Il10del , there were smne categories of choice regarding how well tbe retained 

variables are, which were label d as "best", "good", "rnoderate" or "bad". Table 3.5 

indicates the definition of the constructed variables for each of mod Is I-IV, and "best" 

and "good" subsets for theln. lVlod -1 V was lTIOre cornpiicated, and we olllitted it. 

According to his lTIodels I- IV, we generated 100 samples of size n = 100 for each of 

these ITIodels. The table 3.6 shows the results of applying our 111ethods to these data sets 

as a monte carlo simulation. The dimensionality T' is 3 flOr Inodel I- III and 4 for Inodel 

IV according to the number of variables should be retained (i.e., m in Table 3.5). 

As results, SE selected 'best' and "good" subset,- at the highest rate (75%) totally, 

and in order of magnitude, SP, OP a.nd OE had 65.5%. 64.25% and 51.0%, respectively. 

SE also selected 100% of "best') and "good" subsets in model I-III, while all the l1lethods 

selected 100% of those subsets in Illodel III. On the other hand, SP had the highest rate 

(42.75%) by observing the rates in 'best" subset, and only SP and or selected' be t" 

or "good" subsets froIll every nlodel. FrOl1l thi ' sirnulation, it can be sta ed that SP 
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Table 3.5: D finition of constructed artificial variables and subsets of variables should be 
retained (Jolliffe, 1972) 

Variable Model I Model II Model III Model IV 
1 VI ZI Z1 ZI 21 

2 v2 22 Z2 Z2 Z2 

3 V3 Z3 Z3 Z3 Z2 + =;:\ 

4 V4 Z1 + 0.5Z4 Zl + 0 .5z4 Zl + 0 .8Z2 + 0.624 24 
5 V5 z2+0.7z5 Z:.! + 0.725 z2+0.7'::~1 z4 + 0.75z5 

6 VG Z3 + Z6 Z2 + 26 Z3 + 0.5Z6 224 + 0.75z5 + 1.5z6 

7 V7 27 
8 Us 27 + 0.5z8 

9 v9 2Z7 + 0.5zS + Z9 

10 VI0 3Z7 + Z8 + Z9 + Z10 

17" P 100, 6 100, 6 100, 6 100, 10 

rn 3 3 3 4 
best (1,4), (2, 5) {I, 2, 3} {I, 2, 3} (I), (2, 3), (4, 5, 6) 

(3, 6) {2, 3, 4} {I, 2, 6} (7,8,9,10) 
good {I , 3 5}, {I, 3, 6} {I, 5, 6}, {I, 3, 5} 

{3, 4, 5}. {3, 4, 5} {2, 4, 6} {2, 3, 4} 
p , 4, 5}, {4, 5, 5} 

Vi : name of variable 
2i : standardized normal variates 
17" p : number of observations, number of variables 
m : number of variabl . should be retained 
{} : subset of varia blc should be retained 
() : any. ubset contuining one variable from each ( ) should be retained 

has selection power on the average. There is a roon1 for irllprovement, however: since the 

rates were not stable beLween the lllOdels. 

3.3.4 Automobile data 

As the third exalnple we applied Lo \'Auto1110bile data (Becker eL al., 1988)" which hat; 

74 observation on 10 variables checking autOlTIobile's capacities (Appendix B.2), This 

data has ahnost 4 clusters, nalnely, the va.riable "price" {VI}, the variables related to 

~'perfor111ance" {V2, VlO}, those related to size" {V6, V7, V8, V9} and thos related to 

"wjdth" {V3, V4, V5} by obs rving the profile plot of variables (Figure 3.3). 

The result of applying Ollr lllethod~ to the sta.ndardized data seL is showll ill Table 

3.7 a.nd Table 3.. The dirncnsiona.lity 7' = 2 because Al = 6.526(66.15%) > A2 = 
1.012(76.41%) > A3 = 0.825(84.7 %) > A4 = 0.417(89.0090) > .. '. 

While the all variables related to 'size" were discarded in the beginning steps, Price 
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Table 3.6: Results of Monte Carlo variable selecbon with RV-coefficieni 

(Jolliffe's artificial da.ta, 100 sall1ples with n = 100 in each model) 

Method 
Model best & good 

I II III IV sum % sum(%) 

SP (proposed) 
best 96 0 37 38 171 42.7.5 

65.5 
good 28 63 91 22.75 

OP best 96 0 25 40 161 40.25 
64.25 

good 21 75 96 24.0 

SE best 100 :3 35 0 138 34.5 
75.0 

good 97 65 162 40.5 

OE best 100 4 64 0 168 42.0 
51.0 

good 0 36 36 9.0 
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Figure 3.3: Profile plot of variables (Autoll10bile data) 
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Table 3.7: Process of discal'dillg val'iabJes (A II ton10bile dat 0, r = 2) 

Variable 
RV -coefficient 

Stepl St.ep 2 Step 3 St.ep 4 St.ep 5 Step 6 St.ep 7 Step 8 
VI o 919·19 0.85203 0.81040 0.71565 0.85942 0.76091 0.78826 0.49736 
V2 0.99311 0.98992 0.98481 0.97142 0.95473 0.93208 
V3 0.98514 0.97811 0.97 102 0.93805 0.94507 0.87005 0.8046:3 0.42412 
V4 0.97737 0.97220 0.96554 0.96780 0.95719 0.90940 0.86213 
V5 0.98996 0.98627 0.981.')5 0.97406 0.96756 
V6 0.99797 
V7 0.99707 0.99532 
V8 0.99450 0.99162 0.98667 0.97730 
V9 0.99656 0.99424 0.99074 
VI0 0.98847 0.98085 o 97085 0.95599 0.94236 0.91627 0.1')1608 0.58268 

Rejected 
V6 V7 V9 V8 V5 V2 V4 VlO 

variable 

Table 3.8: Results of discarding variables (Autonlobilc data, T = 2) 

Method 
Step 

1 2 3 4 5 6 '7 8 
SP V6 V7 V9 V8 V5 V2 V4 V10 VI V3 
OP V6 V7 V9 VR V2 V5 V10 V4 Vl V3 
SE V6 V6 V9 V8 V5 V10 V2 V4 VI V3 
OE V6 V4 V10 Vl V3 V8 V2 V5 V7 V9 

Variables: VI Price V2 NIiles/g V3 Headroom 
V4 Rear Seat V.s Trunk V6 Weight 
V7 Length V8 Turning V9 Displacement 
Vl0 Gear Ratio 

(VI), Headro0111 (V3) and Gear ratio (VI0) were selected fronl ed,cll of the other three 

clusters , which are reasonable variables t.o buy or evaluate autol1lObiles. 

3.4 Discussion 

In these three llulnerical exa.lnples the proposed rnethod gave reasonable results of variable 

selection in PCA. 

In the cOlnparison of our 4 Incthods with each other) s.ince SP (successive T and per­

turbed T) and OP (original T and perturbed T) gave s1rnj1ar results i it is good enough to 

use the successive lnethod to select q variabJes arYlong the exisbng p va.riables. COlnparing 

SP with SE (successjve T and exact T) , while in the first half steps SP could select the 
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same variables as those selected by SE, SP selected variables in different order frorn SE 

in the last half steps. This 111eanS that some errors by perturbation exists. 

On the other hand, it cannot be stated that OE (original T and exact T) could select 

a reasonable subset. That is because the 111ethod does not proceeu in SUell a way that 

the ren1aining va.riables have the weight representing the rejected variables in a backward 

procedure. This is also observed froD1 the fact tha.t SE did not select reasonable variables 

well in D10del IV which has a lot of redundant variables in the artificial data exaDlple. 

Thus, the proposed SP is enough Inethod to select variables. 

In addition, Krzanowski (1987a" b) has studied variable selection in PCA (see, section 

2.1). His criterion is to compare the configurations of PC score based on the original 

data matrix with that based on rejected matrix. Two differences exist mainly between 

his rnethod and ours: his rnethod is not successive, which lTleanS that it always uses a PC 

score matrix based on an original data as a comparative ba,sis; and his criterion is not a 

con1parison of relative positions but one of just configurations of PC scores. 
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4 Variable Selection with R-V -co efficient 
in Hayashi's Third Method of 
Quantification 

Hayashi:s third rIlcthod of qllalltificatioE, whose algorithlll is the saIne as that of corre­

spondence analysis, is useful in multi \'ariate data ana.lysis. A t ually, ca.tcgorical answers 

are occasionally llsed in surveys and exa111illations conducted ill various ar 'as such a.s 

psychology, InedicaJ science, social science, and so OIl. III these surveys w often lneet the 

problenl such that there are too HlallY variables or itenlS for the participants. Then w 

consider again how to red uce as lllany varj a.bles as possible wit hou t loss of origillal in1'or­

lnatio11. It is desirabJe to propose an appropriate variable selection 111ethod in Hayashi's 

third 111ethod of quantification in the 111eaning of keeping the interudJ structure or infor­

mation of the s(unple. How vel' there are not so 111a11Y variable 'elecbon I11cthods in thi ' 

analysis. For exalnple in the slnall nU111ber of st udies, Xia and Yang (1988) proposed three 

criteria for va.riable selection ill TIaYCl.shi's third method of quantification and gave two 

practical procedur s, referring the \'ariable selection in factor analysis studied by Tanaka 

and Kodake (1981) and Tanaka (1983). But they did not discuss the fundalnenta1 prob­

lenls in Hayashi's third 111ethod of quantification and its variable selection , which will be 

lllenLioned in the next sectioll. Since Hayashi's third rnethod of quantificat ion can be 

thought the categorical version of PCA, there exists a possibility to propose a silniJar 

procedure to the variable selectioll 111 PCA propost>cl in chapter 3, if 'Nt> can clear the 

exisbng proble1l1s. 

Then , taking a, 8in1i1ar way in thp previous chapter , we ~propose backward procedures 

of variable selection in whict we dis card a variable vlhich bas the sDl.allest effect on the 

salllple score lIlatrix an10ng the existing variables succe sively ( 10rl and Tarulni, 1994). 

The procedures have solutions for the typical problenls in Hayashi's third nlethod of 

quantification itself and also in th selection process in t his analysis. III the procedures 

we use the RV-coefficient (Robert and Escoufier ; 1976) and the perturbation theory of 

eigenvalue problen1s as well as the exact n1ethod in computation. 

Though we deal with only binary type (0 or 1) data in this studYi the principles and 

the procedures ca.n be applied to ITlultip le type data. 
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4.1 Typical problems in treating categorical data 
sets and in its variable selectilon 

There are typical problerns in dealing with catpgol'ical data, especia.lly in Hayashi's third 

111ethod of quantificabon. T'he problelns cxist both in the analysis itself and i1) the proce ' 8 

of selecting variable'. 

First pro blenl w hi ch exists in Hayashi 's third 111et hod of quantification itself is ciS 

follows: it is well known that categorical data has two clifFeI' nt data fornls, free-choice 

(FC) fOrIn and ite1Tl-category (Ie) fonn (Figure 4.1). Tl1eY are equiva.lent with each other 

with respect to infol'll1ation conta.ined , but typically lead to different results in Ha.yashi's 

third 1nethod of quantification (see, e.g., Ya1uada and Nishisato, 1993). SOIne authors 

indicated that a data forll1 should be chosen ba.sed on the purpose of analysis or the 

properties of the data (see, e.g., Iwasaki, 1989; Okailloto, 1992). 

To clea 1 with this problem we propose two types of procedure for the two data fonlls, 

respectively, using the sanle principle in cOlnputation. 

Next proble11l s0111etinles occurs in th process of selecting \"ariablcs ill Hayashi's tllirc1 

Dlethod of qU(l,ntification . Hayashi's third Inethod of quantiftcation has the operation such 

as dividing by row SUIn an ] co1111nn sunl of the data Ina.trix jn COlllputation. This 1neans 

that we cannot cOlnpute if a. row SUlll beC0111eS 0 in the selection process. As shown 

in Figure 4.2, such a ca 'e CCl.n a,rise easily wherc the data forll1 is FC type. In Figure 

4.2, if the third variab le (colllnnl) is n'lJ1ovecl anlong 4 variables, Lhen the third row sunl 

becomes equal Lo O. This problelll is thought rather serious in selecting a set of variables. 

For this problern we can tak the following a,ctiol1s: to continue the selection by onlitting 

every individua.l (row) w hos SUIn equals :6ero in each selection step; before starting the 

selection, to change the data fonn frOl11 Fe forll1 to IC fonn. In Ie forlll every row sunl is 

equal to the nun1bcr of colurnns in any selection step (In this action we have to notice that 

FC and Ie fOrITl give different result· froll1 each other in original ana.lysis, and it happens 

that the computa,tlon stop when C\ col111n11 sunl beco1nes O. Let us show an exalnple of the 

latter case in Figure 4.]: if all eJernents of the third variable in X FC are 1, all elements 

of the left colull1n of the third variable in X IC' are 0); and to int [uciuce a perturbation a ' 

discarding a variable to avoid the case where the row su In eq uals 0, that is, 0 is weighted 

on a variable of interest instead of discarding exactly . 

To deal with this problel11 we adopt the last two actions. The second one is included in 

the action for the first problen1 as Inentloned above. As for the third action, in a backward 

procedure the perturbation theory will be used not only to weight 0 011 one variable of 

interest in each step but also to weight 0 on all the variables found in the fonller steps at 
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Free Choice fonn Itel11 Category fon11 

1 0 1 0 0 1 1 0 0 
1 I 1 0 

1 1 1 0 0 1 0 1 0 1 ... 1 0 

XFC = 0 0 1 1 <==~ Xrc = 1 0 1 0 0 1 0 1 

0 1 1 0 1 0 0 1 0 1 1 0 

Figure 4.1: Different data fornl 

1 2 3 4 1 2 4 

1 1 0 0 1 1 1 0 1 

2 1 1 0 0 2 1 1 0 

3 0 0 1 0 3 0 0 0 

17. 0 1 0 1 n 0 1 1 

Figure 4.2: A Case where row Stlln = 0 (\iVhen the third COlU111nS is discarded, the third 
row SU111 becomes 0.) 

the same til11e. This is the third purpose to use the perturbation theory in addition to 

the two purposes described in chapter 3, but it seelllS to be very funda.mental in Hayashi's 

third n1etllOd of quantification. 

4.2 Formulation 

4.2.1 Formulation of Hayashi's third rnethod of quantification 

Suppose we have a. set of n sarnples (individuals) on p categories (variables). This is 

expressed as an n rows x p columns Inatrix X FC in FC forn1 and an n x 2p lllatrix )(1C 

in Ie forn1, which have only binary data, 0 or l. For the sake of cOllveuience, let us dellote 

the data l11atrix by 'n x Tn lnatrix X. They have the same nU111ber of variables, 1n, but 

m = p in X FC and rn = 2p in )(1C . 

In Hayashi's third 11lethod of qua.ntification, consider an eigenvalue problcn1 of 

C = D- 1/ 2 XD- 1X'D- 1/ 2 
/ - reT , (4.1 ) 
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where 

that is, 

D'l.=diag(fli· .. ,In) 
D c=diag(gl' ... ,gm) 

(fi is the i-th row stun), 
(g/ 1S the l-tb colulnn sunl), 

(C - A J J) u.J = 0 (j = 1, . . . , Tn) i ( 4.2) 

where A j are the eigeu values ordered fronl the largest to the slTlallcst as AI, A2 ~ . . . , Am and 

U .,· are their aSt)ociated e1genvectors nor111a]ized as U1Uj = 1. . ] 

The sanlp]e score 111ah·ix of the r largest eigenva.luet) is given by U1 (UI = (Ul' ... , u r ) : 

T ::; rn); th 11 we denote 

(4.:3 ) 

(4.4 ) 

The aim of this study is to observe the behavior of this P 'vvhen a. variable is discarded. 

4.2.2 Introduction of perturbation 

For the sake of convenience for the fonnulation below, to generalize the eigenvalue problelu 

(4.2), Vle change the 111atrix C' to 

C = D-.1 /
2 XliV D- 1 X.'D- 1

/
2 

q Ui) C T{ W) , ( 4.1') 

where TtV = d'iag(wl"" , w n: ) is a dia.gon al 111atrix which has vveights on each colurnn 

wcA a = 1) ... , Ttl,)" as diagonal elernents a.nd D7'(1.LI) is diag( );'Hll). 

ow let the weights WOe be Chi-lnged fronl 1 to as follows by introducing the perturba-

tiOll: 

{ 
1-[ Q:pl 

WO' = 1 --f WCt = 1 + (m _ 1)6 Q = I (1 ::; I ::; m.). 

According to the perturbation in sown (/1.5), the 1natrix C it) changed to 

(4.6 ) 

Here let us denote the ele1uents of C and X by Cii' (i, £' = 1, . . . ,n) and Xik (i = 1, . .. ,n; 

k = 1, ... ,Tn), respectively. When tlle I-th COlU111n is discarded, elements of CU) is given 

by 

(1) __ rn ""' (Xil~) ~~ 
Cii , - 2 ell f. + (., + 1n . Ir'!'" 

, I , t glv. t, t 

( 4.7) 

where 
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(see, c.g., Mori and Tarunli , 1993). 

As the case of discarding rr".7 (1 < rn,i < 171) cohunns , the l t - th, ... , and the lm) -th 

col1.111ms, are discarded at the saIlle tinle. the elenlcnts of C(1) a.re changed froin (4.7) to 

1m) 

2:: Lrik 
(1) 7?L 

C. = - -c', 
tt' 2 H 

k=lj 

Ii 

lm) 

\\'hich is the sinlple SUID of the O(l)S expressed as (4.7), i.e':
1 
L oi]) where Ok

l
) is 0(1) of 

k- th varia.ble. 

In particular, f. = -1/(m-1) and 0(1) in (4.7) or (4.9) are substituted when discarding 

one COlUJllll or 1nj cohllnns c0111pletely alnong m CO]U1l1DS. 

4.2.3 Variable selection with R1/ -coefficient 

Here let us use the RV-coefficient to find a variable which has the srnallest effect 011 the 

configuration of the salDple score Inatrix when it is discarded. ow the unperturbed and 

perturbed salnplf' score are denoted by A Cl,nd A, then the RV-coefficient between A and 

A is given by 

Since U is orthogonal, 

RV(A, A) = tT(P P) 
q 

(Ca,stano-Tostado and Tanaka, 1990). 

If P is expanded as P = p + [p(l) + ([2/2) P(2) + 0([3), we obtain 

_ [2 iT(P(1)2) , 
RV(A,A) = 1 -:2 ' q + 0([3), 

where 
7' 7n 

p(1) = 2:: 2:: (Aj - Ak)-l(ujC(l)Uk)(UJU~ + UkUj), 
j=l k=7'+1 

(4.10) 

(4.10') 

(4.11 ) 

(4.12) 

(Casta,110-Tostado and Tanaka, 1990, 1991; Tanaka, 1988) using C(l) in (4.7) or (4.9). 

Our variable selection procedure is to disca.rd a variable which has the la.rgest RV­

coefficient (4.11) successively. 
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4.3 Variable selectioll procedures 

",:\ow we show our variable s lection procedures. As stated In sectioll 4.1 we propos -d 

two types of 'election proc clure according to the giv~n data fon11. They are ba.ckward 

ejin1inations. In these tvvo types o{ procedure. furthern10rc we can consider SOlne 1110H-' 

patterns of procedure depending on th~ followiug asp cts: 

(a) \iVhether the variables found in the fanner steps relna.] n or omit in the next step' 

(b) How to discard a variable, that is, whether IT is obt ained by the perturbation th ,ory 

or exact Inethod; 

(c) Which matrix is used as A, the original data 111atrix, whieh lneans that A is fixed 

in any step, or the discard d Illatrlx found in the fonner step, which llleans A is 

obtained succe~sive]y in every step. 

These possible patterns are sUlDlnarized in fable 4.1. "Ren1ain" in asp ct (a) is consid~r cl 

as a lneans to avoid the first prohlelD. Aspects (b) and (c) are considered as to evalllaU" 

each other. 

FrOID the property of aspect (a), it is nonsense that we obta.in II exactly because 

the aim of aspect (a.) is to discard variables approxill1ately by introducing perturbation. 

i'vloreover, we ahvays use the original data lllatrix itS A ill every step since all the variables 

found in the fornler steps are ren13.1ned ill the next step. Then we cOllsider only the pattern 

((pert urbation)) - "original' ill "relnaill" category. The q variables selected in the q- th step 

by this strategy, aJditional sp aking, are the sarne as those obtained by checking all the 

c0111binations of q variables. This set. of variable,- has the largest. sun1 of q RV-coefficients 

alDong others in the first step. 

In the pa tt fn l'on1it)) - "pert urbat ion" there is only oue stra.tegy in spite of the way to 

obtain A. That is beca.use the tenn P (= AA') is not contained in eq.(4.11) to C0111putC 

RV(A, A). 

Now Vle show the detail of the typical two procedures, FC-R2 and IC-01. 

(FC-R2) For a free-choice forn1: 

1) Apply Hayashi's third D1ethocl of qualltification t.o the original data and put q := rn( = 
p ): 

2) Specify 1'(1' < 1n); 
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Table 4.. J: Considerable patterns of proced ure 
Aspect Dala. form 

( a) (b) (c) Free-Choice Item -Category 

pertllrbatjon 
successive 

remain 
original FC-R2 TC-R2 

(anel wpjghting 0) 
succeSSIve --

exact 
original -

perturbation 
successive 

FC-O 1 * 1C-01 ** 

omi L 
original 
succeSSIve FC-03* IC-03** 

exact 
original FC-04* 1C-04** 

Note. * t.hese methods have the risk of the second problem. 

**in these methods there are some c(-Ises where certain 

column sutn(s) = 0 in the first step. 

3) COlnpnte RV-coefficiellt between the unperturbed and perturbell sainpI scor 111a­

trices; where the perturbed n1atrix is based on the data lnatrix without ach one 

anlOllg q variables and rn - q variables found in the forTner steps (i .e., m.l (= 1n - q+ 1 ) 

variables ar cliscarctf'd at the Sa111e tilne by using (4.9)); 

4) Find a variable which has the largest RV-coefficient ill :3); 

5) Let q:= q -1: and returll to:3) unless q = r. 

While the above procedure is described exactly as a. backward elilninatioll, note that it 

is enough to COIIlpute RV -coefficients just once in the nrst step a.s stated in the previoLls 

paragraph. 

(IC- 0 1) For an iten1.-category fOrIn: 

1) Apply third 111ethod of quantificatinn to the original data aHU put Cil := p, q2 = rn(-

2p); 

2) Specify 7'( T < m); 

3) C0111puLe RV-coefficient between the unperturbed and perturbed sample score 1na­

trices, where the perturbed matrix is based on the data Inatrix without each one 

alnong ql varia.bles in turn (i.e., m J (= 2) colulnns cOlltained in each one anlOng (j) 

variahles are discarded at tile senne tilne by using (4.9)); 



------

4) Find a varia,blc which has tlle largest RV coefficient 1.11 0). Suppose it IS thp J-th 

variable; 

5) Apply the third Incthod of quantification to the lIlatrix withuut lIl J columns in the 

)-th va.riable found in 1.); 

6) Put ql:= ql -1 and q2:= (j2 - 177,], If q2 - 'm), > 7' ill regard to any j'(j' = 1 ... '(/1) 

then return to 3). 

As Inentioned in section L1.1 , pay attention to that X!C' has a va ria blc \v hose JenlCl1 ts 

a,re all 0 or all I, when all pa,rticipants have th san1e r sponse. L'nfortullately we cannot 

apply Hayashi's third 111etilOcl of quantification in this case because the co1u111n SU111 = O. 

For such a case we 1l1ay adopt the sallle strategy as :3) in FC-R2, i.e., IC-R2, or start th 

procedure after 0111itting such a variable. 

4.4 Numerical Examples 

As an illustration of our procpdures we applied our lnethod to two da ta sets. One is a s't 

of "Spirits data (Arinla and Ishinlura; 1987)" and the other is "Fatigue data (lVTaehashi 

et aI, 1992)". 

4.4.1 Spirits data 

The data consists of 20 sarnples on 7 categories , that is the response t}lClt 20 college felnale 

students were asked vvhether or not they like each of 7 kinds of alcoholic drinks (Appendix 

B.3). Arilna and Ishin1ura, showed tha.t Whisky (VI), Wine (\'3), Japanese Sake (V4) 

and Cocktail (V7) are dose to eacb other in the profile plot of variables , but the others 

are separa.ted (Figure 4.3). 

The eigenvalues and cunndative proportions given by Hayashi 'S third 111ethod of quan­

tifica.tion are shown in 1'abl 4.2; and we applied our lnethod with I' = 3. As subsets of 

variables with size four, {VI, V2, V4, V6} were sel ctell by our method FC-R2 as shown 

in La,hIe 4.3: and {V2, V3, V-l, V5} by IC-01 in Table 4..4. It seelllS to be shown that the 

proposed 111ethods gi ve reasonable results of variable selectloll in HayaRhi '8 third lllethud 

of quantification. 

4.4.2 Fatigue data 

Maehashi et a 1. (1993) tried to nlake a questiolluaire of fiU b jective sYlnptOlns of fa tigue for 

school-children Lased on one for adults which has been already developed. The question­

naire for a.dult, consists of 30 variable,' (que tiol1~) about subjective sylilptonl of latigu 
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Figurt' 4.:L Profile plot of variables (Spirits data) 

Table 4..2: Eigenvalues and their curl1ulative proportions (S pirits da ta) 

Eigenvalue 
CumulatIve proportion (%) 

2 
0.:1R5:37 0.27705 

32.6;3 56.09 

3 1 5 
0.24709 0.129 4 0.lO~86 

77.01 88 .00 97.22 

6 
0.0;3281 

100.00 

Table 4 .3: Process of discarding variables by FC-R2 (Spirits data; T = 3) 

Variable 
RV -coefficient 

Step 1 Step 2 Step 3 

VI \iVhisky 0.99909 0.9982 0.99919 
V2 Beer 0.99919 0.991 79 0.99881 

V3 Wille 0.99947 0.99971 
V4 Sake 0.99848 0.99788 0.99897 
V.5 Shochu 0.99945 0.99923 0.99919 

V6 Chuhai 0.99 81 0.99900 0.99800 
V7 Cocktail 0.99960 
Rejected varia.ble V7 V3 V5 
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Ta.ble 4.4: Process of discarding variables by IC-Ol (Spirits data, T = ~1) 

Variable 
RV -coefficient 

Step 1 Step 2 Step :3 

Vi Whisky 0.92527 O. _ 9731 0.91219 
\12 Beer 0.89350 0.86198 0.!)4040 
\13 Wille O. :15116 0.86330 0.83011 
\,4 Sake 0.6;3447 0.70076 0.56472 
V5 S110chu 0.8796.5 0.86175 0.7,-451 
V6 Chuhai 0.9604,5 
\17 Cocktail 0.90t\64 0.89767 
Rejected varia ble V6 V7 V1 

(Appendix B.4). The 30 variables are divided inlO the three groups. The first 10 variables 

belong to the group "I. dro'Wsine .. _ and dullness", the second 10 to (· II. difficulty conCFlI­

tration" and the third 10 to "III. projection of ph7J8ical d-isinteg1'ation'. The conductors 

have the participants answ r ::v'es i or "no" for each question, and analyze their fatigue 

condition or their change between the condition before physjcai I110Velnents (PIVl) and 

that after P l\1. :\laehashi et. al. (199:3) conducted this questiollnaire to scbool-child ren and 

gathered i1nswers frOD) 1110r thall 1..500 childrell. Since it. becanle clear ill the survey that 

the nUD1ber of va.ria.bles wa.s too large for children, they decided to reduc the llUll1ber of 

variables. Thcll they select d th ' 1110St effecUve ] 5 variables subjectj vely by exalniuiug 

the gather 'd answers, hea ring fl0n teachers, applying cluster analY'is of variables and so 

on. The selected va,riables were {V2. V4, V5, V6, V7, Vl~~, V14, V15, VI , V19, V21, 

V25, V27, V30} under the condition such that 5 variables were chosen certainly fro111 each 

group. 

Vie applied our method to this data as a simulation in spite that the confidence of this 

data was not so high because participant.s were all young children. The target l1l11nber of 

variables selected was the Si1111e as the previous tudy. 15. 

It was llOt so asy to decide the dinwllsiona.lity ?' because t.he eigenva.lues wer changed 

very sligbtly (Table 4.5). Then \VC app lied FC-R2 with l' = 1.5, that is tlw TIlaxirrlUlYl 

dinlensionality to select 15 variables, to the] 00 sanlple~ extracted froln the 6th grade 

studenLs' data. The data had no row whose SUlIl equals zero. 

Filst we selected 15 anl0ng 30 va.riables directly under no condition. Table 4.6 shows 

the results 'with Hot RV-coefficients but coefficiellts of [2 ill eq.( 4.11). It is oftell HlOre COI1-

venient to ob.'erve the coeffici nt' of [2 than to check the sInal] cbanges of RV· co(~fficients 

directly. vVe discarded variables in order illdicated in the "Order" columns of Table 
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Ta.ble 4.5: Eigenva.lues and Lhejr proportions (Fa,tigue da,ta) 

Before Plv1 After P11 
Eigenvalue Prop.* Cum.** Eigenvalue Prop. * Cum.** 

1 0.:39011 10.06 10.06 0.3535:3 9.l4 9.1 /1 
2 0.:10816 7.94 18 .00 0.:i0853 7.97 17.] ] 

3 0.26527 6.84 24.84 0.2696.5 6.97 24.08 
4 0.25.579 6.59 31.4:3 0.25474 6 .. 58 :50.66 
5 0.20737 5.34 36.77 0.23242 6.01 36.67 
6 0.20559 5.30 42.07 0.21756 .5.62 42.29 
7 0.18608 4.80 46.87 0.20301 .5.25 47 .. 54 
8 0 .18237 4.70 51.57 0.20210 5.22 52.76 
9 0.16968 4.37 55.94 0.18664 4.82 57.59 

10 0.15621 4.03 59.97 0.16663 4.31 6l.89 
11 0.14636 :3.77 63.74 0.J6104 4.16 66.05 
12 0.14203 3.66 67.40 0.14l64 :3.66 69.71 
1 ~3 O. L3964 :3.60 71.00 0.1:3.52:3 :.3.49 7:3.21 
14 0.12390 :~ .20 7l1.20 0.11699 :3.02 76.2:3 
15 0 .1105.5 2}i5 77.05 0.11137 2.88 79.11 
16 0.10411 2.68 79.73 0.10.527 2.72 81.8:3 
17 0.09403 2.t12 ~2.15 0.09266 2.:39 84.23 
18 0.09205 2.:'37 :1 4.5:3 0.08678 2.24 86,47 
19 0.08562 2.21 86.73 0.08121 2.10 8, .F57 
20 0.07278 l.R8 88.61 0.07445 1.92 90.49 
21 0.06924 1.78 90.39 0.07083 1.R:3 92.32 
22 0.06586 1.70 92.09 0.05953 1..54 9:3.~6 

23 0.06180 1.59 93.68 0.051:39 1.3:3 9:5.19 
24 0.05787 1,40 95.18 0.04422 l.14 96.:3:3 
25 0.04728 1.22 96.39 0.0:37:30 0.96 97.30 
26 0.04398 1.1;3 97.53 0.03486 0.90 98.20 
27 0.03933 1.01 98.54 0.03060 0.79 98.99 
28 0.03253 0.84 99.38 0.02550 0.66 99.65 
29 0 .02403 0.62 100.00 0.01365 0.:35 100.00 

Note. * Prop.: Proportion 
**Culn. : CUlnulative proportion 
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Ta ble 4.6: Re ult of varia.ble selection (all the 30 variables 1 Fatigue data, l ' = 1.5) 

Variable (Sym ptonl of fa tigue) 
Before Pivl After PM 

Coef. * of [ Order Cod.* of [2 Order 

V1 your head feeling wea.ry 0.15790 13 0.22226 
V2 feeling exhausted 0.11277 11 0.24175 
\'3 feeling your legs tired 0.18613 15 0.91161 
V4 feeling like yawn ing 1.5159 0.10591 14 
V5 feeling mentally luggish 0.07180 9 0 . .543 .5 
V6 feeling sleepy 1.86 34 4.59097 
V7 feeling your eyes tired 0.02232 5 0 .20025 
V~ feeling unable to coordinate 0.37 60 0.12580 15 
V9 feeling unsteady on yonr feet 0.02132 4 0.01686 2 

V10 feeling to lie down 0 .6 L~ 16 0.79,142 
VII feeling distracted 1.304.5:3 0.06:374 10 
V12 feeling uncommunicative 0.0014 1 0.66224 
VI:3 feeling irri tatecl 0.222:33 0.00750 1 
V 14 feeling restless o .;~4641 0.019r 3 4 
VI5 feeling to lose interest 0.43269 0.l7449 
V16 feeling of forgetfulness 1.00999 0.0:1242 9 
V17 making many rnistake 0.255 9 0.0372:3 .5 
Vi8 feeling worried 0.191G9 0.01744 :3 
V19 feeling unable to be still 0.14962 12 0.07798 11 
V:20 feeling to lose your temper 0.01:303 :3 0.0/1732 7 
V21 headaches 0.46788 2.42720 
V22 stiff neck 0.63853 2.13637 
V2:3 backaches 0 .03070 0.75962 
V24 difficult to breathe 0.1 543 14 0.04304 6 
V25 thirsty 0.43226 0.00117 13 
V26 hoar e voice 0.02906 7 0.1612 
V27 feeling dizzy 0.24581 0.0 112 12 
V2 eyes twitching 0.09458 10 0.2:3025 
V29 hands and legs trembling 0.00649 2 0.05090 8 
V30 feeJing 8i ck 0.0243 6 0.44:342 
ote. ** CoeL: Coefficient 
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4.6. Since using FC-R2, the sclecte 1 15 varia.bles are t.he best 'ubs t whos(' ~Uln of RV­

coefficients is the hugest alllOng others with size of 15. The selected varia.bles are {V'l, 

V6, V8, V 10, V 11, Vl:3, V14, V 1.5 , V16, V17, V18 V21, V22, V2.5, V27} before PwI and 

{VL V2. V3 V5, V6, V7, VlO, V12, \/15, V21, V22. V2:3, V26, V2\ V30} after P?\l. 

Comparing two results, they are all-nost reversible. It seen15 that variables in grot! p 1 (l.ll d 

III , whIch are related to the physica.l fatigue, play ilnportani roles before PM and variablf's 

in group II docs aJter PlVI when all the variables are includeu ill th analysis. TlJen Wf' 

sepa.ratecl the data in the t.hre variable groups and allalyzed each data separately u1\der 

the constraint to choose 5 variables in each group . 

The re '!llts arE' indi 'ated ill Table 4 .7.a t.o Table 4.7.c. Each table indicates th 

variables 11 discarding order for both pre- PM and post- P:f\1 with th ir coefficients of [2 

and RV -coefficients. The nUlnber of 1ndi vicl uals ill each cla ta set vvas decreased froln IOU 

by ol1l1tting every individual whose row SUUl equals to zero when :30 variables were eli vided 

into the three groups. Observing Table 4.7.a trough Table 4.7.c, it can be stated that {V:2 , 

\'3, V , VI0} in the group I, {V16} in II and {V21; V22, V30} in III can be reasonable 

candidates. But we have to llotice that 1110St selected variables were different frorn ~ ach 

other between pre-PlVl and post-Pl\!l in the group II. This suggested that variables in group 

II plays a parbcular role to cles( ribe one's fatigue conditions, then 11lore consideration is 

necessary. 

4 .5 Discussion 

In this chapter we studied variabk s Jectioll method in Hayashi's thirc11nethod of quan­

t ification in which we can s 1 ct variables which have slnall effect on the configurat10n of 

the san1ple scor 111atrix. Our lnethods were proposed so a::, to analYle hoth free-choice and 

itell1-category data fonn. and also to avoid the C0111putationa.l disadvantage in sel.ction 

process . 

vVe applied Ollr lnethocls to two data sets as nurnerical exanlples. In the first exanlple 

our luetllOcls could select reasonable val'labl s fro111 variaLle clusters observed the profile 

plot of variables. In second exalnple they could select interpretable variables alnong all 

th variables. Unfortunately , elected variables dep nd upon whicl! illE'thod is <-1pplied, FC 

type or Ie type. One of this reason is that Hayashi 's third rnethod of quantification gives 

different results for the different data form. Other Olle is that the perturbation theory is 

utilized ill our procedures. It has the risk of errors yielded by apprOXllllatiol1 i while it is 

very us ful when the cOlnputation cannot be done exactly. 



Ta LJe 4.7 .a.: Result of vcl.liabJe selE'ctioll (Group I, Fa.tigue data) 

Before I>Tv[ (n = 87) After PM (71 = 96) 
Order of Coefficient RV- Discarded Coefficient RV- Discarded 

discarding of [2 coefficient variable of [2 coefncient variable 

1 0.0538.5 0.99967 V9 0.07209 0.99955 V7 
2 0.06717 0.99959 V5 0.09434 0.99942 V5 
:3 0.09163 0 . ~)9943 V7 0.181 :32 0.998 VI 
4 0.17667 o 99891 V4 0.:33149 0.99795 V4 
5 0.26565 0.99836 VI 0.:35446 0.D9781 V6 
6 0.29103 0.99820 V3 0.43149 0.99734 V2 
7 0.38260 0.99764 V8 0.45542 0.99719 '10 
8 0.41799 0.99742 V2 0.52339 0.99677 V3 
9 0.68865 0.99575 V6 0.5937 0.9963:3 V8 
10 1.32330 0.99183 V10 0.96370 0.99405 V9 

Table 4.7.b: Result of variable selection (Group II, Fatigue data) 

Before PM (n = 75) After PM (71 = 38) 
Order of Coefficient RF- Discarded Coefficient RV- Discarded 

di5carding of £2 coefficient variable of £2 coefficient variabl 

1 0.00205 0.99999 V12 0.26691 0.99835 V20 
2 0.02:347 O . 99~F'6 V20 0.36013 0.99778 V 17 
:) 0.0808:3 0 .~)9950 V14 0.45030 0.99722 V15 
4 0.15 "92 0.09902 V18 0.48693 0.99699 Vll 
5 o . 367~,5 o .~9773 V13 0.4 801 0.99699 VH) 
(j 1.175,54 0.99274 V17 0.49767 0.9969:3 V13 
7 1.479:30 0.900 '7 \119 1.29570 0.99200 \,18 
8 1.62155 0.98999 V11 1.41009 0.99130 V16 
9 2.14230 0.9867 I V15 3. :J.0509 0.915022 V14 
10 2.52255 o .98/l4:3 \116 5.56904 0.9656:2 V12 

Table 4.7 .c: R suIt. of variable selertl0n (Gronp III, Fa.tigue data) 

Before Pl\ f (n = 46) After PM (n = 54) 
Order of Coefficient RV- Discarded Coefficient RV Discarded 

discarding of c: 2 coefficient v3riable of c: 2 coefficient variable 
1 0.01947 0.99988 V29 0.04039 0.99975 V26 
2 0.02776 o .g99~3 \128 0.05222 0.99968 V29 
3 0.17559 0.99892 V26 0.13858 0.99914 V25 
4 0.2111 o 99870 V23 0.15151 0.99906 V24 
.5 0.22051 0.99864 V25 0.395 2 0.99756 V27 
6 0.362 0 0.99776 V21 0.50072 0.99691 \122 
T 0.4505 0.99722 V24 0.52278 0.99677 V28 

0.76452 0.9952 -, V27 0.660 '.5 0.99592 V23 
9 0.77627 0.99521 V22 1.20090 0.99259 V21 
10 0.96761 0.99403 V30 1.29214 0.99202 \130 
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Tbere exist S0111e other proble111s in dealing with categorical data .. It may be possible 

to apply variable selection rnethod in PCA to categorical data sets regarding them as a 

continuous data sets . Furthennore another criteria will be considered to select variables. 
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5 Principal Component Analysis Based 
on a Subset of Variables: "Variable 
Selection and Sensitivity Analys is 

In this section we discusses principal cOlnponents (pes) which aTe cOlnpllted using only a 

selected subset of variables but represent all the variCl,bles including those not selccted. If 

we can find such PCs which represent all the variables very well , we Inay sa.y tba.t thos( 

pes provide a 111ultidlIl1ensional rating scale which has high validity and is easy to apply 

practically. To find such PCs we borrows the ideas of Rao( 1964)'s PCA of instru111elltal 

variables and Rober t alld Escoufier(1976)'. approach based on RV-coefficicnt. We shall 

call this type of PCA as the generalized P CA, when we need to discrinlinate it. froln th 

ordinary PCA. 

Suppose that we have found such PCs . But there is a possibility that those PCs were 

obtained by chance depending hea\·jly upon a few "influential" individua.ls. To provide a 

olution to this question we propose a. lllethocl of s n 'itivity analysis by deriving influence 

functions related with the generalized PCA . \ Vc a lso discuss the influence of variables to 

the results of analY':lis . 

5.1 Formulation 

.5.1.1 Forrnulation based on Rao(1964)' s principal component 
analysis of instrumental variables 

To d rive pes which are obtained as linea.r combinations of a pa.rt of variables but repr -

sent the whole variables well we can llse P CA of instrunlenta.l variables proposed by Rao 

(1964) by a.ssigning t h e part of variables as instru lllen tal variables. Let)( be a.n n x p 

observation matrix with n individuals and p variab les) where X is d composed into an 

n x q sublllatrix Xl and an n x (p - q) sublllatrix X 2 ) i.e .: X = (X1 )-<>(2)' Denote the 

populatlon and salllple covariance 11latrice of X = (Xl' ./Y2) by 

~ = ( ~ll ~12 ) 
~21 l,;:l2 and (5.l ) 

Suppose we wish to In ake '!' lincar c01nbinatiol1s -Y = X1A which jointly reproduce the 

original p variables as well as possible in the following sense where A is a. q _" !' Dlatrix . 
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Criterion 1. The predictive effici ncy for _)( 1S 111axinlized by using a lillcaT predictor in 

tenus of V. 

The fon11ulation can be described both in the population a,nd in the salnplc. llere we 

shall fornlulate in the population. It is known that the r -sjclual covariance Inatrix of )( 

after 'ubtracting the best linf'a.r predictor js expressed as 

\' - ';;; I A(A' A)-l A'\, 
-J1"~S - ~ - ':";1 11 ~1) ( 5.2) 

where ~l = (Lll' ~12). Thus, the probleln beC0111eS to 111ini111ize the resicluall11atrix ~r-c .s 

or to nlaxinlize ~ Reg, the covaria.nce Inatrix due to regression , which is gi ven by th ' secon d 

tenn of the right side of eq.(.5.2). ote that the diagonal elements of ~Rey correspond to 

the so-called "cOlun1unalities" in factor analysis. If it is forl11ulated as the Inaxirnization 

problelu of i7' (~R.eg) aIIlong other possibilities. the solution is obtained as a matrix A 

whose C01UI1111S consist of the eigf'nvectors associated with the largest r eigenvalues of the 

following eigenvalue problelu: 

(5.3 ) 

Assunle that the q eigenvalues are ordered £ro111 the largest to the srna.llest as AI, A2 ... , Aq 

and the associated eigenycctors are denoted by al, a2, .. . , llq. Then , the solution A is 

expressed a 

A = (a], ... , a1" ) i 

and the l11axilllized value of the criterion Lr (LJR e!J) is given by 

7' 

lllClX h'(~Re9 ) = LAt. (5.4 ) 
i=l 

This l11ean' tha.t tb e proportion 
r 

P = L Ai/tr(L-) (5.4 /) 
i=l 

of the original variations is explained by the T PCs. 

Just like ordinary PCA the solution of the eigenvalue problel11 (5.3) is not scale invari­

ant , and therefore sometil11es it 1S better to apply th above Inethod to s andardized data 

rather than raw data. In such cases the covariance rnatrices :in the above fOrlIlulation are 

replaced by the corresponding correlation Inatrices and the proportion P indicates th 

average squared lnultiple correlation between each of the original variables and r pes. 

The a.bovc is the forl11ldation based on the population. The al11pl versioll is ob­

tained by replacing the popula.tion covariance D1atrice (~) by the corresponding sample 

covariance lnatrices (5) and by atta.ching hats (~) to the derived quantities, i.e., ~, a and 

P. 
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5.1.2 Formulation based on Robert and E~scoufier(1976)'s ap­
proach 

Let )( a.nd Y be the centered 111atrices correspollding to X and yr) respectively. Robert 

and Escoufier (1976) wish to Inake 1" linear c01l1binations Y = .XIA which apprOX11l1atc 

the original p varia bies a.s well a,s possible in the following sense: 

Criterion 2. T11e configuratiolls of X and Yare lnade as close as possible in tbe sense 

that 

II XX' - YY' II 
I [L1'(~\' X')2p/2 [trOFY')2)1/2 

(5.5 ) 

is 111inilnized , where II . II indicates L2 or Euclidean nonl1. 

This criterion is equivalent to the following. 

Criterion 2'. The RV -coefficient between X a.nd Y) which is defined as 

( 5.5') 

is Ina.xilnized. 

The solution of this formuJation is a.gain obta,jlled by .'o]ving the ~(u11ple version of 

the eigenva.lue problen1 (5.:3) (see Robert and Escoufier, 1976). Precisely speaking, the 

coefficient 111atrix A in this ca.se is gi ven by .4 = (al) ... ,aT)) where ai is the eigenvector 

associated with the i-th largest eigenvalue ~i' nonnalized so that a~Sl1aj = 6ij~i' 6ij 

being Kronecker's 6. The Inaxi11l1?;ed RV(X, Y) in (5.5') is given by 

( 5.6) 

5.2 Rotation of axes 

To consider the Jneaning of each PC the notation of loadings, or I110re precisely, correlation 

loa.clings plays an il11portant role. The correlation loadings in the present case are defined 

as the correlations between tlle original variables and derived pes, i.e., 

(5.7) 

where subs Tipt D indicates ((diagonal", nalnely, a lnatrix wiith subscript D is a diagonal 

matrix having the sallle diagonal elelnents as the corresponding lnatrix without subscript 

D. 
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If the loading rnatrix L can be interpreted prop rly. we luay apply an appropriat c> 

"rotation of axes" as in factor analysis. Here suppose that Y = X1A is rotated to 

f'" = YT = Xl AT, where T is an 7' x r orthonol'lnal llla trix. Then th loading lllat.rix L 

is transfol'lned to 

\iVhen A consists of the eigenvectors of the eigenvalue problern (5.~3), it sa.tisfies the concli­

hon that A'ullA is diagonal 110reover, if they are nOl'lnahzl.:.d as a~~l1aJ = Oi), A'~l1A 

becOlnes an identily Inatrix . In this case the untransfonned loadings L and the trans­

fanned loadings L'" are Silllply xpressed as 

L = (~D)-1/2~~Al 

LX = (~D)-1/2~~AT = LT, 

(.).9) 

(5.9') 

respectively. Thus, for letting a rotation of the loading lllatrix L correspond to the sanl 

rotation of the coefficient 111atrix A, we have to define in such a way that the length of each 

eigenvector is equal to unity. In the for111ulation based on Rao's instrulnental variabl s, 

the lengthb of the eigenvectors are not specified. The a bove property suggests that we 

should define 

a~ U 11 a z = 1. i = 1: . . . , T. (5.10) 

We can apply various analytical rotation techniques which have been developed for factor 

analysis to the loading 111atrix in order to obtain easy-to-interpret cornponents. 

5.3 Some propertie s 

Let A and A be a subset of the variable~ used for conlposing pes and its ccnnple111ent in 

the set n of the original p variables. Dpnote the values of the criteria P and RV based 

on a subset of A by P( A ) and RV(AL respectively. Then, the following properbes hold. 

P P. 0 ::::; P(A) ::::; 1 for any A. 

P2°. P( A ) ~ P( A' ) for any A :J A'. 

P3°. Suppose that A' is lnade frOln A by renl0ving cOlllpletely redundant variab]es in 

the sense that the re1110ved variables can be expre. sed as linear cornbinations of the 

relnaining variables. TheIl 

P(A' ) = P(A). 
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R 10
. 0 ::; RV ( A) ::; 1 1'0 r any A. 

R2°. RV(A) ~ RV(AI) for any A ~ AI. 

Propert1e~ PI ° rv P3° can be proved llsing the theory of linear Inodels (see, App ndix 

A.2). Property Rl ° j s obvious £r0111 the defini Lion of RV -coefficient, and property R2° 

can be shown Lased on the fact that a.llY Ii for variablc~ in subs t AI is a lllember of th 

set of all possible A for va.riables in subset A with zero elernents for the ,'(-uiables in subset 

A-AI. 

5.4 Variable selection procedure 

It is desirable that we can find pes which are based on a srnall nUlnber of variables but 

represent all th variables very well. Obviously we can find the best subset for such pes; 

if we try all possible su bsets. But it is usually impractical to do so, becau e it requires 

very high cOlnputing cost. Therefore; as a practical strategy we propose tIl following 

two-sta.ge procedure. This procedure is described 011 the basis of Criterion 1) but it can 

be easily lllOdified to the procedure based on Criterion 2 by repla.cing the proportion P 

by RV. 

A. Initial fixed-variable stage 

Step A-I COlllpute the covariance lnatri T of the whole variables X and assign q variables 

to subset A, which consists of the variables Xl to be used for COlnpo ing PCs) and 

the relnaining ]J - q varia.bles to subset A. Usually assign a.ll variables to subset A, 

1.e., q = p. 

Step A-2 Solving the eigenvalue problern (5 .3), obtain the eigenvalues ~I"'" ~q (Ai 

~ ... ~ ~q) and the associ a.ted. eigenvectors iiI, . " iiq. 

Step A-3 Looking carefully at the eigenvalues and th Clllnulative proportions, deterrnille 

the nU111ber T of PCs to be used. An appropriate rotation technique may be appli d 

to study whether Inea.ningfnl factors are obtained. 

B. Variable selection stage (backward 111ethod) 

Step B-1 Based on the results of Stage Ai start wit 11 a preassigned su bset A of q variables 

and the fixed nU111ber of P Cs r. 
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Stage B-2 R lllOve each one dlllOng the q variables ill A in turIl, and solve q E'igcllvalue 

problelns of q-] varia.bles. Find the best subset of size q- L in which the proportion 

P is the largest, and actually rPIIlOVe the conesponding va.riable. Put q := (j - 1. 

Step B-3 H both the proportlon P a.nd the nUlllber of variables in A are larger tha.n 

prea,ssigned values, go back Lo St p B-2, Otherwise st.op tht' procedure. 

5.5 Sensitivity analysis 

As shO\\'n in section 5.1. P Cs ar 0 bta ined as linear cornbina: tions whose coef-fi cients ar 

given by the igenvectors associated with the largest l' eigenvalues of the generalized 

eigenva.lue problelJ1 (5.3). For the purpose of sensitivity analysis we need to eva.luate tll 

change of the solution of this eig nvalue problell1 corresponding to a slna.ll perturba,tjon 

introduced to the dat.a or the 1l1Odel. The fornwr treats the influence of individuals alld 

the latter treats the influence of variables 011 tlle results of and.lysis. 

5.5.1 Influence of individuals 

For the sake of sin1plicity we shall denote the influence functioll by attaching superscript 

(1) and discrilninate the ElF and SfP by attaching"'(hat) and-(tilde) to the influence 

function. Por exan1ple. 8(1) (j(1) and fj(l) indicate the theoreticaL elnpirical and sample 

influence functions for 8. 

Using the lelnnla in section 2.3 in-Anence functions are 01 La.inecl for quantities charac­

terizing the results of the PCA as functions of the influence functioll [or the covarianc 

llla.trix. It is weJl known (see, e.g. ) Critchley, 19:')5) that the TI F for the cova.riance 111atrix 

is givell by 

~(J) = (x - fl)(X - fl)' - L (5.] 1) 

and the corresponding E1 F for sa,lnple point X t is expressed as 

8(1) = (Xi - X)(X i - X)' - S (5,11') 

where the salllple covanance Inatrix S' i· defined a.s the Sllnl of squa.re~ and products 

matrix c1jvided by n. 

(a.) Influence functions for eigenvalues, proportions and RV-coefficiellts 

\(1) = a~l(C(l) - ~ ·D(l)) a"'; . L 
A J J J .I J-= . .... q (5.12) 
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where 
0(1) 0(1) r c' (,(1) 0(1) --, C; 0(1) 
L = "')11 011 + 011 ·.J11 + '/12 .)21 + '- 12' )21 , (5.13) 

(5.14) 

[ 

T 1 (1) 

p(l) = L ~j /h'( ) 
j=l J 
r r 

- L ~?) /t7'(S) - L ~,jtT(S(I))/(t7'(S))2, (5.1.5) 
,j=1 j=l 

RV(I} = [{~ ~J!tr(S2) rTl} 
= {t, ~J/t1(S2)} -1/2 {~~jX)I} /1,>(S2) - t, ~jtr(SS(l})/(t7(S2))2} > 

(5.16) 

(b) Influence functions for coefficient vectors 

j=l,,,.,q. (5.17) 

(c) Influence fun ction for the cOllfiguration of loadi ngs 

where 

(L1')(J) = {Sr;1/2 S~;L4:'5\SD1/2}(1) 

= E(1).4A'E' + E(;L4:')(l)E' + £A:4'E(l)' (5.18) 

E - 5- 1/ 20' 
- 'D '.)1' 

7' 7' 

(AA')(1) = - L L(ajD(l)ak)aja~ 
j=lk=l 

7' q 

(5.19) 

(5.20) 

+ L L (~.i - ~k)-l{aj(C(l) - ~jD(l))ak}(aJa~ + akaj). (5.21) 
j=l k=r+1 
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Those influence functions indicate the IneaSlJrcs of influence 011 (a) thE' al1lOlJnt of variation 

explained th j -th PC, (b) tIle coem ient vector [or th j -t h pe, and (c) tht' configura tion 

of loa,dings which pla.ys an importa.nt role for the intprpretation of the obtailled PC , 

respectively. 

The above are fOrIllulas for our generalized PCA based on covariance ll1atrix. But. a.s 

mentioned in section 5.1.1 our procedure is S0111etinlcs applied to the correlaLion Inatrix 

R instead of the covariance lllat rix S. In such cases.) and 8(1) in (a) through (c) should 

be replaced by Rand R(1), respectivelYi where R(l) is obtained a.s 

R(l) - 12- 1/ 2 ('(1) 0- 1/ 2 _ (1/2) 5'-1 L,(l)R _ (1/2)RC'(1) C;-1 
, - U D ,.,J I,,} f) • lJ ,.,J 0 I.) D '~ D . (5.22 ) 

5.5.2 Influence of variables 

To evaluate the influence of variables we shall perhlrb slightlly the weight of a sp cifled 

va.riable fron1 1 to 1 - c without changing the other weights and eva.luate the effect on the 

result of analysis. 

Suppose we wish to evaluate the influence of the j-th variable in sub. ct A of q variables 

and perturb the weight of the variable as stated above. Then i t.he covariance 111atriccs 

change as follows: 

L..J12 -, -'12 - sJ) '£,12, 

21 ----, ~21 - '::1=21 Jj , 

(5.23 ) 

(5.24 ) 

(5.25 ) 

wher Jj illdicates a. q x q diagonal 111a,trix with unity in the j-th element and zeros 

in the other elen1ents. Hence, if we express the genera.lized eigenvalue probleln (5.3) as 

(C-AD)a = 0, C a.nd D change to C+CC(l) +0(.::2) a.nd D+ED(1)+0(c2 ), respectively, 

where 

-JjG - GJj - 2L.J1lJ:1 Ell, 

-J:jEll - Ell'!j. 

(5.26) 

(.5.27) 

Next, if we wish to evaluat the influence of the j-th variable in subset A of p -- q 

variables and perturb the weight of this variable. Th n, the covariance 111a.Lrices challge 

as Ell --+ Ell ' E12 --+ 2:12 - E 1'2I{) and 2:21 --+ 2:2} - cI{) L21' where Ii] indicates a 

(p - q) x (p - q) dIagonal 111atrix with unity in the j-th elenlent and zeros ill the other 

ele1nents. In this ca.se, C and D change to G + .::C( l) a.nd D + cDO), 1 e::;pecLively, where 

o. 
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Tab 1 5.1: Process of removing va riablc~ based on P (Alate data) 

Step fJ Removed variable P Pq 

0 19 0.1 .5270 1.00000 
1 18 V13 0.8526 0.99970 
:2 17 V1 :2 0.R5254 0.99818 
3 16 V7 0.85242 0.99678 
4 15 V;3 0.8522.5 0.99457 
5 14 V15 0.85197 0.98834 
6 1:3 VI 0.85154 0.98302 
7 12 V9 0.8.5107 0.97263 
R 11 V8 0.85057 0.96609 
9 10 V2 O. 5022 0.961.14 
10 9 V10 0.84931 0.952:12 
11 V4 O. _4 00 0.94794 
12 7 VIG 0.846.5.5 0.94153 
13 6 Vll 0.842 .7 0.90106 
14 5 V6 O. _ 3899 0.88 17 
15 4 V19 0.83459 0.86881 
16 :3 V 17 0.8274:3 0.8.5:316 
17 2 V1 0.79525 0.79525 

Based on the lennna in the sectiun 2.J we can ~asily C0111})Llte the c11[f rellLial coefTi -j lIts 

of the eigellva.lues )'1,'" ).,. and of the related quantities P alld RV, and use these 

differential coefficients for the e\'a1 uation of the influence of val iables. For sinlplicity we 

denote these differential coeffici~nts by atta.ching superscript (1) as in the case of influence 

functions. 

5 .6 Numerical examples 

5.6.1 Alate ade lges data 

As the first llllIll rical exa.lnple w ana.lyzed a. data set of alate a.d~lges (winged aphids), 

which was analyzed originally by .J~ffers (1967) using ordinary PCA and later by SOlne 

authors including Jolliffe (JY86) and Krzanowski (1987a, b) USillg PCA with variabl. 

selection functions. We applied our generalized PCA based on correlation J11atrix to th ­

data given 1]) Krza,nowski (J 9 7a). Tbe data set consist.s of 40 individuals and 19 variables 

(Appendix B .. 5) . 

At the first .·tage ordinary P IA was applied to the sta lelar lizcd data set and the 
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Table 5.2: Coefficients for PCs aJld correlation loadings (Alate data) 

Coefficients Loadings 
Variable 

I II I 
\'1 - - 0.9:3096 
V2 - - 0.956-2 
va - - 0.96424 
V1 0.3:3089 -0.0 076 0.96752 
V5 0.083:38 0.44547 0.60449 
V6 0.25511 0.12090 0.89412 
V7 - - 0.93944 
V8 - - 0.85792 
V9 - - 0.87722 

VI0 - - 0.91:345 
Vll -0.10:380 0.21218 -0.4870] 
V12 - - 0.97215 
V13 - - 0.9799 
VI"! O. '4672 -0.239L8 0.97:363 
V15 - - 0.93556 
V16 0.1617 0.44342 0.75077 
V 17 0.IL9.56 0.4922.~ 0.40895 
VI -0.1400.5 0.373, 6 -0.69968 
V19 0.17517 -0.:3154:3 0.7·1711 

Average -

}\"ote. * G.PCA: Generalized PCA 
**O.PC A: Ordinary PCA 

11 
-0.02:305 
-0.1042.5 
-0.04842 
-0.13799 
0.62352 
0.27049 
0.243:)1 

-0.35:3.5 
-0.06696 
0.0:3403 
0.:31711 

-0.01747 
-0.045:30 
-0.10:377 
0.01200 
0.60.520 
0.8:3985 
0.·54:363 

-0.43803 

R2 
G.PCA* O.PCA ** O.PCA ** 
(9 var.) (L9 var.) (9 \ 'ar.) 

0.867214 0. ,~7245·5 0. _24270 
0.925 06 0.93:3979 O.~ 962 
0.932109 0.939231 0.909786 
0.9.55135 0.9·50924 0.9:31712 
0.7,54 '182 0.752580 0.795746 
O. :)72614 0.869:30" 0.86 gR9 
0.9'11994 O.95L654 0.9267 _ 6 
o .R610.52 0.876022 O. 2116R 
0.774002 0.788993 0.734576 
0.8:3.5547 0.8 .579:39 0.81192R 
0.3377:39 0.3:360] 1 0.:399714 
0.945:387 0.947376 0.894147 
o .9G2411 0.964052 0.89 63 
0.958721 0.954642 0.884840 
0.875414 0.880678 O. 43413 
0.929931 0.927411 0.918809 
O. 725801 0.(_ 70261 0.883:324 
0.785080 0.781275 0.R43:3:30 
0.7.5004S 0.746.567 0.7863 9 
0.849314 O. 52703 0.835075 

Sitme results was obtained as in Jeffers (1967). The eigenvalues and Clllnnlat1ve propor­

tions were ~1 = 13.83 (72.83%) > ~2 = 2.363( 5.27%) > ~3 = 0.748(89.21%) > ~4 = 

O.505(~H.86%) > ... in order of 111aguitude a.nd on the ba ,is of these values it was decided 

to extract two P IS. 

Then the generalized PCA vvas (1,pplled usillg the backward procedure ba.sed on Crite­

rion l. The process of renl0ving variables is shown in Tablp. 5.1. In th last two colurnns, 

P indica.tes the proporbon given by the sanlple version of (5.5) and Pq indica.Les the pro­

portion defined by the sa111e equation excepting r replaced by q i nalllely, the proportion 

obtained by u ing all PCs. This table shows that the proportion P (in this case the 

avera.ge squared Inl11tiplc correlation) changes very slightly until step 10, in which the 

lHunber of variable. is 9. Thi' Ineans that 10 alllOng 19 variables are ahnost redunda.nt 

for cOlnposing PCs to be used to reproduce the original varia.bles. 

Table 5.2 shows the coefficients for PCs and the 'orrelettion loadings in Step 10. The 
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Table 5.3: COlllpcnison of R? of 4: varia bles s lected by \'ari JUS lllethods (Alate' lata ) 

Nlethod Selected variables 1~Z R2 
0 

Cri terion 1 (P) .5 14 17 18 O.834G 0.7975 

Criterion 2 
5 G 14 19 0.823·1 0.805.5 

(Robert & Escoufier·s RV) 
Jolliffe's B 2 5 8 11 1[1 0.8160 0.7886 
Jol1 ifi'e's B 4 5 11 13 J7 0.8321 0.78 (j 

t1cCa.be 5 9 11 18 0.7547 0.7230 
Krzano\vski 5 12 J4 1 0.1 :309 0.8150 

SP in chapter 3 9 11 17 19 0.7675 0.7573 
SE in chapter 3 5 8 17 18 0.789;3 0.7698 

last three C01Ull111S (R2 part) indicate how well each variable is reproduced using the 

generalized P Cs based on the 9 vari ables, the ordinary P Cs of all the 19 vari abIes and 

the ordinary pes of the saIne 9 variables, respectively. The generalizf'd pes ba,sed 011 

the 9 variables can reproduce all the 19 variables allllOst equally well as the ordinary PCs 

of the 19 varia.bles . The ordinary pes of the saine 9 varia,bles can also reproduce the 

19 varia.bles w 11, but the degn\(>s of reproducibility ar' a littlf' inferior to those of the 

generalized PCs. In particula,r it is noticed that the ordinary PCs reproduce S01De of the 

va,riables cOlnpo 'ing P Cs bet1 er than the generaliz d PC -, bu t they do not reproduce so 

well the relDOV d variables. 

Moreoyer w sha.l l try to COlllpa rc our result wi Lh Ute 1'(: sults obtajn d by using set' of 

variables selected by other authors' lnethods. Table 5.3 shows the values of the averag 

of R2 C0111puted for each subset of ~ variables which was obtained by a lllethod indicated 

in the first cohl1l1n. R; is cOlnputed using the generaliz d PCs of X = (Xl, )(2) wher Xl 

consists of the , electecl 4 variables and and ) (2 the other ones. R~ is cOlnputed the ordinary 

P Cs of X = Xl w-hich contains selected 4 variables .. oLp that the values of Ii; in the row 

of Criterion 2 part was recOlnputed based on Criterion 1 usiug the 4 variables obtained by 

their criterion (Criterion 2 in our sL udy) . It illustrates clearly that the generalized P Cs 

obtained by Criterion 1 gives the largest value of R2 c"tlllOng others . Figure 5.1 is the plot 

of these R2 where the nUlnber of Yariablf's is changing £ro111 19 to 4 successively. This 

figure shows tha t the generalized P Cs a.] ways represents a.ll the origina.l variables well. 

. ext th gelleralized peA was dvplled using the backward procedure based on Crit.e­

rion 2, The process of ren10ving variables is shown in Table 5.4 . The last two ColulTlns of 

R1! and RVq have ill1ilar Ineanings as P and Pq in Ta.ble ,5.1. The coefficient RV chrtnges 
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Figure 5.1 : Plot of challge of f(2 (a) based Oll t hf' gf'neralized P C~ ([[2) and (b) based 011 
- - 9 

the ord inary pes (11.:) . Note that R; of Criterion 1 is overplotted in (b). (Alate data) 
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Table :'5.4: Process of relllOving variables based 011 RV (AlaLe data) 

Step q Removed variable RV RVq 
0 19 0.99726 1.00000 
1 1:"'> V13 0.99723 0.99997 
2 17 V7 0.99707 0.99981 
:3 16 V12 0.99692 0.99965 
-1 IS V3 0.99670 0.99942 
:) 14 VIS 0.096:34 0.99901 
6 L3 V 1:"'> 0.995R3 O. 99K~6 
7 12 V1 0.99521 0.99770 
8 11 V4 0.99452 0.99700 
9 ]0 V16 0.99:388 0.99631 
10 9 V9 0.99300 0.99530 
11 8 V8 0.99219 0.99443 
12 7 V2 0.99107 0.99329 
13 6 VI0 0.98925 0.99140 
14 5 V17 0.98622 0.98818 
15 4 VII 0.98163 0.98223 
16 :3 V6 0.97554 0.97607 
17 2 V19 0.9681:3 0.96813 

very slightly until Step 12, in which the nUlnber of variables is 7. Figure 5.2 shows the 

scatter plots of pes in three cases: (a) Ordinary PCA of all the 19 variables, (b) Gener­

a.lized PCA using 7 variables as subset A, and (c) Ordinary PCA of the sanle 7 variables. 

In scatter plot (a) it seelllS that 40 individuals are classified into 4 clusters. This struc­

Lure relnains 1110re clea,rly in scatter plot (b) than in (c). The values (a) RV=O.99726 1 

(b) RV=O.99107 a.nd (c) RV=O.94417 indica.te that the degrees of reproducibility for the 

configuration of the original data clf'cr a.ses only slightly by renlOvillg the 12 variables if 

we use the generalized PCA but decreases 111uch if 'vve use the ordina.ry PCA. 

Silnilar t Criterion 1 the cornparison of RlIs obtained by various Inethods is presented 

in Table 5.5 and Figure 5.3. ow we show the RlIs only using the generalized PCs based 

011 Criterion 2. The table and figure indicate thai the set of variables based on Criterion 

2 has the highest RlI alDong others. 

5.6.2 Mild disturbance of consciousness (MDOC) data 

These data were origina,lly analyzed by Sano et al (1977) using factor analysis, ancllater hy 

Tanaka and Kodake (19 1) allel Tanaka. (19 3) using prjncipal factor analysis with variable 
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Figure 5.2: Scatter plots ofPCs: (a) Ordinary P CA of all the 19 varia.bles; (b) Gerwra.lized 
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Ta.ble 5.5: 

+..J 
C 
OJ 
'u 

COlllparison of RV of 4 va.riables s lected by va.rious lneLhods (Alate cia ta) 

Method Selected variab1es RV 

Cri terion 1 (P) 5 14 17 Ii) 0.9 ,_ 02 

Criterion 2 
5 6 L4 19 O.9R1G 

(Robert & Escoufier's RV) 
Jolliffe ' 8 B 2 5 ~ 1 1 1.4 0.9796 
Jolliffe's B4 ,5 11 1 :3 17 D.9, 15 

lvlcCab e 5 9 11 18 0.87 8 
Krzanowski [) 12 ]4 18 0.9812 
SP jn chapter 3 9 11 J7 19 0.8951 
SE in chapter ;3 5 8 17 18 0.91 17 

------------

0.99 ~--

+P(Cr.1) 

~ 
ill 0.98 ---

* RV (Cr.2) 

B Jolliffe's 82 

B- Jolliffe's 84 
o 
o 
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Number of variables 
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-tr SE 

Figure 5.3: Plot of change of RV based on the genera.lized pes (Alate data.) 
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Ta.ble 5.6: Loa.dings obtained by ordinary pes of 2:3 variables (f\1DOC data) 

Variable 
U m'ota t ed loa.dings Rota.ted* loadings 

[ II T 
VI 0.7199 -0 <-3947 0,76:31 
V2 0.7924 -0.1204 0.0012 
\3 0.8453 -0.2829 0.8738 
V4 0.7863 0.2817 0.7455 
V5 0.7419 0.3968 0.6872 
V6 0.5959 0.4945 0.5:303 
V7 o 6951 0.1446 0.(j719 
V' 0.8379 0.1809 0.8091 
V9 0.8060 0.1094 0.7863 
V10 0.8579 -0.0037 0.8518 
Vll 0.7730 0.3188 0.7277 
V12 O. 099 -0.2221 0.83l1 
V13 0.8298 0.0493 0.8173 
V14 0.7652 0.315:3 0.7167 
Vl5 O. 787 -0.1192 0.8867 
V1G 0.7896 -0.2443 O. 137 
V17 0.8969 -0.2050 0.9153 
V 18 0.8633 -0.2100 0.8826 
V19 O. 770 -0.2108 0.8964 
V20 O. ' 5 "6 -0 .2709 0.8855 
V21 0.4586 -0.2244 0.4828 
V22 0.7026 0.4239 0.6449 
V23 0.4897 -0.0310 0.4898 

Note. * Vanmax rotatlOl1 
**Com.: C()mmunalities 

II 
-0.3028 
-0.0216 
0.176:3 
0.37613 
0.4854 
0.5644 
0.220:3 
0.28~10 

0.2081 
0.102:3 
o .4l18 

-0.1204 
0.1514 
0.4371 

-0.0098 
-0 .1449 
-0.0927 
,0.1017 
-0.1009 
-0.1627 
-0.1660 
0.5075 
0.0297 

('OIll. ** 

0.6740 
0.6423 
0.7946 
0.6977 
0.7079 
0.5997 
0.5041 
0.7:347 
0.661.5 
0.7359 
0.6992 
0.7053 
0.6909 
0.7047 
0.7864 
0.6831 
0.8464 
0.7894 
0.8136 
0.8105 
0.2607 
0.6734 
0.2407 

selection function. The data set consists of 25 itell1S (variables) and 87 individuals 

(Appendix B.6). To 111akc an accurat and practically useful rating of MDOC Sa110 et aJ 

(1977) extracted three fa.ctors, i .e, perfornlance factor, verLa.l factor and deforrnaiion of 

consciousness factor, and cbsrussed that the first two factors were l111porta.nt anlong the 

three, but that the third factor, which Inainly depend d on only two itelIls arnong 25, 

was not inlportant for the evaluation of MDOC . Tanaka and Koclake (1981) and Tanaka 

(1983) reanalyzed the data by applying their variable selection factor a.nalysis sta,rting 

fronl 23 variables- 2 factors 11lOclcl olllitting the two variables which were closely rela.ted 

with the thjrd factor. Again we analyzed tlle data USillg our generalized PCA ba. cd OIl 

correlatioll lnatrix . 

At first ordinary PCA wa.s applied to the correlation lIlatrix. The eigenvalues and the 

cUlnulative proportions were ~l = 13. 78 (60.349C) > ~2 = 1.579 (67.20%) > ~. = 0.95 0 

(71.37%) > ~1 = O. L156 (7.5.050/() > ~5 == 0.7432 (7 .28%) > ... , Looking at these values 

it was decided to extract wo PCs. The unrotatecl loadings and the varil1Jax rotateu 
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Table 5.7: Process of r 1110ving variables UVIDOC data) 

Step q Removed variab le P ~ 
0 23 0.67203 1.00000 

22 V10 0.67159 0.99160 
2 21 V23 0.6711 ' O.D6420 
3 20 V18 0.67077 0.~)5589 

4 19 V15 0.67044 0.94760 
5 18 V'2 0.67000 0.93451 
6 17 V8 0.66946 0 . ~)2292 

7 16 VU 0.66890 0.~)09 ' 6 
8 1.5 V~O 0.66798 0.90074 
9 14 V14 0.666 '7 0.88596 
10 13 V'21 0.66556 0.85592 
11 12 V4 o 664'24 0.84251 
12 11 V19 0.66232 0.83146 
13 10 V7 0.66036 0.80734 
14 9 V5 0.65771 0.78944 
15 8 VI 0.65465 0.i77054 
16 7 V9 0.6500S 0.743:29 
17 6 V12 0.64438 0.7224'2 
1 ' 5 Vll 0.6:3303 0.G9097 
19 4 V16 0.61901 O.G5788 
20 :3 V6 0.59774 0.6121.') 
21 :2 V3 0.56865 o .b6865 

loading are given in Table 5.6. Tote that the patterns of the varin1ax-rotated loadings 

are very silni lar to those obt.ained by the iterative principal factor analysis (see. Tanaka 

and Kodake, 1981, Table 4) . Then the gf'neraliz d PCA was applied using thE-' 1)ackward 

procedure based on Criterion 1 and it was found that the loss of infornlatioll was alInost 

negligible by rernoving 10 va,riables a.lllong 23 . 

Tab le 5.8 shows the coefficients for 13 (= 23 - 10) varia.bles, the loadings for all the 

variables and the degrees of reproductivity of variables with the generalized pes a.nd the 

ordinary pes of all thf' 23 variable. This table suggests that (a) we can use the generalized 

pes based on 13 variables instead of the ordinary PCs bas~d all all the 23 varia,hle as a 

two-di111en ional scale, beca use t he loadings are very silllilar for both sets of P CS j and (b) 

the loss of inforn1ation is slllall by rell10ving 10 variables, because t b is remOVed does Hot 

calIse Inuch decrease of R2. In both analyses the reproducibiJity is very low for variables 

'" 0.21 and To .23 . It seerns that these two variables are sOlnewhat difFerent fron1 the otber 

variables and it 111ay be hetter to analyze these variables sf'pa.rately fron1 the analysis of 

the ren1aining variables . 
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Ta ble 5. 'oefficiell ts for P Cs and conel a.tioll loadings (~ID 0 C cla ta) 

Coefficient.s Loadings R2 
Variable G.PCA* O.PCA** 

I II I II (1:3 val'.) (2:3 val'.) 
VI 0.08292 -0.28:342 0.72210 -0.41764 O.6!)G848 0.674034 
V2 - - - 0.78937 -0.10542 0.6:14224 0.642309 
V:3 0.1214:3 -0 . :3032;~ 0.8479 -0.29272 O. 0476:1 0.7945 2 
V4 0.06906 0.20113 0.78915 0.28369 0.703241 0.69766 ., 
V5 0.08825 U.21299 0.74440 0.41706 0.728074 0.707868 
V6 0.055:29 0.:37904 0.5979 :-. 0.50911 0.616774 0.599728 
V7 0.07 -':38 0.10828 0.69755 0.11171 0.507520 0.504093 
V - - o .835[)8 0.14926 0.720470 0.734699 
V9 0.11:307 0.0&690 0.80 -- 69 O.105Gl 0.665133 0.6615:33 
V 10 - - 0.84307 -0 .00683 0.710807 0.73592:3 
Vll 0.08176 0.29802 0.77584 0.3])362 0.700279 0.699147 
V12 0.09501 -0 .22126 0.81236 -0.22977 0.71'2726 o 705278 
V13 -- - O. '1719 0.01588 0.615804:3 0.600969 
V14 - - 0.75893 0.27498 0.6151582 0.704720 
V15 - - 0.87117 -0.10609 o 77018 0.786388 
V16 0.09590 -0 .21173 0.79220 -0.26293 0.6967l2 0.683112 
V17 0.15:343 -0 .22256 0.89945 -0.20763 0.852122 0.846354 
VI' - - 0.86154 -0.17064 0.771374 0.789343 
V19 0.12523 -0.17213 0.87977 -0 .22544 0.824815 0.813647 
V20 - -- 0.84980 -0.23080 0.775423 O. 10489 
V21 - - -- 0.42942 -0.12516 0.200070 0.260715 
V22 0.10;)[)6 0.:3:)961 0.7050 ' 0.42332 0.676342 0.673419 
V23 - - 0.47034 -0 .01100 0.2'21342 0.240738 

Average - O.665G60 0.6720:)3 
Note. * G .PCA: Generalized PCA 

**O.PCA: Ordinary PCA 

5.6.3 Sensitivity analysis of the alate adelges data 

In 'ectioll 5.6.1 it was found that the g:>neralizec1 pes based on the 9 variables gave alnlOsl 

tIle saIne infofl11ation a,,' the ordinary PC's of all the 19 variables. Then Lhe sensitivity 

analysis was perfonned to exalnine whether the obtained results depended heavily UpOll 

a few individuals and/or (-t few varia.bJes. 

Fir8tly the influence of individuals was studied using the influence functions cleri ved in 

section 5 ... 1. Figure 5.4 shows the index plots of p(l) and 11(.LL')(1)11 for 40 illdividuals. 

It seen1S that there are no individu<lls which are singly influential. Then, as the next 

tage PCA was applied to the ElF vectors {(~~l),~~l),ai~)/,a~:)') l' = 1, ... ,n}. Figure 

~ ,5 shows the scatter plot of the first Lwo PCs. which explain 92.17% (1st P:: 3. 2%; 

2nd PC: 8.35o/c)) of all the variations of the ElF. In Figure ,5 .. 5 we can observe that 

individuals No .l l - 14 1'orn1 a cluster of points which are located far from he origin. he 
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Table 5.9: Coefficients for pes and correlation loadings (with individual No.11 - L4 
Olnitted Alate data.) 

Coefficients Loadings R~ 

Va.riable I II I II 9 val'. 19 val'. 

VI - - 0.90996 -0.02208 0.828523 0.834707 

V2 - -- 0.95543 -0.05456 0.915 23 0.925160 

3 - - 0.95283 -0 .04478 0.9098~4 0.918903 

V4 0.18712 0.00743 0.96715 -0. 10122 0.945631 0.940029 

V5 0.02694 0 .27481 0.31032 0.61381 0.473063 0.47] 638 

V6 0.13804 0.11919 0.84886 0.30312 0.812140 0.807574 

V7 - - 0.91916 0.28004 0.923268 0.941398 

V8 - - 0.90583 -0.21281 0.865810 0.873899 

V9 - -- 0.85618 -0.05623 0.73,6207 0.755792 

VIa -- - 0.88295 0.04551 0.781670 0.813118 

Vll -0 .06079 0.15744 -0.46553 0.36222 0.347919 0.346787 

V12 - - 0.96776 0.04898 0.93,8969 0.941227 

V13 - - 0.98187 0.02747 0.964811 0.966416 

V14 0.49300 -0.04100 0.98126 -0.02992 0.963773 0.958061 

V15 - - 0 .91446 0.02343 0.8367 3 0.844562 

V16 0.07037 0.33077 0.61628 0.68488 0.848 67 0.845429 

V17 0 .03619 0.35971 0.06816 0.87754 0.774726 0.772712 

VI -0.07957 0.23751 -0.71921 0.51519 0.7826 6 0 .77945.1 

V19 0.10413 -0.18292 0 .75257 -0.39977 0.726184 0.722776 

Average - 0.809318 0.813666 
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results of the generalized P (' A of the da ta set witll those indi ,,'id ual ' 01111 tted arc SllOWll ill 

Table 5,9. ote t hat the Olnitteel individual. are contained alnollg the fiv' points clotted 

at the south-west corner in Figure .5.2 (b). The differences b Lwe ~ ll the results of the 

whole data and thos with the four individuals Olnittecl are not slllall. It Se~ll1S that a 

considerable cb ange is needed to 1110dify the two pes based on the w bole datel so that 

they can reproduce the original variables as well as possible ltsing tIte data without thuse 

individua.ls. As the final stage of sensitivity ana.!y is of individual. the S' [F was COIllput cl 

and cOlllpa.red with the ElF . .F igure .5.6 shov s the scatter plot.· of the 8 T F again'<t the 

£1 F for p(l) and II(Zl')(l)ll. It is obsen'ed that IllOSt of the points are locatecluear thE 

straight line S 1 F = E1 F and therefore it is suggest eel that vIe can use th E1 F instead 

of tbe SI F, which has clear 'leave-one-out' interpretabon. 

Secondly the influence of variable is evaluated with the lIwthod proposed in sectioll 

5 .. 5.2. Figure 5.7 shows the index plots of p(l) and RV(l) for 19 variables . These plots 

'how that varia ble No.ll is f'xt.relnely influential cOJnpared to the other varia bles, Til, 

signs of p(l) and RV(l) indicate that both the proportion explaillecl by the first two pes 

and the cl s 11 ss of the configurations ilnprove Bluch by underweightillg variable No.ll. 

It Inay be related with the fact that R2 is very sillall (only 0.3) for thi variable while it 

is llluch larger (nlo1'e tila.n 0.7) for the other variables. 'Ale should consider the possibility 

to ana.lyze this vaIiabl separately [rOln tile other variable. 

5.7 Concluding remarks 

We ha.ve proposed a g 'neralized PCA in which pes are COlllPlltcU using a 8111all nUlnber of 

sf'lectecl va riable .. but represent all the variables welL borrowing the ideas of Rao(l964 r:) 
PC of instnllllental va.riabks and Robert. and Escoufier( 1976)'s approach bcLSf'U on RV­

cOf'fficiellt, and also developed lllethocls of sensitivity analysis to study th influence of 

individuals and variables on the results of ana,lysis. FrOIl1 the nUll1erical study in secboll 

5.6 we can say t.he followings: 

(1) The proposed generalized PCA is effecbve to obtain PCs which represent all the 

vaTlables well but are C0111puted using only a part of varia.bles. 1 his lllethocl will be 

useful sp cific:ally in the case \yhere we wish to construct a llluitidiinensional rating 

sca.le which has high validity and is easy to apply practica.lly. 

(2) To valuate the influence of individuals the E1 F can be used instead of the 81} , whjdl 

ha.s clear "leave-one-out'" interpretation, and therefore the genelalized procedure 
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of sensitivity analysis discussed by Tanaka, Castano-Tostado and Odaka (1990) 

and Tanaka (1992) can be ffectively applied for detecting singly and/or Inultiply 

influential individuals a,s is shown in section 5.6.3. 

(3) The influence of v riables can be also evaluated with the measures in section 2.3.1, 

which are derived using the sin1ilar technique applied to evaluate the influence of 

individuals. 
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6 Conclusion 

In this thesis we discussed the rt cI uction of variables in the lllUltivaria te a nalysis wit b ant 

response variables. Especially we ha.ve the following two f:)CW:iPS for variable st'lection: 

• How to select reasonable variables which reproduce the original ff'atures a,s we]] a,s 

possible alnong the existing variables in principal compollent allalysis (PCA) and 

Hayashi 's third lnethocl of quantification: 

• How to conduct PC to extra.ct the silnila,r dilllensions using a subset of va,riables 

to those based on the c0111plete variables. In this case i lllOreover, the observation of 

the influence of individuals and variables aTe focused when such a subset of variables 

is found. 

As Inathenlatical tools, we used Robert and Escoufier(l976rs RV -coefficient and the 

perturbation theory in the fOl'l11er study, and Rao(1964)'s PCA of instrulnental variables 

the R1I-coefficient to .'elect a. subset of variables and the concept of influence functions 

for sensitivity analysis in the lattcr case. 

In practice, th fonner study is sLllnnlarized as follows: 

• In principal C0111pon nt analysis, a, backward elilnination procedure has been pro­

po eel for variable selection. This procedure could discard a variable ]s discarded 

cunong the existing variables in each step in such a way that it ca.uses the small­

est effect on the configuration of the PC scores . The RF-coefficient was useJ to 

evaluate the difference of the configurations of the PC scores and the perturbation 

trleory of eigenvalue problenls as well as t.he exact lllet hod were utllized to COlllpute 

the effect on tIl configurations. Two sets of real data and four sets of arbficial data 

were analysed for tIle cOlnpa,risoll of our Inethod with other rnethods proposed so 

far. In these nU111erical exanlples our Inethoel Ina,de reasonable results of variable 

selection in peA . 

• In Hayashi's third lnetho 1 of quantification, which deals with categorical data sets, 

sinlilar backwa,rel linlinatiol1' to that in PCA has b en plopo,ed. They were derive 1 

by 1110ciifying the selection procedure in PCA I a.rtly, and then have the saInc conccpt. 

for slection. The. e pl'oced ures can treat both fref'-cho]c - and it.enl-category data 
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fonl1s and avoid the ca.se \Vhere the C0111putation cannot be done in Lh s ~lect1oll 

process. Evaluating these lllethods by analyzing two real data sets, they sel"ct cl 

variables frOln each clusters observed in profile plot of variables, while there seern. 

to exit SOllIe errors due to perturbation or data fOrIns. 

On the other halld; SUllllllary of the latter sLuc1y is as follows: 

• We have proposed a generalized PCA in which PC's LIre cOIllPuted using only a se 

lectecl subset of variables but l'epresenL all the varia.bIes well, using the icl as of Rao 

(1964) and Robert and Escoufier (1976), and also proposed Dlethods of sensitiv­

ity a.nalysis to evaluate the influence of indiyiduals n,nd variables OIl the result of 

analysis. A couple of nLllnerical studies suggest that the proposed generaliz d PCA 

is effective froln the aspect of two criteria to represent al1 th variables well allel 

that the general procedure of sensitivity ana.lysjs works well to detect infiuential 

individuals and valiables in the proposed generalized PCA. These Inethods will b 

u ernl specifically in 1,11(-> case where we wish to con 'truct a lllultidilllellsional rating 

seal which has high validity and is easy to apply pracbcally. 

The future consideration arc follows: 

• How to decide the llUlllber of variable .. has 1l0t. been discussed in our ,tudy. It is 

free to retain hO\\I lnany varia.bles unJer tll<: dilnensionality fixed at the beginning 

step in our proCeciUT s. POI' this area, ()f st ucly we can I' ,fer to Jolliffe (1973, 1986) or 

Krzanowski (19 7b) . It seenlS to be a considerable problern to decide the nU111ber 

of variables which should be selected. 

• Only backward procedures were propos d . It is possible to Inake forwardstep and/or 

stepwise procedures to select variables in the whole studies. 

• vVe used the criteria so a.s to reproduce the original feature as well as possible. Fur­

ther criteria can be considered . For exalnple, especially in HCtya,shi's third 11lethod of 

quantification 1 a set of variables can be chosen in the sense Lo represeut t he linearity 

conta.ined in the data., and to order or rank individuals as \-vell as possible. And 

they should be cOlJlpared with other criteria . 

• Variable selection procedures can be proposed and should be proposed according to 

the sjtuation and purpose of selection. It becornes n c ssary to sUDllllarize various 

procedur s in 111ultivariate analysi . vvithout response variables . 
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Appendix A Proofs 

A. I Proof of eq.(3.I0) 

Substituting T = T + cT(1) + (c2 j2)T(2) + 0(c3
) in (3.9) 

RV( 1 A) = tT(AA' ;L4') = tT(TT) 
I ) { _, }1/2 . _ 1/2) 

tT(AA')2 . tr(AA')2 {tr(T2) . t7'(T2)} 

the l1U111era,tor is 

NUM 

and the denOlninator is 

DEN = {tr(T2). tr(T2) } -1/2 

= {tr(T2)} -'/2ft1' {T + sT(1) + s; T(2) + 0(£3)} 2] -1/2 

= {tr(T2)}-1/2 [tT(T:2) + 2c' iT(TT(I)) + c2 {tr(T(1)2) + tr(TT(2))} + 0(c3)]-1/2 

{ }

-l [ 2iT(TT(1)) tT(T(1)2)+tT(TT(2)) ]-1/2 
= tr(T

2
) 1 + c tT(T2) + c2 

tr(T2) + 0(c
3

) 

= {tr(T2)}-l g(c). 

The expansion of g(E) by the perturbation is expressed as 

Since the first differential coefficient is 

1 [2tT(TT(1)) 2 {tr(T(1)2) + tT(TT(2))} ] 
(1)() _ __{ ( )}-3/2 + O( 3) 

9 c - 2 9 c tr(T2) c i7'(T2) + c ) 
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then we get 
(1) _ i7' (TT(l)) 

g (0) - - LT(T2) . 

Also, since the second differential coefficient is 

then we get 

= ~ {2t7'(TT(1))}2 _ ~ . 2 {tT(T(1)2) + tr(TT(2))} 
4 tT(T2) 2 tr(T2) 

= 3 {tT(TT(1))}2 b'(T(1)2)+tT(TT(2)) 
LT(T2) tr(T2) 

Hence, 

Thus, we have 

We ca.n see the last equation i) Ca.stano-Tostado and Tanaka( 1991) 's paper. 
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A.2 Proof of properties Pl o -P3° 

(1) A case where q = p : 

Since ~11 = ~1 = ~, the f'igenvalue problen1 (5.3) is the san1e as (L - Al)A = O. 

Then 
r q r r 

LA~ ~ L\ = L\ = tr(LJ) = 2~(Jli' 
i=1 i=l i=1 i:=l 

where (Ji~ i0 the varj ance of the 'i- th var) able or the i- th diagonal elen1ent of ~. 

(2) A case where q < p, and p - q variables are c0111pletely redundant 

In 111ultiple regression with the p - q va.riables as dependent variables, 'ince the 

resid uals 

th 11, 

Thus, 

T q 

'" \. < '" \. - t ,(,\,,/ \,-1\, ) ~ /\1 _ ~ /\7 - 1 .:....J1 L.Jl] .01 
i=1 ·i=1 

t7'(L);/L, ~~) =- tr~"-';11(L.Ji1 + I: 12 2:: 2d] = tT(2~1l) + tr(2::21~~11 En) 

tr(I: ll ) + tr(2:: 22 ) 
q p p 

L (Jii + L (}il = L (}ti· 

i=l i=q+l i=1 

p 

The above shows that the SU111 of T eigenvalues is always equal to L (}ii whenever the 
i=1 

cOlnpletely redundant variables are renlOved. This is a proof of property P 3°. 

(3) The case where re1110Ve variables which are not c0111pletely redundant 

In this case, since l:22 - 2::21 ~111 .:-112 is an nOll negative definite, 

Then 
q 

2::\ ~ 2:: Ai 
i=1i=1 

p 

< tr(L.Jl1) + tr(~22) = L (}ii, 

i=1 
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that is 
p 

L \ ::; L CJn 
i=l ,i=l 

which 111ea11S that the sunl of l' eigenvalues is not greater than that of vcu-jancf'S of 

the original 111atrix. 

Froln a.bove (1 )-Cn, P ::; 1 is obtained, that is, a proof of P 1 (). 

(4) The case where q < q* < p and the nU111ber of variables in ~)(1 is q'" : 

(Figure .1) 

Obviously 
q* 

L A7 = tT(~~I) + i7'(L.J;1~~~1~~2)· 
i=l 

The first term in the right hand side is 

q* q 

L CJli = L CJii + 
i=l i=l 

and the second ternl is sunl of variation due to regression with q* variables as 

independent variables and p - q* as dependent ones. 

(5) The case where fJ < q* < ]J and the nU111ber of variables in Xl is q 

(Figure A.2) 

Since q* - q variables are reduced, 

q 

LA/ = t1'(~1l) + i7'(~21~~11~12) 
i=l 

The first ternl of the right hand sjde is 

q* 

The value of th second tenn is less than or equal to :L CJii because it is SU111 of 
i=:q+l 

val'jation due to regression with q variables as independent valiables and q~ - q as 

dependent variables. The third is StlIn of variation due to regression with q variables 

as independent varia.bles and p - q* as dependent variables, which is not gre(tt~r 

than the second Lenn of eq.(A.l) because the nU111ber of independent variables is 

reduced. 
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FrOlTI (4) and (5) , 
q q'" 

L Ai S L)\;, 
i=l i=l 

then property P 2° is alwa.y ,· obtained. 

(J ]J 

~~1 ~~2 

q r( p 
I 
1 
I 
1 
I 

2:11 B12 
1 
1 

q q }J 
.--- 1"----

1 
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Appendix B Sets of Raw Data 

B .l Crime rates data (Ahan1.ad , 196 7) 14 x 18 

VI V2 V3 V4 V5 \/6 V7 V~ Y9 
1950 .529 5258 4416 8178 92tt39 1021 30107 -' 25:333 7586 
1951 455 5619 4 "76 9223 95946 800 355407 27:216 9716 
1952 .555 5980 5443 9026 97941 1002 341512 27051 918~ 

1953 456 6187 5680 10107 88607 980 308578 27763 7786 
1954 487 6586 6357 9279 75 88 812 2 5199 26267 6468 
1955 44 7076 6644 9953 74907 823 2950:35 22966 7016 
1956 477 433 6196 10505 85768 965 323561 23029 7215 
1957 491 9774 6327 11900 105042 1194 :360985 26235 619 
1958 453 10945 5471 1182:3 131132 1692 409388 29415 10002 
1959 434 12707 ·5732 13861 133962 1900 445888 31061 10254 
1960 492 14391 5240 14304 151378 2014 4892~) 36049 11696 
1961 459 16197 5605 14376 164806 2:349 5314:30 39651 13777 
1962 504 16430 4866 147~8 192302 2517 588566 14138 157 3 
1963 510 18655 54:3.5 14722 2191:38 2483 6:35627 45923 17777 

V 10 V1l V12 V 13 V14 V15 V16 V17 Y18 
1950 451 ) 3790 118 20844 9477 24616 49007 2786 3126 
1951 499:3 3378 71 19963 10359 21122 55229 2739 5495 
1952 5003 1173 120 19056 9108 23339 5,5635 2598 4145 
1953 5309 1649 10 17772 9278 19919 55688 2639 4551 
1954 5251 4903 104 17379 9176 205 '5 57011 2587 4343 
1955 2184 4086 92 17329 9460 19198 57118 2607 4)36 
1956 2559 4040 119 16677 10997 19064 63289 2311 5932 
1957 2965 4689 121 17,539 12817 164:32 71014 2310 714 
1958 3607 5376 l()4 17344 14289 24543 69864 2371 9772 
1959 40 3 5598 160 1 '047 14118 26853 69751 2544 11211 
1960 4802 6590 241 18:)01 15866 31266 74336 2719 12519 
1961 .5606 6924 205 18525 16399 29922 81753 2820 13050 
1962 6256 7816 250 16449 16852 34915 )9709 2614 14141 
1963 6935 8634 '257 15918 17003 40434 89149 2777 22 '96 

VI Homiciue V2 \~ound jngs Y3 Homosexual OffE'llCeS 

V4 Heterosexual offences V5 Breaking a.nd entering V() Robbery 
V7 Larceny V8 Frauds and fa lse pretence& va Pecpiving 

V10 Maliciou:; inj uries to propert.y Yll Forgery V12 Blackmail 
V13 Assa.ult V14 Malicious damage V15 Revenue la ws 
V16 Intoxication laws V17 Indecent. exposure Y18 Taking motor vehicle 

without consent 
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B.2 Automobile data (Becker et al.., 1988) 74 x 10 

VI V2 V3 V4 V.5 V6 V7 V8 V9 V10 
C1 4099 22 2.5 27.,5 11 2930 186 40 121 3.~8 
C2 4749 17 3 25.5 11 3350 173 40 258 2.53 
C3 3799 22 3 18.5 12 2640 168 3 f.> 121 3.08 
C4 9690 17 3 27 15 2830 189 37 131 3.2 
C5 6295 2:3 2.5 28 11 2070 174 :36 97 3.7 
C6 9735 25 2.5 26 12 2650 177 34 121 3.64 
C7 4816 20 4.5 29 16 3250 196 40 196 2.93 
C8 7827 15 4 31.5 20 4080 222 4~~ 350 2.41 
C9 5788 18 4 30.5 21 3670 218 4:3 2:31 2.73 

C10 445:3 26 3 24 10 2230 170 34 111 2.87 
ell 5189 20 2 28.5 16 3280 200 42 196 2.93 
C12 10372 16 3.5 30 17 3880 207 4~~ 231 2.93 
C13 4082 19 3.5 27 13 3400 200 4') ,- 231 3.08 
C14 1138.5 14 4 31.5 20 4330 221 44 425 2.28 
C15 14500 14 ~3 .5 30 16 3900 204 4~~ 3.50 2.19 
C16 15906 21 3 30 13 4290 204 4~' oJ 350 2.24 
C17 3299 29 2.,') 26 9 2110 163 34 98 2.93 
C18 5705 16 4 29.5 20 3690 212 4~~ 250 2.56 
C19 4504 22 3.5 28.5 17 3180 193 41 200 2.73 
C20 5104 22 2 28.5 16 3220 200 4Jl 200 2.73 
C21 3667 24 2 25 7 2750 179 40 151 2.73 
C22 3955 19 3.5 27 13 :1430 197 4~~ 2f50 2.56 
C23 6229 23 1.5 21 6 2370 170 3"' ,) 119 3.89 
C24 4589 35 2 23 .5 8 2020 165 32 5 3.7 
C25 5079 24 2.5 22 8 2280 170 34 119 3 .. 54 
C26 8129 21 2.5 27 8 2750 184 38 146 3.55 
C27 3984 30 2 24 8 2120 163 3b 98 3.54 
C28 5010 18 4 29 17 3600 206 40 318 2.47 
C29 5886 16 3.5 26 16 3870 216 48 318 2.71 
C30 6342 17 4.5 28 21 3740 220 46 225 2.94 
C31 4296 21 2.5 26 .5 16 2130 161 3E) 105 3.37 
C32 4389 28 1..5 26 9 1800 147 3~1 98 :3.15 
C33 4187 21 2 23 10 2650 179 4') 

<J 140 3.08 
C34 5799 25 3 25.5 10 2240 172 3f) 107 3.05 
C35 4499 28 2.5 23.5 5 1760 149 34 91 3.3 
C36 11497 12 3.5 30.5 22 4840 233 51 400 2.47 
C37 13594 12 2.5 28.5 18 4720 230 48 400 2.47 
C38 13466 14 3.5 27 15 3830 201 41 302 2.47 
C39 :3995 30 :3 .5 25.5 11 1980 154 3~\ 86 3.73 
C40 3829 22 3 25.5 9 2580 169 3D 140 2.73 
C41 5379 14 3.5 29.5 16 4060 221 48 302 2.75 
C42 6303 14 3 25 16 4130 217 4~ ,J 302 2.75 
C43 6165 15 3 .. 5 30.5 23 3720 212 44 302 2.26 
C44 4516 18 3 27 15 3370 198 4] 250 2.43 
C45 3291 20 3.5 29 17 2 30 195 4~\ 140 3.08 
C46 8814 21 4 31.5 20 4060 220 4~1 350 2.41 
C47 4733 19 4.5 28 16 3300 198 4'-) 

~J 231 2.93 
C48 5172 19 2 28 16 3310 198 4') ~J 231 2.93 
C49 5890 1 ' '1 29 20 3690 218 4') 

/oJ 231 2.73 
C50 4181 19 4.5 27 14 3370 200 4'=\ 231 3.08 
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C51 4195 24 2 25.5 10 2720 180 40 151 2.73 
C52 10371 16 3.5 30 17 4030 206 43 350 2.41 
C53 12990 14 3.5 30.5 14 3420 192 38 163 3.58 
C54 4647 28 2 21.5 11 2360 170 37 156 3.05 
C55 4425 34 2.5 23 11 1800 157 37 86 2.97 
C56 4482 25 4 25 17 2200 165 36 105 3.37 
C57 6486 26 1.5 22 8 2520 182 38 119 3.54 
C58 4060 18 5 31 16 3330 201 44 225 3.23 
C59 5798 18 4 29 20 3700 214 42 231 2.73 
C60 4934 18 1.5 23.5 7 3470 198 42 231 3.08 
C61 5222 19 2 28.5 16 3210 201 45 231 2.93 
C62 4723 19 3.5 28 17 3200 199 40 231 2.93 
C63 4424 19 3.5 27 13 3420 203 43 231 3.08 
C64 4172 24 2 25 7 2690 179 41 151 2.73 
C65 3895 26 3 23 10 1830 142 34 79 3.72 
C66 3798 35 2.5 25.5 11 2050 164 36 97 3.81 
C67 5899 18 2.5 22 14 2410 174 36 134 3.06 
C68 3748 31 3 24.5 9 2200 165 35 97 3.21 
C69 5719 18 2 23 11 2670 175 36 134 3.05 
C70 4697 25 3 25.5 15 1930 155 35 89 3.78 
C71 5397 41 3 25 .5 15 2040 155 35 90 3.78 
C72 6850 25 2 23 .5 16 1990 156 36 97 3.78 
C73 7140 23 2.5 37.5 12 2160 172 36 97 3.74 
C74 11995 17 2.5 29 .5 14 3170 193 37 163 2.98 

VI Price V2 Milesjg V3 Headroom V4 Rear Seat 

V5 Trunk V6 \I\Teight V7 Length V8 Turning 

V9 Displacement VI0 G ear Ratio 
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B.3 Spirits data (Arima and Ishim.ura, 1987) 20 x 7 

VI V2 V3 V4 V5 V6 V7 
\iVhisky Beer Wine Sake Shochu Chuhai Cocktail 

CI 1 a 1 a a a a 
C2 a a 1 1 a 1. 1 

C3 a 1 1 a a 1 a 
C4 1 a 1 1 a 0 1 

C5 1 0 1 1 0 () 1 

CG 1 0 1 0 0 0 1 

C7 a 0 1 a 1 1 1 

C8 1 0 a a 0 1. 
C9 a a 1 a a 0 1. 

CIa 1 1 1 a a 1 1. 
Cl1 1 0 1 a 0 1 0 
C1.2 a 0 a 1. a 1 1 

C1.3 1 a 1 a a l 1 

C14 a a a a a 1 1 

CI5 a 1 1 a 0 1 a 
C1.6 a a 1 a a 0 1 

C1.7 a a a a 0 a 
Cl8 1 0 1 a a 0 
Cl9 1 0 1. a a 0 
C20 0 0 1. 0 0 0 1 
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B.4 Fatigue data (Maehashi et al., 1993) 100 x 30 

(a) Before physical 1110V Inents 
I II III 

1 10 11 20 21 30 
('1 1 101 100 000 o 0 000 1 000 0 o 0 0 0 100 000 
C2 000 1 000 000 o 0 000 1 000 0 o 0 0 0 000 000 
C3 o a a 1 000 0 a a a a a a a 1 0 100 o a a a 0 a a a a a 
'4 1 0 0 a a 1 a a a a a a a a a a 0 100 o 1 0 a 0 0 0 000 

C5 000 1 000 0 a 0 o 0 000 1 000 a o a 0 0 a a 0 a 0 0 
C6 010 1 1 100 1 0 a a 001 100 1 1 a 0 0 a 100 000 
C7 o 0 000 0 0 a 0 0 1 000 0 1 100 0 o 0 0 0 0 a 0 0 a 0 
C8 a a a 1 0 a 0 a 0 a a 0 a 1 0 a a a a a a a 0 0 0 a a 0 a 0 
C9 a a 000 1 a 001 o 0 a a 000 a 0 a a 000 a a a 000 

CIa a 1 a 0 a a a a a a a a a a a a a a a 0 a a 0 a a a a 0 0 a 
CII 0001111111 1J11010111 o 1 1 000 0 ] 0 0 
Cl2 a a 1 a 0 a 0 0 a 1 a 0 0 a a a a 0 a 0 o a 0 0 0 a a a a a 
C13 o a 0 a a a a 0 a 0 a a 1 a 0 0 a 000 a 0 0 0 000 000 
C14 o a 0 0 000 a a 0 1 000 0 1 0 100 000 1 000 000 
C15 000 1 001 000 o 0 0 1 a a a 100 o a a 0 0 a 000 0 
C16 o 0 0 0 0 0 0 101 a a 0 a a a 0 lOa o 0 0 0 0 a 0 000 
Cl7 o a a 1 0 1 a 0 a a o a 0 0 000 lOa o 0 0 a 0 a 0 0 a 0 
Cl8 1 0 1 000 101 0 o 0 0 0 000 000 o 0 0 0 0 0 000 0 
Cl9 o 0 0 0 a 1 100 0 o 0 0 0 0 0 a 100 0100100000 
C20 o 0 1 000 1 110 1 0 001 1 101 1 o 100 a 1 0 a a 0 
C21 1 a 0 a 1 1 0 000 o 0 0 0 000 a a 0 a 0 0 0 a 0 100 0 
C22 o 0 000 1 0 000 o 0 000 101 1 0 o 0 0 1 0 0 0 000 
(;23 o 0 0 0 a 0 0 000 1 0 000 1 000 0 o 0 0 0 0 0 0 0 0 0 
C24 o a 000 0 0 000 o 0 000 1 0 100 o 0 0 a a 0 a 0 a a 
C25 o all a a a a 1 1 101 101 100 0 lOa a 1 1 0 0 1 0 
C26 o 0 a a 000 000 a 0 a 1 100 a a a o a 0 0 a a 0 a a a 
C27 1 1 1 0 0 0 a 001 1 a 1 1 000 100 o 1 a 1 a a 0 000 
C28 1 a 0 a 0 0 a 0 a a o a 0 a a a a lOa a a a a 0 0 0 a a 0 
C29 1 0 1 0 0 a 1 000 1 0 1 a 0 a 1 010 a 0 000 1 001 a 
C30 o a a 1 000 000 a 0 a a a a a 0 a a a 0 0 0 0 a a a 0 a 
C31 o a 000 a 0 a a a 1 000 101 0 1 1 a 0 0 a a a 0 a a a 
C32 a a 0 a 0 0 0 000 o 0 0 a 0 1 001 0 a 0 0 a 1 0 0 000 
C33 1 101 0 1 100 1 o a a 0 0 1 a a a a o 0 a a 0 1 000 0 
C34 1 1 1 a 1 0 1 000 a a a a a 0 1 100 1 a 0 0 000 000 
C35 1 0 a 0 a 0 a 0 a 0 a 0 a 0 a 0 0 100 a a 0 0 000 000 
C36 000 1 000 0 a 0 a 0 0 0 0 0 0 000 o 000 a a a 000 
C37 o 0 100 0 0 000 101 1 100 100 o 0 000 1 0 000 
C38 00010 1 000 0 o 0 a 0 a 0 a 000 a a 0 a 0 a 000 0 
C39 a a 0 1 000 0 a a 1 a a 0 a 1 1 010 o 1 0 0 0 0 a a a 0 
C40 o 0 1 0 0 0 0 000 000 1 000 000 a 1 a 0 0 0 a 000 

41 a 0 a a 0 0 a 000 101 laO 0 000 a a 0 0 0 0 0 000 
C42 1 100 0 1 100 1 101 1 110 100 o 1 001 1 0 000 
C43 o 1 a 1 0 1 0 a 0 1 1 000 0 a 0 a a 0 o a 0 0 0 0 0 0 a 1 
C44 1 100 0 0 100 0 o 0 1 0 1 0 0 000 1 100 1 0 000 1 
C45 00110 1 0 001 1 000 0 1 0 100 a a 0 0 0 0 000 0 
C46 00010 1 a 0 a 1 a a ] a 1 1 1 a a 1 a a 0 0 a 0 a 100 
C47 o 0 0 0 0 a 0 000 o a a 1 a 0 a 000 o a 0 a a a a 000 
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C48 110 1 0 1 1 000 10111 100 1 0 o 0 000 0 0 000 
C49 00000 000 0 0 00000 1 0 0 0 0 o 0 000 0 0 000 
('50 10101 110 0 1 10000 1 1 000 1 1 000 0 0 001 
C51 000 1 0 0 0 0 0 1 0000000 0 0 0 o 0 0 0 0 0 0 000 
C5:2 110 l 0 101 1 1 o 0 1 0 1 000 1 1 1 101 0 1 1 000 
C5:3 00010 100 0 1 0011110 1 1 0 o 0 0 0 0 0 0 100 
C54 00010 100 0 1 1 1 101 100 1 1 o 0 0 0 100 0 0 0 
C55 o 100 1 000 0 0 0000001 100 000 1 000 0 0 0 
C56 00010 100 0 1 0000] 0 0 0 0 0 o 0 0 0 1 0 0 0 0 0 
C57 00010 100 0 1 00000 1 0 0 0 0 o 0 000 0 0 0 0 0 
C5 ' 00110 1 000 1 00010 100 1 0 o 0 100 100 0 0 
C59 000 000 0 0 0 1 1000000 0 0 0 o 0 0 0 1 0 0 100 
C60 000 1 0 100 0 1 0000100 0 l 0 o 0 000 0 0 0 0 0 
CGl 00010 100 0 1 0000000 0 0 0 o 0 0 0 ] 0 0 0 0 0 
C62 000 1 0 0 0 0 0 0 0000000 1 0 0 o 0 0 000 0 0 0 0 
C6:3 00000 1 0 0 0 0 000 0 1 000 0 0 a 0 000 U a a 0 0 
C64 000 1 a 100 0 1 000 0 100 0 1 0 o 0 000 0 0 0 a 0 
C65 000 a 0 100 0 1 00010 1 a 0 0 0 o 0 0 0 100 0 0 a 
C66 00010 100 0 1 000 a 0 0 0 0 1 0 o 0 a 0 a 000 0 a 
C67 000 0 0 000 0 1 000 a a 1 0 a 0 a a a 0 a 1 0 a a a a 
C6 a 0 a 1 0 100 0 1 000 001 1 000 1 a 000 0 a a 0 0 
e69 00010 1 0 a a 1 000 000 10] 0 a 0 0 0 0 0 0 000 
C70 01010 1 000 1 00010 1 0 0 0 1 o 0 0 000 0 000 
C71 00010 1 000 1 000 0 0 0 0 0 1 0 o 0 000 1 0 0 0 0 
C72 000 101 100 1 00001 1 0 0 0 0 o 1 0 0 1 0 0 0 0 a 
C73 00000 0 000 1 000 0 0 0 0 000 o 0 0 0 0 0 0 000 
'74 000 1 1 100 0 1 000 0 0 0 0 0 0 0 o 0 0 0 000 000 

C75 00000 0 0 0 a 1 000 0 101 100 o 0 0 a 000 000 
C76 11111 1 1 0 1 1 1 110 1 1 1 101 1 1 111 0 1 111 
C77 000 100 000 1 o 0 0 0 100 000 o 0 0 a 0 0 0 0 0 0 
C78 000 1 0 100 0 1 000 1 000 0 1 0 o 0 0 0 1 000 0 0 
C79 00010 100 0 0 000 0 0 0 0 0 1 0 o 0 0 0 0 0 0 0 0 0 
C80 a 0 a 0 0 0 000 1 a 0 1 a 1 101 1 0 a a 0 a 0 a a 100 
C81 o a a 1 a 100 0 1 a a a a a 0 a a 1 a a 0 a a a 100 a a 
C82 a 0 a 1 0 0 a a a 1 o a a 0 a 0 a a a a o 0 0 000 0 000 
C 3 000 a 0 1 000 1 000 0 0 0 0 0 0 0 o 1 0 0 0 0 0 0 0 0 
C84 o 0 1 000 000 1 o 0 0 0 0 0 0 0 0 0 a a 0 a a 0 1 000 
C85 000 1 0 a 0 a a a o 0 a 0 0 a 0 0 a 0 o 1 0 000 0 0 a 0 
e86 00010 1 000 1 000 0 0 0 0 0 1 0 001 1 000 a a a 
C87 a a a 0 0 1 0 a a a o a a 0 0 a a 0 a a a a 000 0 a a a a 
c' a a a 1 0 100 0 a a a a a a a 0 100 a 0 0 a 0 a 0 0 0 0 
e89 000 1 0 100 0 a 000 0 0 0 0 0 0 0 o 0 000 0 0 a a a 
C90 a 1 000 a 0 a 0 1 a a a a a a a 000 a a a 0 a a a a 0 a 
C91 o a a 1 0 a a 0 0 0 o a a 1 000 000 o 0 0 0 0 0 0 000 
C92 a a a a 0 a 0 0 0 a 000 0 100 0 0 0 o 0 0 0 0 0 0 0 a 0 
C93 a a a 0 a 100 a a a a a 0 a a 0 000 a a 0 a 0 000 0 a 
C94 a a a 0 0 100 0 1 000 a 0 a a 0 0 a a a 000 0 0 a a a 
C95 00000 100 0 1 000 a 0 0 a 0 0 0 1 0 0 0 0 0 0 0 0 a 
e96 00000 a 000 1 000 0 0 a 0 0 a 0 o 0 0 0 0 0 0 a 0 0 
C97 a a 0 000 0 0 0 0 a 000 1 0 1 000 o 0 000 0 0 0 a 0 
C9 1 1 101 1 1 101 000 0 0 0 0 0 0 0 o 0 000 0 100 1 
C99 000 ] 0 ] 0 0 0 0 000 0 0 0 0 0 0 0 o 0 000 000 0 0 
'100 000 100 0 0 0 0 1000000 a 0 0 a 0 a 0 a a a 0 a a 
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(b) Aftf'r physicallllovt'nl -'uLs 

r II III 
1 10 11 20 21 :)0 

Cl 1 1 0 1 100 000 1 000 0 1 000 0 o 0 0 0 1 0 0 000 
C2 o 0 0 0 000 000 o 0 0 0 0 0 0 000 o 1 0 000 0 000 
('3 o 0 0 0 0 0 0 001 o 0 0 0 000 000 o 000 000 000 
('4 o 1 1 0 0 0 0 001 o 0 000 100 1 ] o 100 000 000 
C5 o 1 0 1 1 100 1 0 o 0 001 100 1 1 o 0 0 a 1 0 0 0 0 0 
C6 1 1 1 000 1 0 1 1 o 0 0 0 0 a 0 a a a o a a a 0 0 0 0 a 0 
C'7 o 1 1 0 000 a a 1 o 0 0 0 0 0 0 000 o 0 0 0 0 0 0 0 a 0 
C8 o 1 100 1 100 1 o 0 0 0 0 0 0 0 0 0 o 1 1 000 000 a 
C9 1 000 000 0 1 0 o 0 0 0 000 000 o 0 0 0 1 0 0 000 

CI0 o 1 100 1 0 001 o 0 0 0 000 000 a a 0 0 a 0 0 a a a 
ell 1 a 0 a a a a 100 o a a a 000 000 a a a 0 a a a 100 
C12 1 a 0 a 101 1 1 a 1 1 1 1 0 1 0 101 o 0 0 a a 0 0 a a 0 
CI3 o 1 0 a a 0 a 0 a 0 1 100 a a 0 100 o 0 0 a 001 a a 1 
C14 o a 0 a a a 0 0 1 0 a a 0 a a a 0 a a a a 0 0 a 0 0 0 000 
C15 o 1 1 0 001 100 o 0 0 0 000 000 o 1 0 0 1 0 0 0 1 a 
('16 1 110 1 1 1 001 1 000 000 000 o a 000 1 000 0 
Cl7 o 1 0 0 000 000 001 1 a 0 a a a a o a 0 0 0 0 a 000 
C18 a a 100 1 1 a 1 0 o 0 a 0 a 0 0 000 o a 0 0 0 0 a 000 
('19 o 1 0 a 1 1 0 100 a a a a a 0 a 1 a a o 0 0 0 0 0 100 0 
C20 o 1 1 0 000 000 a 0 a a 000 000 o 0 0 0 0 0 0 0 0 0 
C21 1 1 1 0 1 100 1 1 1111111 J 0 1 1 101 1 1 101 0 
C22 o 1 100 l 000 0 o 0 0 0 0 0 0 000 o 0 0 0 0 0 0 000 
C2.3 1 1 101 1 1 101 III 1 000 III o 101 0 0 100 0 
C24 o 1 1 a 0 0 a 100 o 0 0 0 0 0 0 000 o 0 0 0 0 0 000 0 
(;25 1 000 0 1 100 0 1 0 1 0 0 a OIL a o 100 1 1 0 a 1 0 
C26 o 0 0 0 0 0 100 1 a 0 0 0 000 000 o 0 0 0 0 0 0 000 
('27 a 1 1 000 0 0 0 0 1 0 0 0 0 a 0 000 o 0 0 0 0 0 000 0 
C28 a a 000 1 0 0 0 0 o 0 0 0 000 0 1 0 o 0 0 0 a 0 1 0 a a 
C29 o 1 1 0 1 0 1 001 a 0 0 0 000 000 010 100 0 000 
C30 1 1 1 a 100 000 o 0 0 0 001 100 o 100 0 0 000 0 
C31 o 0 000 1 1 000 o 0 0 0 0 0 0 000 o 0 a 0 0 0 0 000 
C32 o 0 a a 0 0 1 000 o 0 0 0 000 000 o 0 a 0 000 0 0 a 
C33 001 1 0 1 000 1 101 1 100 100 o 0 001 ] 000 0 
C34 o 0 0 a 0 0 1 000 o 0 0 0 000 000 o 0 a 0 000 000 
C35 1 100 111 000 ] 0 0 1 0 1 000 0 o 0 0 0 000 000 
C36 o 1 100 1 000 1 o 0 0 0 0 0 0 0 1 1 o 000 0 0 0 000 
('37 000 1 000 0 0 0 o 0 0 0 000 000 o 0 0 0 000 000 
C38 o 1 1 0 1 1 0 001 o 0 0 0 000 0 1 1 o 101 1 0 000 1 
C39 100 1 0 1 0 000 o 0 0 0 000 000 o 100 0 0 000 0 
"40 o 1 1 000 1 000 o 0 0 0 a 0 0 000 o 000 1 0 100 0 

C41 o 0 1 000 1 001 o a 0 0 000 000 o 000 0 0 0 000 
C42 o 0 0 0 0 0 0 000 o 0 0 0 1 1 1 000 o 0 0 0 000 000 
C43 00010 1 100 1 o 0 0 0 000 0 a 0 o 0 0 0 1 0 0 000 
C44 o 0 0 0 0 a 1 000 o 0 0 0 000 0 0 0 o 0 0 0 0 0 0 000 
('45 o 0 1 000 1 000 o 1 001 1 100 1 o 0 0 0 0 0 0 000 
C46 1 100 1 1 0 101 o 0 0 0 1 1 0 0 0 1 100 1 0 0 100 0 
C47 o 0 1 0 000 000 o 0 0 0 000 000 o 0 a 0 0 0 0 000 

- 79-



C48 o 1 0 000 I 000 0000000 0 0 U o 0 0 0 100 0 0 0 
C49 000 0 1 000 0 0 0000000 000 o 0 000 0 0 0 0 0 
Co50 001 010 1 010 o 0 1 0 0 0 0 000 o 1 1 1 000 1 1 0 
C51 o 1 000 0 100 1 00000 0 0 0 0 0 o 0 0 0 0 000 0 0 
C52 10010 1 0 0 0 0 000 0 0 0 0 0 0 0 o 0 000 0 0 000 
C5:3 01010 1 000 1 0011010 1 1 1 o 0 000 0 0 000 
C54 00010 100 0 1 o 1 0 0 0 000 0 0 o 0 000 0 0 000 
C55 000 0 0 0 000 1 000 0 1 0 0 0 0 0 o 0 0 0 100 000 
C56 1 1 101 100 0 1 0000000 000 o 0 1 0 100 000 
C.57 o 1 000 1 000 1 0000000 0 0 0 o 0 0 0 100 0 0 0 
C58 o 1 000 0 000 1 0000010 000 o 0 000 0 0 0 0 0 
C59 00010 1 1 000 10000 0 0 0 0 0 o 1 0 0 L 0 0 0 0 0 
CGO o 0 100 0 1 000 00000 0 0 0 0 0 o 0 000 0 0 0 0 0 
C61 00001 100 0 0 000 0 1 0 0 0 0 0 o 0 0 0 100 0 0 0 
C62 o 1 100 0 1 001 00000 0 0 0 0 0 o 0 0 000 0 0 0 0 
C63 00010 1 000 1 0000000 0 0 0 o 0 0 0 100 0 0 0 
C64 o 1 0 001 1 000 000 0 0 0 0 0 0 0 o 0 0 0 100 0 0 0 
C65 00000 100 0 1 000 0 0 0 0 0 0 0 o 0 000 0 0 0 0 0 
e66 o 1 0 0 0 000 0 1 0000000 0 0 0 o 0 0 0 1 000 0 0 
C67 01010 1 1 000 000000000 1 o 0 0 0 0 000 0 0 
C6 -' 01110 1 0 0 0 0 10000 1 0 0 0 0 o 1 000 0 0 0 0 0 

69 00000 0 0 0 0 0 00000 000 0 0 o 0 001 0 0 000 
C70 01011 1 100 1 00001 1 0 0 0 0 o 0 0 0 100 000 
C71 00000 0 000 1 0000000 0 0 0 o 0 000 0 0 0 0 0 
C72 00000 0 0 0 0 0 0000000 0 0 0 o 0 0 0 1 0 0 0 0 0 
C7J o 1 100 I 000 1 0000000 0 0 0 100 1 0 0 0 0 0 0 
C74 11111 1 100 1 10001 0 1 000 1 100 1 0 0 101 
('75 00010 1 000 1 0000000 0 0 0 o 0 001 0 0 0 0 0 
C76 00000 100 0 1 0000000 0 0 0 o 0 0 0 0 0 0 0 0 0 
C77 000 100 0 0 0 0 o 0 0 0 0 0 0 0 0 0 o 0 001 0 0 0 0 0 
C7 00000 0 000 1 000 0 0 0 0 0 0 0 o 0 000 000 0 0 
C79 00001 100 0 1 0000000 000 o 0 0 0 0 1 0 0 0 0 
C 0 00000 0 1 0 0 0 000 0 0 0 0 000 o 0 000 000 0 0 
C81 00000 0 1 000 000 0 0 0 0 000 o 0 000 000 0 0 
C~:2 00000 100 0 1 0000000 000 o 1 000 0 0 0 0 0 
C8:3 00000 1 0 0 0 0 0000000000 o 0 0 0 0 0 0 000 
C-'4 00000 0 1 000 000 0 0 0 0 0 0 0 o 0 000 000 0 0 
C85 000 1 0 000 0 0 0000000 0 0 0 o 0 000 0 0 000 
C 6 00000 1 000 1 o 0 000 0 0 0 0 0 100 1 000 000 
C87 00000 1 100 1 o 0 0 0 0 0 0 0 0 0 o 0 000 0 0 0 0 0 
C88 1111011111 1000000 0 0 0 o 0 000 0 1 000 
csa 1 0 1 0 1 100 1 0 1000] 0 0 100 o 0 000 0 0 0 0 1 
C90 10001 0 100 1 00000 0 0 0 0 0 1 0 000 0 0 0 0 0 
C91 11111 1 1 101 0000000 0 0 0 1 100 1 0 1 001 
C92 111 110 1 ] 0 0 010 1 000 0 0 0 1 0 0 1 100 101 
C93 o 1 0 0 1 1 100 1 000000000 1 o 0 000 000 0 1 
C94 o 1 000 0 100 1 0000000 0 0 0 o 0 000 000 0 0 
C95 00000 100 0 1 0000000 000 100 0 0 0 0 0 0 0 
C96 00000 0 1 000 o 0 0 0 0 0 0 0 0 0 0000000 0 0 0 
C97 00000 100 0 1 0000000 100 0000100 0 1 0 
C9 o 1 100 1 100 1 0000000 0 0 0 o 1 000 0 0 0 0 0 
Cgg o 1 100 100 0 0 000000000 1 000 1 000 0 0 1 

ClOO 00000 1 1 000 0000000 0 0 0 o a 0 0 0 0 0 000 
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1. dro wsine sand II. difficulty III. projection of 
dullness concentratwn phys'lcal dismtegration 

1. your head feeling weary 11.feeling distracted 21. headaches 

2. feeling exhausted 12.feeling uncommunicative 22.stiff neck 

3. feeling your legs t.ired 13.feeling irrita ted 23.backaches 

4. feeling like yawning 14.feeling res tless 24.difficult t.o breathe 

5. feeling mentally sluggish 15.feeling to lose interest. 25.thir.t.y 

6. feeling sleepy 16.f ling of forget.fulness 26.hoarse voice 

7. feeling, your eyes tired 17.making many mistakes ~)7 .feeling dizzy 

feeling unable Lo coordinate 18.feeling worried 28.eyes t.witching 

9. feeling unsteady on your feet 19.feeling unable to be still 29.hands and 1 g trembling 

lOJeeling, t.o lie down 20.feeling to lose your temper ~Hl.feeling sick 
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B.5 Alate adelges data (J effers, 19(7) 40 x 19 

VI V2 V3 V4 V,S V() V7 VS V9 V10 
C1 21.2 11 7.,5 4.1:\ f) 2 2 2. -, 2.8 3.3 
C2 20.2 10 7.5 5 5 L.3 2.1 :3 ;3 :3 .2 
C3 20.2 10 7 4.6 5 1.9 L.] :3 2.5 :3.3 

4 22 .5 8.S 7.4 4.7 5 2.4 2.1 :3 2.7 :3 .5 
C'-:) 20.6 11 ) 4.8 5 2.4 '2 2.9 2.7 3 
C6 19.1 9.2 7 4.5 5 1.S 1.9 2. 3 3.2 
C7 20.8 11.4 7.7 4.9 5 2.5 2.1 3.1 3.1 3.2 
C8 15.5 8.2 6.3 4.9 5 2 2 2.9 2.4 3 
C9 16.7 8.t) 6.4 4.5 5 2.1 1.9 2.8 2.7 :3.1 

CI0 19.7 9.9 8.2 4.7 5 2.2 2 3 3 :3.1 
Cll 10.6 5.2 3.9 2.3 4 1.2 1 2 2 2.2 
C12 9.2 4.5 3.7 2.2 4 1.:3 1.2 2 1.6 2.1 
C13 9.6 4.5 3.6 2.:3 4 1.3 1 1.9 1.7 2.2 
C14 8.5 4 :3.8 2.2 4 1.3 1.1 1.9 2 2.1 
C15 11 4.7 4.2 2.3 4 1.2 1 1.9 2 2.2 
C16 18.1 ~.2 5.9 3.,5 5 1.9 1.9 1. 9 2.7 2.8 
C17 17.6 8.3 6 3.8 5 2 1.9 2 2.2 '2.9 
C1 19.2 6.6 6.2 3.4 5 2 1.8 2.2 2.3 2.8 
e19 15.4 7.6 7.1 3.4 5 2 1.9 2.5 2.,) 2.9 
('20 15.1 7.;3 6.2 3.8 5 2 l.~ 2.1 2.4 2.5 
e21 16.1 7.9 5.8 3.7 5 2.1 1.9 2.3 2.6 2.9 
C22 19.1 6.4 :3.9 5 2 ) • .c... 2 23 2.4 2.9 
C23 15.3 6.4 5.:1 3.3 5 1.7 1.6 2 2.2 2.5 
C24 14.8 8.1 r:i.2 :3.7 5 2.2 '2 2.2 2.4 3.2 
C25 16.2 7.7 6.9 3.7 5 2 1.8 2.3, 2.4 2.t) 
C26 13.4 6.9 5.7 3.4 5 2 l.8 2. ) L. 2.6 
e27 12.9 5. ) 4. :'l 2.6 5 1.6 1.5 l.9 2.1 2.6 

'28 12 6.5 ,).3 3.2 5 1.9 1.9 2.3 2.;) 3 
('29 14.1 7 5.5 3.6 5 2.2 2 2.3 2.5 3.1 

C30 16.7 7.2 5.7 3.5 5 1.9 1.9 2.b 2.3 2.8 
C31 14.1 5.4 5 3 5 1.7 l.6 1.8 2.5 2.4 
C32 10 6 4.2 2.5 5 1.6 1.4 1.4 2 2.7 
C33 11.4 4.5 4.4 2. 7 5 1.8 l.5 1.~) 1.7 2.,5 
C34 12.5 5.5 4.7 2.3 5 1. 1.4 1.8 2.2 2.4 
C35 13 5.3 4.7 2.3 5 1.6 1.4 1.8 1. -, 2.5 
C36 12.4 5.2 4.4 2.6 5 1.6 1.4 1.8 2 2 2.2 
C37 12 5.4 4.9 3 5 1.7 1.5 1 ~1 .1 1.9 2.4 
C38 10.7 5.6 4.5 2. 5 1.8 1.4 1.8 2.2 2.4 
C39 11.7 5.f1 1.3 2.6 5 l.7 l.5 1.8 1.9 2.4 
C40 12.8 5.7 4.8 2.8 5 1.6 1.4 1 -, .1 1.9 2.3 
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Vll V12 V L3 V14 V 1.1 V16 V17 \ ' 1 I V19 
C1 3 1.4 4.5 3.6 7 4 8 0 3 
('2 .5 4.2 4.5 3.5 7.0 4.2 8 0 3 
C3 1 4.2 4.4 3.3 7 4 6 0 3 
C4 5 4.2 4.4 3.6 6.8 1.1 6 0 3 
C5 4 4.2 4.7 3.5 6.7 4 6 0 3 
C'6 5 4.1 4.3 3.3 5.7 3.8 8 0 3.5 
C7 4 4.2 4.7 3.6 6.6 4 0 3 
('~ 3 3.7 3.8 2.9 6.7 3.5 6 0 3.5 
C'9 3 3.7 :3.8 :2 . 6.1 :3.7 8 0 :3 

C'10 0 4.1 4.3 3.3 6 3 . ~ 8 0 3 
Cl1 6 2.5 2.5 2 4 . .5 2.7 4 2 

C'12 5 2.4 2.3 1.8 4.1 2.4 4 1 2 
('13 4 2.4 2.3 1.7 4 2.3 4 1 2 
C11 5 2.4 2.4 1.9 4.4 2.3 4 1 2 

C 1·5 '1 2.5 2.5 2 4 . .5 2.6 4 1 2 

CIG 4 3.5 3.t) 2.9 6 4.5 9 1 2 
('17 3 3.5 3.6 2.8 5.7 4.3 10 2 
Cl 4 3.5 :1.4 2 .. 5 5.:1 :3 .7 10 1 2 

C19 4 3.3 3.6 2.7 G 4.2 8 1 3 
C20 4 3.7 3.7 2.8 6.4 4.3 10 1 2.5 
C21 5 3.6 3.6 2.7 6 4.5 10 2 

C22 4 ~) . 8 4 3 6.5 4.5 10 2.5 
C2:3 5 3.4 3.4 2.6 5.4 4 10 2 
C24 5 3.5 3.7 2.7 () 4.1 10 2 

e25 4 3. ' 3.7 2.7 5.7 4.2 10 1 2.5 

C26 4 :3.6 3.6 2.6 5.5 3.9 10 1 2 

C27 .5 2.8 3 2.2 5.1 3.6 9 3 
28 5 3.3 :3 .5 2.6 5.4 4.3 8 1 2 

C29 5 3.6 3.7 2.tI 5.8 4.1 10 1 2 
:30 .5 3.4 :3.6 2.7 6 4 10 1 2.5 

C31 .5 2.7 2.9 2.2 5.3 3.6 8 1 2 

C32 6 2. ' '2.5 1.8 4.:1 3.4 8 1 2 

C33 5 2.7 2.5 1.9 1.7 3.7 8 1 2 

C34 4 2.8 2.0 2 5.1 3.7 0 2 

C3.5 4 2.7 2.7 2.1 5 3.6 1 2 

C36 5 2.7 2.5 2 5 3.2 6 2 

C37 .5 2.7 2.7 2 4.2 3.7 0 2 
('3) 4 2.7 2.6 2 5 3.5 8 2 

C39 5 2.6 2.5 1.9 4.6 3.4 8 2 

C40 5 2<{ 2.5 1.9 f) 3.1 :2 

VI hody length V2 body width V3 fore-wing length 

V4 rund-wirlg length V.5 nwnber of spiracles \'6 length of antermal segment I 

V7 length of antennal segment II V8 length of ant.ennal segment III V9 length of antelUlal segment IV 

Vl0 lengt.h of ant,ennal segment V Vll nwnber of an.tennal spines V12 leg length , t,arws In 

Vl3 leg length , t.iLia III V14 leg lengt.h, femur III V15 rost.rwTI 

V J6 oviposit.or V17 nwnher of ovipo!>it.or spines V18 anal fold 

V19 number of hand-wing hooks 
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B.6 MDOC data (Sano et al., 1977) 87 x 23 

1 10 11 20 23 
Cl 4 4 4 4 4 1 444 4 44444:34144 322 
C2 2 3 2 3 444 333 2 1 2 2 2 3 3 222 211 
C3 3 3 221 1 122 2 232 1 2 222 2 2 1 1 1 
G4 4444114444 444424:344:3 1 1 1 
C5 2 4 2 4 4 4 1 234 4 2 1 2 2 2 2 222 2 ] 1 
C6 4444444444 4 4 444 3 4 3 4 4 422 
C7 2 1 2 3 114 2 3 2 222 1 2 1 121 1 2 I 1 
C8 4434444444 4 3 4 4 4 4 4 333 1 2 1 
C9 1 223 1 4 1 223 4 1 242 221 2 1 1 1 1 

CI0 2433444333 4 3 2 4 3 4 333 4 121 
Cll 1 1 144 4 1 2 1 2 3 1 142 1 1 122 221 
C12 2 3 4 3 4 4 4 243 4. 4 4 4 3 331 3 2 4 ] 1 
C13 1 1 131 111 1 1 2111221111 1 1 1 
C14 2334444444 3 1 1 2 3 3 233 2 12] 
C15 1 1 124 1 122 2 3 1 1 2 2 221 1 1 111 
C16 1 123 1 111 1 1 1 1 121 1 1 111 1 1 1 
C17 143 3 1 142 1 1 4 1 1 122 121 1 111 
(:1 1 1 1 3 1 4 1 4 3 3 4 2 242 121 1 1 1 2 1 
C19 1 4 231 1 4 242 2 1 122 2 1 2 1 1 111 

20 111111121 2 1 1 1 1 1 III 1 1 111 
C21 111 1 141 1 1 1 4 1 121 1 1 121 111 
C22 2 2 111 111 1 1 1 1 121 121 1 1 212 
C23 3 2 3 3 144 344 2 3 1 2 2 323 2 2 212 
C24 2 2 1 2 141 1 1 2 3 2 222 ~ 1 122 112 
C25 1 2 J 2 1 141 2 2 3 1 1 222 1 2 1 1 1 1 1 
C26 2 1 121 1 1 222 122 1 121 1 ] 1 111 
('27 2111111122 1 121 J J 1 1 1 2 212 
C2 ) 3 4 3 4 4 4 4 344 4 3 4 4 334. 3 3 3 421 
C29 1111111111 1 1 11111111 111 
C30 1 1 1 1 1 111 1 2 1 112 1 1 111 1 211 
C31 1 1 1 4 4 4 4 4 4 2 4 1 231 1 121 1 1 2 1 
C32 3 4 344 4 4 3 3 4 4 3 443 1 321 2 421 
C33 4444444444 4 4 4 4 4 3 4 333 322 
C34 2 4 234 4 1 242 4 1 343 3 2 2 2 2 122 
C35 1 J 131 J 133 3 321 1 121 1 1 1 111 
C36 1 1 12] 1 1 1 1 2 2 1 1 121 121 1 111 
C37 3 4 444 4 4 343 4 3 4 4 3 3 343 3 421 
C:38 4444444444 4444434344 122 
C39 2 2 231 1 ] 233 3 3 223 3 3 322 3 1 1 
C40 2 2 2 2 1 1 1 2 1 2 1 1 1 2 2 2 222 2 211 
C41 2 2 221 1 122 2 2 1 2 1 221 ] 1 1 211 
C42 3 3 331 1 422 3 3 223 2 222 2 2 211 
C43 2 2 2 2 1 4 122 3 2 2 2 2 2 2 2 2 2 2 211 
C44 1 1 121 1 1 222 1 1 1 1 221 111 211 
('45 3 3 3 4 4 4 4 4 4 4 4 3 444 1 3 3 3 3 322 

'46 2 2 221 1 4 222 2 2 2 2 2 3 2 2 2 2 211 
C47 1 2 1 2 141 122 1 1 1 3 121 1 1 1 211 
C48 1 2 124 4 4 2 2 3 3 3 2 3 1 2 2 2 2 1 III 

C49 2 4 3 4 4 4 4 343 4 4 4 4 4 343 3 3 221 
C50 1 1 1 1 1 1 1 121 1 1 1 1 1 111 1 1 111 
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C.S1 ~ 2 '2 3 4 4 131 '2 3 1 24'2 3 '2 '2 :2 :2 '2 :2 1 
C52 3 J 221 11'2 1 3 '2 1 2 '2 2 3 2 2 '2 2 '2 1 1 
C53 1 2 1 144 43'2 3 4 3 442 '2 1 1 '2 '2 221 
C54 2 1 1 1 144 1 1 '2 13'2 1 '2 '2 1 1 1 1 2 1 1 
C55 2 1 2 1 4 4 4 243 4 444 3 3 ~ 323 122 
C56 3 1 2 '2 144 233 3 3 '2 3 2 3 12'2 '2 2 1 1 
C57 1 1 1 1 1 1 1 111 2 2 121 1 1 1 1 ] 1 1 1 
('58 3 3 2 3 4 4 1 333 2 3 2 2 2 2 2 3 '2 2 321 
C59 1 1 1 111 1 1 1 1 111 '2 1 1 1 111 1 1 1 
eGO 1 3 2 ~ 444 '2 2 3 4 3 4 4 ~ 3 3 2 3 '2 4 J 1 

C61 232 1 1 1 1 '232 4 3 2 3 2 222 2 2 '2 1 1 
C62 2 1 22 1 1 1 122 2 2 2 1 222 222 III 
CG3 2 3 331 1 1 '222 1 222 2 '2 '2 2 2 2 2 1 1 
CG4 1 1 2 1 111 112 1 222 2 3 2 2 '2 3 211 
C65 1 3 341 444 4 4 4 3 '2 3 3 3 3 3 3 3 412 
CGG 1 223 1 11'2 1 2 2 2 1 2 1 2 2 121 222 
CG7 3 4 3 3 4 4 4 3 4 3 3124333222 3 1 1 
C68 44 :34411443 4 4 4 4 1 133 3 3 1 2 2 
C69 1 1 244 444 4 4 4 1 4 4 2 3 122 1 122 
C70 4434444444 4444444444 1 '2 '2 

C71 1 1 231 1 123 2 3 1 1 3 2 2 1 111 1 1 1 
C72 4 434 4 4 134 4 4 3 4 4 3 3 3 332 1 2 1 
C73 4 4 3 3 1 4 444 4 4 3 4 4 4 4 3 242 122 
C74 1 1 1 3 1 4 122 2 1 1 1 1 121 1 1 1 111 
(;75 '2 1 2 144 1 1 1 1 4 1 2 ~ '2 2 1 '2 1 1 1 1 1 
C76 3 4 3 4 4 4 4 444 4 3 343 ~ ~ 4 3 3 422 
('77 '2 '2 1 j 1 1 122 2 1 112 1 '2 1 1 1 1 '211 
C78 2 2 3 4 4 4 4 444 4 3 443 343 3 3 422 
C79 3 1 231 1 1 '242 3 1 1 3 2 3 '2 '222 312 

C80 2211111112 1 1 1 2 1 '2 1 1 1 1 '2 1 1 
C81 3423111242 2 1 1 4 121 211 2 '2 1 
C82 3 4 2 3 4 4 4 3 4 3 4 3 142 3 3 323 222 
C83 2 1 121 141 1 1 1 1 132 1 1 III 1 1 1 
C84 2 1 121 1 11 1 1 211 1 1 1 1 11 1 211 
C8S 2 3 1 344 1 342 3 2 2 3 1 22'2 1 1 211 
('86 1 112 1 4 1 222 2 1 221 1 1 1 '2 1 1 1 1 
C87 4 3 2 2 4 1 1 1 :3 4 4 3 2 2 3 4 3 3 3 3 1 1 1 
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