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Introduction

This article is an attempt to solve the problem of optimal investment decision over
time. In the first section we will discuss the principles laid down by J.Hirshleifer
justly famous work about the optimal investment decision (1), and see the concept of
time preference. The next problem is the one to maximize the profit in the situation
of some investment opportunities for multiperiod.

In this case, there are three methods of optimizing the investment decision. The first
is the constrained-maximization, the second is the constrained minimization, and the
third is the method of maximization in regard to all the inputs and outputs as variables.
The first and the second solution will lead to the first-order conditions which are
independent of the interest rate.

But the third solution will lead to the first-order conditions which are dependent
of the interest rate from the t th marketing date to the r th marketing date. These
methods of multiperiod profit maximization must be assumed to be multiperiod prod-
uction function, but this production function is constructed subject to nonrealistic
assumptions, to say that in the first and the second methods, the inputs during the
t th period are finished to produced, and all the products are selled entirely on the
t+1 th marketing date.

To improve the disadvantage of this formulation, we will introduce the investment
opportunities function during the multiperiod.

By using this formulation, we can solve the general problem of internal rate of
return of each investments, Finally we will discuss the problem of investment decision
theory with risky prospect and its conditions to optimize.

1. Consumption decision
In order to establish the general investment decision, let us first review J. Hirshleifer’s
problem was to solve consumption decision between the actual income and the next
period income by using the concept of time preference, we can formulate the present
value(2).

V — v+ TS-%T ......................................... 1)
Y, : income on period zero
¥, : income on period one
i . interest rate
V : the total present value

In the meanwhile, consumption opportunities function is the next.
F(yo, y1)=0 ................................................ (2)

We can formulate the objective function by using lagrange multiplier.
V=y,+ Y1(1+i)_1 + XF(YO, yl) .................. (3)

The first-order condition to maximize V are the partial derivatives of ¥y, ¥: and X
av/ayo =1+ aF/aYo == (Jeeeeererenrantiiieenniaaaiis (4)

oV/ay: = (1 + i)' -+ AMOF/aY, = 0
oV/on = F(¥,, V1) =0

i= — QY1 OVp — 1 voreerrremsenmmmrominniiiinaini, (5)

and
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If the rightpart is assumed the marginal internal rate of return from investment
on the zero th marketing date, and the investment expenditure must be decided on
the point to equal to the market interest rate.

The next problem is that of utility maximizing, assuming that two period incomes
are the actual Yo, and the next Vi,

Vo= F Fi(1 4+ D)l (6)
utility function to maximize

U= U(yo’ yl) ................................................... (7)
and so

U=Uo Y+ (Vo — ¥ — V(@ 4 D)) eeeeeeeennnnnns (8)

and set its partial derivatives equal to zero.
aU/aYQ = Uyo - =

aU/ay’l — Uyl _— )\'(1 -+ i)_l — 0 ........................... (9)
Eliminating M from the two equations of (9)

O G T N (10
and so

i=Uy/Usp —1

This implies that market interest rate equal to the marginal rate of time preference.
The second-order conditions to maximize the objective function are

D2/OV2 <0, QP/OV12<C P rrrrrrnreransenninninnnnnins )
To the next, we will generalize this consumption-expenditure decision problem. The
present value of income is

V= ?31(1_,_5”’)—15% ............................................. (12)

But fu=0-+D"1—1
and consumption opportunities function.

¥¢ ¢ income on t period
By lagrange multiplier, we can formulate the objective function.

= ‘i"l(l + fm)_lYn + AF (Y1 ...... Yt) .................. (14)

and set the partial derivatives equal to zero.

oV/oy, = (1 -+ fn)*l + AFyp =0

oV/a¥,= (1 + &)+ AFp: =0

OV/oVy = (1 + &)™ 4+ AFy =0

AV/IN = F(Yy  oererrrerreencnns Vi) == orerrecearananens (15)

(t 3 ELTIRPEPIPIPIPRIPIPS , T)

and

(1 + é:kt)—l = Fyt/Fyk ....................................... (16)
That is, time preference of consumption from k th marketing date to the t th
marketing date denoted by i

Ekn o —8Yu/8Yk ] e e (17)
We can get the marginal internal rate of return from investment expenditure on the
k th marketing date.

2. Profit maximization
In generally the constrained-minimization problem are solved on the assumtions that
are given all the inputs and outputs except the input on the t th marketing date.
In that case, the first-order conditions are equal to the famous static conditions to
maximize profit(3).
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_agkt/agit = Pkt/Pjt ....................................... (18)
Gy K= § + 1, ereveerernnneennsnnnnnns ,m)
That is, TRS is equal to the rate of factor price.
In this case, production function are formulate as the next (3)

[ REPIRTERPERTRY | B - S NPT g,
-5 ST g, gl g g,
gg.a ......... gg_s gg+1-3 ...... gf‘)m_3
—_ — | = Freeerrererennnniien. {19
gg RTERYRRS 8, Corrgrr -3
— gl L g .

But the constrained-maximization can be formulate, assuming that only the outputs
on the t th marketing date are variable, and all the other outputs and inputs are
fixed. In this case, multiperiod production function is

[Qeresereneee () g2+1.1 ...... g?n'r

gl g), gl g g,

— —_ —_— F ........................ (20)

Bros B S8 .

—_— —_ gs—}—l-L ...... gm L

gl -5 N | S TROTR PR |

The objective function to maximize profit subject to the above function.

L+1m

7T = Zl] _Z;Pjtgju(l 4 ézn)-—l + )\‘F( ......... ) .................. (21)
t=1j=

That is, the optimal output set can be decided by the partial derivatives to equal
to zero. The optimal RPT for the outputs at the given marketing date are independent
to the interest rate. But these constrained-optimization can not be compared with
the marginal internal rate of return for the investments between the two different
periods.

Then, assuming that all inputs and outputs are variable, we can compare with
each marginal rate of return from each input.
The objective function is

V= Z'ijtgjt(l + E) 7t — Z‘ Pljt;gjt(l 4 E1) T+ AF (8, weeveereerennns . G ereeeeee 9
= j=s+
The g5 are the outputs (j =2, --eeerreeeres s), but the €;(j=1s8-+ 1, reereeees m) are

the inputs. The first-order condion for maximization of profit can be derived by each
output and input on the different periods.
oV/0gs = Pu(l + &) '+ AFL =0
oV/98; = Pis(1 + Ei) P + AFk =0
oV/oh =F (gm, ............... , EmL) ceeereererecessiaiina )
Eliminating » from {%J
—P5s(1 4+ £15)7Y/Pj(1 + E16)7F = Fys/Fis
That is, (s>t)
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_Pjs (1 + Ets)~1/Pjt — agjb/agjs .............................. (24)

We can understand these equations by the three meanings. At the first, when all
variables € and €j are the inputs, {4 mean the rate of technical substitution between
the two periods in the future and the rate of techical substitution equal to the rate
of the factor price, discounted by the interest rate from the t th marketing date to
the s th marketing date. (t,S—_—l, .................. L) (j,k:s.‘_l’ .................. m)

To the next, we can understand (24 equations, as the rate of products transformation
of the k goods and the j goods. ‘

The 4 equations mean that the rate of product transformation equal to the rate of
the price of the k product at the t th marketing date and the price of the j product
at the s th marketing date, discounted by the interest rate from t to s period.

The next problem is the effect of the input at the t th marketing date to the output
at the s th marketing date. This formulation is

08;s/08xs = Pkt/Pjs (LA Eag) T orereererreeneeeeeeen, - [25)
(t =, ceeeereeeeeeees , L) ]
(8 =2, «rrereererenens L+1) e
(k =g b ], reereeeeeens , m)
(] =1, ceveremmmmeecnnnns , 8)

This rate of marginal productivity equal to the rate of the price of product at the
t th period and the factor price at the s th period, discounted by the interest rate
from t to s periods.

This formulation must be assumed that the multiperiod production function can get
definitely. But we can construct briefly by substituting the multiperiod production
function to the investment-revenue function. The investment-revenue function must
be assumed that the fixed production set and price set exist as variables already.

H(Ij1, ............ Tin, Rygrreorermrrememeerereenn R Rj-L+1) =0

so that we briefly construct the objective function to maximize profit

=33 Ry (U + E) 7 =200 151 + 5+ w3 Hy Ty Tyn, Rypee- Ryzsi)e (26)
In this case, the marginal rate of return from investment can be understand in
two cases, one is the marginal return at the t th marketing date from the investment
at the t th marketing date, the two is the marginal return at the t th marketing
date from the investment at the 7T th marketing date. The first can be formulate
as the next equation.

(1 + &7 + 21/0Rp) =0
But the second can be formulate from the first-order condition for profit max1mlzat1on

om*/OR. = (1 + &)™ + AOH/OR: =

on*/oLi = —(1 + &)™ + AOH/BL =0

ot /opm = Hj (Ij-eeee TiL, Rjp---- ""'RjL+1) = (erreneneeees o
Eliminating M from (1) equations.

A+ &)™ (A + E)7 + OL/oR:)) = 0
This equation mean that the marginal rate of return for investment at the same
period equal to zero and at the different period equal to &.. We can understand
clearly the difference between the production function and the investment-revenue
function.

3. Multiperiod investment with risky prospect,

There are many articles about the investment plan with risky situation and can
not state about these studies in this article, but these studies was about the plan
with the single production period or consumption period. We can consider the two
cases with multiperiod investment with risky prospect. One is the case independent
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with the profits at the different periods. The second is the case dependent with
the profits at the t th marketing date and at the ¢ th marketing date.
The first situation can show by the next equation.

T
ZIKE‘IUNW =0 (t¥w)o0w : covariance between R; and Rw

In this case, we can formulate the objective function as the problem of profit max-
imization.

L+1 L
T= ?:ZF(Rt, o) (1+ &)™ — ‘leu A+ &0+ pH Y, I, Re R, G2 0Lg1)
= =

Setting the partial derivatives by each variables,

L+1
) an/aRt = ZZF}(( (Rty O-t) (1 -+ Slt) - + MHi{t =0
t=
L+1

an/am=§zF]m(Rt, o) A+E) '+ pHs =0
or/ol,=(1+ Elt)__:l_+ pHE=0

.

on/op =H (I I Rgeeeeeeee Ripy, Cgreveeeees o 70 T | INPPETPPRPYPEIPPITPPRRPPIEY 09
And the second-order condition for the profit-maximization.

L+1
o'm /R’ = tE_ZFLk R, o) (A+E&) T+ pHE<TO

L+1
o' /o0 = ZZF}A R,0) A+E) T+ pHE<<O
t=

o'/t =HI(L," 1, Rpee- Risi, Gaorr v Opa)<C Qrmeeee v cne e eee v e f3f)
However, more realistically there are the relations between the profits at the different
times. It is very difficult in the case that there exist variance-covariance relation-
ship beween the profits at the different times.

That is, many assumptions must be settled regard to the objective function and
setting the expected value.
The present value is assumed to be the additive function(B).

T
B (PV) =E=ZK:—1M... B T LR C T TTR TP PR |

#y - the expected income
k : discounted rate r = (1—k)/ks
In this case, variance of the present value,
v (PV) =2(K§_ldt)z+%EKE_IKZTlpo-tO'W(t, W= e e
0 is the correlation coefficient between #; and Aw
We can set the problem of minimizing the variance V(PV). In this case the solutions
are choiced only the securiety, and the present value is beyond question. If the
objective function assumed to be the next relation,

UPV)=X+bX (X=§‘Kt“1m>

Then we can get the expected utility function
EU(PV) — E(PV) 4 b(E(PV))Z + bV(PV) .............................. (32)
setting the partial derivatives from equation 82

EUPV) /op =K+ 2b2 KK e + bV (PV) /or, =0
j=1

S’EU(PV) /opi= 2b21K2"1K§"Jan/apt + DV (PV) [0 <C 0 werveeweemee me oo (33)
=

As writting at the above sentence, we must set the many assumtions in this case,
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and need labourios culculations. I much owe to Professor Minoru, Fukuda for very
helpful comments on this subjects.
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